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ELEMENTS of ALGEBRA 


BOOK VI. 


Of fuch problems as ufually pafs under the name of 
Diophautine problems . 


Of D i o p n a n r u s and his i writings . 

2 2 3 . V I O P IT A N T U S of Alexandria in Egypt is the if if w : iter 
I M of A lgebra we meet with among the Ancient;.: not that the 

I M invention of that art is particularly to be afcribed to him; 

® ~ for bclides tliat we meet with feme few fk etches of it in au- 

thors of greater antiquity, Diopbantus lias no where, that I know of, taught 
the fundamental principles and rules, of Algebra: he treats it every where 
as an art already known, and teems to intend, not fo much to teach, as to 
cultivate and improve it, by applying it to certain indeterminate arithmeti- 
cal problems concerning fquare and cube numbers, right-angled triangles, 
which till that time teemed to have been either not at all conlideied, 
or at lead not regularly treated of. Thete problems are very curious 
and entertaining ; but yet in the refolution of them there frequently occur 
dithculties, which nothing lets than the niceit and mod refined Algebra, 
applied with the utmod lkill and judgment could ever iurmount : and 
mod certain it is, that in this way, no man ever extended the limits of the 
analytic art further than Diopbantus has done, or difeovered greater pe- 
netration and judgment ; whether we contidcr his wonderful lagacity and 
peculiar artitice in forming fuch proper petitions as the. nuure of the 
quedions under confideration required, or the more than ordinary lub- 
tilty of his reaioning upon them. Every particular problem puts us up- 
on a new way of thinking, and furnifhes a fretli vein of analytical trea- 
fure, which, conlidering the vad variety there is of them, cannot but l>e 
very indriuftive to the mind in conducting itlelf through almod all diffi- 
culties of this kind, wherever they occur. Of thele problems I fhall le- 

Z z 2 lect 
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ledt ionic, to wit, To many as may fuffice to give the learner a juft tafte of 
this lent of rcafoning, and to incite him to look into the author himfetf, 
whenever he fhall. find leifurc enough for that purpofe. 

The way of fuhftiuning letters for quantities given in a problem, as 
well as for thole that are fought, was either not known, or not in ufe in 
Diophantus'% time ; nor the way ofintroducing more letters than one in- 
to a problem, where more unknown quantities were to be reprefented : 
and (to confefs the truth) the intolerable liberty fome modern Analyfls 
have taken in this way , makes Diophantus' s method appear much the 
more elegant of the two ; though it mull not be denied hut that it fome- 
times occafions perplexity and confufion, when the fame letter in one and 
the fame problem is made to fjgnify two or three different thing.', as it is 
employed by Diophantus in fo many different operation;. For my own 
part, 1 fhall fleer a middle courfe (as often as I lee occalion ) between 
thefe two extremes and fhall endeavour, as far as I can, to drefs up 
thefe problems in fuch a manner as may render them agreeable to a mo- 
dern tulle, without loling any of the elegancies of Diophantus' s analy/is. 
Upon the whole, if it be allowed that thefe problems have not fuffered 
in palling through my hands, that will fufficiently juflify my inferring 
them here, as others before me in their algebraical tracts have done ; and 
that is the uimoft I fhall pretend to. 

As to the age Diophantus lived in, we have nothing certain : all that 
Ills learned and bell commentator Monlieur Bad set could collect con- 
cerning this point*is as follows. 

The famous Geometrician Apollonius flourilhed in the time of Ploknueus 
liuergctes king of Egypt, and confequently above two hundred years be- 
fore Chrift. Hypjkles, who isfuppoled to be the author of the fourteenth 
and fifteenth books annexed to Euclid's elements, tells us in his preface 
to thole two books, that he had fecn two copies of a treatife of Apollo- 
nius concerning the regular bodies, whereof the former was very imper- 
fedt, but the latter came from Apollonius himfelf : whence it plainly ap- 
pears that HypJiJes mull have lived not long after Apollonius. Diophantus 
in his treatife of multangular numbers quotes Hypjlclcs ; and therefore 
inuft have lived fome time after him. On the other hand, the learned 
lady Hypatia who was daughter to Thco the Mathematician, and lived in 
the time of Arcadius i\nd Honor i us, that is, about four hundred: years af- 
ter Chrift, .wrote a comment upon Diophantus $ and therefore Diophantus 
muft .have lived a confidcrable time before her, fince it is not ufiial to 
write comments upon modern productions. All then that cm reasonably 
be conjectured from this account is, that Diophantus flourished in or 
about the third century. . * 

His 
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His Arithmetics, out of which treatife thefe problems are collected, 
confided of thirteen books, whereof only the firfl: fix books are now ex- 
tant. The belt edition I have met with of JDiopbanttts’s works is that 
publiflied at Paris by Monfieur Bachet in the year 1621: he has cer- 
tainly beft explained Diopbantus's meaning, and made the beft obfervati- 
ons upon him, of any commentator before him ; befides that, he lias rc- 
ftored and cleared up the text in innumerable places, which by the igno- 
rance or negligence of tran (bribers, was in almoft every problem moft 
miferably corrupted. Befides that abovementioned, there is another editi- 
on of Bachet' s Diophantus, publiflied in the year 1670, with Fermat'?, ob- 
(ervations upon lome few of the queftions. 

Lemma. 


224. If all the three fules of a right-angled triangle be increafed or di~ 
tninijked in the fame proportion , there will be formed another right-ang- 
led triangle fimiiar to the former. 

That the triangle thus found will be fimiiar to the former, needs no 
proof; fincc the fimilitude of triangles Conlifts in nothing elfe but in a 
proportionality of their tides, that is, when every fide of one triangle 
hath the fame proportion to it’s correfpondent fide in another : and 
from hence it follows, that the triangle formed as above deferibed wifi 
be a right-angled triangle , fince all fimiiar triangles are equiangular. 
But without touching upon geometrical principles,. I (hall demonfinate 
this in the following manner. 

Let a, b and c be the three lides of a right-angled, triangle, to wit, a 
and b the legs, or fides about the right-angle, and c the hypotenule ; then 
will Let now all the three fides a t ,b and c be increafed or 


ae 


dhniniflied in the proportion of d to e> by laying, as d is to e (b is a to 

be c-e 

alio, as d is to t fo is b to -j ; laflly, as ^ is to e (b is c to -j-, this done. 


ae 


be 


ce 


I fay that the numbers . ~j and -j will be the three fides of a right- 

ae a x e x . be 

angled triangle: for the (quare of is an d the iquare of is 
Ift * 


a t e x '+‘b*e x c x e* 


becau fc at 


y and the fum of thefe two . Cquaresris j- 

+£* sssc* * therefore the numbers and will reprefent the two legs 


ce 


of a right-angled triangle whofe hypotenufe is -g. JSi D 


0 O &■ 0 1*—' 
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DtO PHAN TINE PROBLEMS. 


Book VI. 


Corollary. 


Hence if a right-angled triangle he given, another fmilar to it may be 
formed whofe hypotenufe Jhallbe any affgned number whatever. E%. gr. Let 
a, £and c reprefent the fides of a given right-angled triangle whole hypo- 
tenufe is c, and let it be required to form another limilar to this whole 
hypotenufe (hall be f : this may be done by faying, As c, the hypotenufe 
of the original triangle , is to f, the hypotenufe of the triangle to be formed, 

af 

fo is a, one of the legs of the former triangle, to ~ a corrcjpondent leg of 

C 


the latter triangle ; and fo is b the other leg of the former triangle to ~ 
the other leg of the latter triangle : The three fides therefore of the latter 
triangle will be & and f or & and 


Problem i. 

Being the 8th of the fecond book o/"Diophantus\r Arithmetics . 

225. It is required to divide a given fquare number into two JUcb parts , 
that each part may be a fquare number. 

N. B. By numbers, in a fimple lenfe, are meant by Diopkantus all 
.rational numbers, whether they be whole numbers or fractions, in con- 
tradiftindtion to furd roots, and all fuch other numbers as are incom- 
menfurable to unity, which are commonly called irrational numbers. 

Solution. 

Let 100 be tire fquare number propofed to be divided} and fince the 
two parts of this number arealfoto be fquares, let xx be one of them, 
and the other will be 100 — xx, which, as well as the former, is to be a 
fquare. ’Now as the problem fuppofes no relation betwixt the fides of 
thefe two lquares, we are left at liberty to feign what relation we pleafe 
betwixt them, provided that will but furnifh us with a proper equation 
for determining the fide of the firft fquare. Let us then fuppofe the 
fide of-thcfecond fquare. to be 2 x — 10, (the reaion of which pofition 
"Will be explained hereafter } ) then muft the fquare of 2x — 10 be equal 
to thefecond fquare, that is, to 100 — xx: but the fquare of 2 x— 10 
is 4*af— * 40x4-100} therefore 4XX—40X-4- 100 s=s 100— x#} re- 
folve this equation by ftriking off lop from both fides &c, afid you 
will have x, the root of the firft fquare, equal to 8 j whence zx— io t 

or 
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or the fide of the fecond fquarc , will be 6 3 therefore8 and 6 will be 
the Tides of the two fquares fought, and the fquares themfelves will be 
64 and 36, which both together make 100, as required. 

The Explication. 

ift. If any one afks why zx — 10 is here fubdituted for the fecond 
fide rather than y or any other unknown quantity 3 it may be anfwered, 
that the problem furnifhes only one equation, to wit, x* -4-/ = 100 ; 
and therefore it will be impoffible to determine either x or y without 
feigning iome other equation expreffing the relation betwixt x and y, 
as by making ysss 2x — 10, G?c. 

2dly. If it be afked why the fide of the fecond fquare was feigned zx 
— 1 o rather than zx — ii, zx — 9 , or any other 3 the anlwer is, be- 
caufe 10 is the fide or root of 100, the iquare fird piopofed to be divi- 
ded j and therefore by this pofitiori we have 1 00 on both fides of the equa- 
tion j which being (truck off from both fides leaves a limple equation, 
wherein x will always be rational : whereas had any other number been 
joined with 2 x, die equation would have been a quadratic, and would 
not (except by chance) have exhibited x rational. Thus if zx — 1 1 had 
been made the fide of the fecond fquare, the equation would have been 
4.vx — 44*-t- 1 2 1 = 100 — xx. 

3<dly. If it be afked why the fide of the fecond iquare was made 2 * 
— 10 rather than 10 — 2x; I anfwer, that either of thefe two pofitions 
would equally have ferved the purpofe, becaufe the* fquare of 10— -2x 
is die fame with the fquare of zx — *>io, and therefore the equation would 
have been die feme in both cafes. It mud not be omitted however, that 
if 2x — 10 be an affirmative quantity, 10 — zx will bea contrary nega- 
tive, and vice verfa : but this can create no difficulty 3 for if 10 — zx 
had been found negative, it mi^ht cafily have been exchanged for the 
affirmative fide, ana the fquare fought would dill have been the feme. 

4thly. If it be afked why zx — 10 rather dian zx- f- 10 ; I anfwer, 
that this laft pofidon might have been ufed } but then the equation would 
have been 4XX-+-40X-4- 100= ioo—~ xx 3 in which cafe x (the fide 
of the firft fquare) would have been found equal to — - 8, and 2x-f- 10 
(the fide of the fecond) equal to — 6 : however diefe negative fides — 8 
and — 6 might eafily have been exchanged for their affirmatives -4- 8 
and ■*+- &, as was before chferved. It appears however from what has 
been (aid, that 2 x — • 1 o Was a more elegant fubditution. 

J»thly. If it be afked why zx — 10 was made the fide of the fecond 
fquare*jather than x~ 10, 3X — to, 4* — io, ex— 10, the an- 
fwer is > that had x— 10 been made the fide of tnc fecond iquare, the 

equation 
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equation Would have been x x 1 — 20 x •+- 1 00 » 1 06 — ^ * tf, In which 
cafe .v, the fideofthe firft fquare, would have been found equal to id, and 
X ' — 1 o, or the fide of the fecond, equal to nothing : had the fide of the 
l'econd Iquare been put equal to 3.V — 10, the equation would have given 
us the fame fquares as before, but in An inverted order, that is, x would 
now. have been found equal to 6, and 3* — 10=8 : had 4<v— *-io, 
or fx-r- 10 been ufed to exprefs the fide of the fecond fquare, theife po- 
iitions would have been lei's Ample, and the fquares produced by them 
fractional numbers, which neverthelefs would have anfwered the condi- 
tions of the queftion, and in tome of Dicfbantus's queftions are una- 
voidable. 

To form a general canon for the relolution of any queftion of this kind. 
Let aa be the fquare to be divided •, then afiuming at pleafure any two num- 
bers, r a greater and s a Jefs, let sx be the fide of one of the fquares fought, 
and let rx — a be the fide of the other; then will the former Iquare be 
s'x A t and the latter r'x' — zarx a 1 = a' — s'x' j refolve mis laft 

2 cir 

.equation, and you will have x = : hence rx — a y the fide of 

2 ar % a ar % —~as % 

one of the fquares fought, will be — 7 -- — - sss — ; and sx } tile 

1 * V *T* S I T “p S 


2ars 

.fide of the other fquare, will be —-7; : therefore If any two unequal 

numbers, be taken at pleafure , whereof the greater is called x and the 

* ; , ar*-~as* 2ars 

defer s, the jidcs of the two fquares fought will be — • — ■ - and . 

The reafon why r and s inuft be unequal is, becatife if it was otherwife, 

the fide — — — — would be nothing, as it would be negative if r was 
V 1 s 


not made to fignify the greater of the two numbers r and s. 

This problem admits of an infinite number of folutions, according to 
the different fignifications of r and s. 


Example i. 


Let rsas2 and ;ssi y then we fhall have 


air— as' 


*, and 


Now tlie fquare of ~ is and the fquare of ^ is 


5 . ; 4 5 2 5 * s 

he fum of thefe two fquares is or aa> as required. 

^ i(*f "• i 

Scholium, 
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Since 


f'+’j* 


and 


atfrjr 


are die Odes of two fquares, which fquares 


tff*— J* 

when added together make *% it follows, that if ^ and , 

be made the two legs of a right-angled triangle, the hypotenufe of that 
triangle will be a t and fo we fhall have a right-angled triangle whole 
three tides are all exprefled in rational numbers. Let now thefe three 
tides be all increafed or diminifhed in the proportion of a to r*~i -s* t that 
is, let all the tides be multiplied by r* -i-r 1 and divided by a, and the re- 
fulting numbers will be r' — s\ 2 rs, and j but according to the 

foregoing lemma, thefe three numbers will alfo reprefent the three tides 
of another right-angled triangle whofe hypotenufe is r*-+-r* : hence then 
we are fallen into the feme method for forming a right-angled triangle 
out of any two given numbers whatever, as is laid down in article 12, 
which fee : the rule is this. Ajjuming any two unequal numbers whatever 
r and s, whereof r is the greater , make r*‘ — s 1 — </, 2 r s=e, and r*-+-s‘ 
= f: then will' d, e and f be the three Jides of a right-angled triangle form- 
ed front the numbers r and s, whofe hypotenufe is f. According to this way 
of notation, the tides of the two fquares that folved the foregoing pro- 

,, . ar* — as* 2 ars ad ae 

blem.towit, — ~ — — and — will now be —p and ~p; whence a- 
* * r*-+-f / J 

rifes another canon for the refolution of the foregoing problem, which is this. 

Let d, e and f be the three fides of any right-angled triangle whofe hypo- 
tenufe is f ; and by coroll, in art. 224 find another triangle fimilar to this , 
whofe hypotenufe is a ; then will the two legs of this lafi triangle be the fides 
of two fquares which will anfwer the condition of the problem , becaufe thefe 
ad ae 

two fides will be -j and -j, as above. 

Problem 2. 


2 ars 


Being the 1 oth of the fecond book of Diophantus. 

226. It is required to divide any number confifting of two fquare num- 
bers into other two fquare numbers. 

N. B. This problem is of great ufe in Diophantus, being made the 
bafis or foundation of the refolution of feveral other problems ; and there- 
fore 1 tnuft be eXcufed if I infift fomewhat the longer upon it. I fhall 
here give it a general folution, that the reafons of the pofitions and the 
. limitatfes of the problem may the more eafily appear j or where they 
do not, may the more eatily be explained. 

A a a S o l u- 
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Let then be the number to be divided, being comjpofed of two* 

fquare numbers, to wit, a x a greater, and b % a lefs ; and let it be required 
to divide this number into other two fquare numbers. To do this, take 
two unequal known numbers, r a greater and s a lefs,. but with thefe 
two cautions notvvithftanding, to wit, that the proportion of r to s be 
not the fame with that of a to b, nor the fame with that of a~\-b to 
a — b. Thefe precautions being obferved, make rx — <z tke fide of one 
of the fquares fought, and sx — b the: fide of the other j then will the 
former lquare be r k x'~ — 2arx-\-a x y and the latter s l x t — -2 bsx-i-b 1 , and 
the fum of thefe two fquares is r A x*-i-s x x x - — 2 arx — 2bsx-+-a x ~\~b l —a 1 -\~/f 

.... 2 ar~\~ 2 bs 

by the fuppofitionj. refolve this equation, and you will have x = — - — ~ ■ : 


2 a? A -\~ 2 brs a 
1 


hence rx — a, the fide of the firit lquare, will be 

— From the two numbers r and s form (by art. 12) a 

r 4 -4- s x J 

right-angled triangle whofe two legs and hypotenule let be d y e and /' 

refpe&ively, by making r 1 — s l = d } 2 rs =c, and r 1 ~\~ s 1 =/) then will 

ar*-a/+lbrs ad+be . 

— ■ (or the fide of the firit fquare) be — . Again, 

s J 

^ we lhall have • sx — b y the fide of the lccond 


r* -+ 

fince x — 


fquare, equal to 

. a e — bd 
notation, — y — , 


2 ars-{-bss — brr 


tliat is, according to our former 


Thus then we have the fides of two fquares which 

. . ad -4- be ae — bd 

will folve the problem, to wit, — y — and — y — : and this theorem 

arifes by making rx — a and sx — b the fides of the two fquares (ought. 

But fuppofe the fide of the lccond fquare had been made sx-hb inllead 
of sx — b, what then would have, been tlie confequence? why, without re- 
peating the foregoing operation, upon this fuppolition it iseafy to forefee, 
that all the difference in the condulion will be this, to wit, that thofe terms 
in the foregoing theorem wherein. £ was concerned mud now have the 
figns changed, and then you w^||^ave a theorem calculated for this lat- 
ter fuppofition : but the former tleorcm was, that jr~J~ * an 

were the fides of two fquares which would folve f&fe problem j therefore 

the 
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thfe theorem will be, that 


ad’— be 

7 " 


and 


PROBLEMS. 

bd 


0 / 


ae 


L 


will be the fides of ano. 


ther pair of fquares which would equally folve the problem : thus we 
lee the problem is capable of two folutions without changing die tri- 
angle d, e,f But here it mull be obferved, that if any of the Tides of 
the fquares expreffed above come out negative, they muff be changed in- 
to .their affirmatives j which may be done, for reafons given in the fore- 
going problem. 

Had rx-\- a and sx-+-b been made to exprefs the Tides of the fquare 
fought, they would have come out the fame as in the firlt cafe ; efpe- 
cially after the negative Tides in both cafes were made affirmative. Had 
rxf-n and sx — b expreffed the two Tides fought, thole Tides would 
then have coinc out the fame as in the fecond cafe : fb that though there 
be four cafes, there are but two theorems exhibiting two different folu- 
tions of the problem, which two theorems are both included in the fol- 
lowing canon. 

Let a and b be the jidcs of the original fquares, whereof the number to 
be divided is fupfiofed to confifi -, and from any two unequal numbers, whereof 
the greater is not ' to the lefs as the greater of the two fides a and b is to the 
lefs, nor as their fum to their difference , let a right-angled triangle be form- 
ed , whereof the two legs and hypotenufe are the numbers d, e and f reflec- 
tively : multiply now the two legs d and e by a the fide of one of the original 
fquares , and put down the two products ad and ae multiply again the 
fame legs d and e in the fame order, by b the fide of the other original 
fquare, and the two products bd and be put down after the two former \ 
fo that the products with the common denominator f placed under them may 
ad ae bd be 

Jland thus, y, y, ~y, y : 1 fay then, that of thefe four fractions the 

fum of the extremes and the difference of the two middle terms will be the 
fides of two fquares which will folve tbe problem : I fay moreover, that the 
difference of the extremes and tbe fum of the two middle terms will be tbe 
fides of other two fquares which will equally folve the problem . 

N. B. The legs of the triangle may be taken in any order, to wit, a 
and e, or e and d in the firff multiplication, provided they be taken in 
the fame order in the fecond multiplication : neither is it of any con- 
fluence which of the two multiplicators a and b you begin with : the 
fides of the fquares fought will come out the fame in all thefe cafes, ba- 
in a different order, as will ealily appear upon tryal. 

■""v., Example. 

The number 13 is compofed of two fquare numbers, viz, 4 and 9, 
which I cal| original fquares, whofe fides are 2 and 3 : let it then be rr- 

A a a 2 quired 
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quired to divide this number into two other fquare numbers. Firi^ then 
laflumetwo numbers, fuppofe 2 and 1, which are not in proportion to 
one another as 3 to 2, or as 5 to 1 ; and from thefe numbers 2 and 1, 1 
form a right-angled triangle, whofe fides therefore will be 3, 4 and 5 ; 
then I multiply the legs of this triangle, to wit 3 and 4, by 2 the fide 
of one of the original fquares, and the products are 6 and 8 ; the tame 
legs I multiply again by 3, the fide of the other original fquare, and the 
products are 9 and 1 2 ; thefe products being put down after the former 
with the common denominator 5 under them, I have four fractions, to wit, 

and — j the firm of the extremes whereof is — , and the dif- 

5 ^ 8 1 5 

- ; therefore — and - are the lules of two 

5 5 5 

fquares which will folve the problem, as appears upon tryalj for the 

?2 C 

, and their fum is 

2 5 


6 8 9 

5 ’ ? 5 
ference of the middle terms- 


fquare of — is and the fquare of — is 
5 2 5 5 


or 13 


Again, the difference of the extreme fractions is y, and the fum 

17 6 17 

of the two middle terms is — ; therefore - and — are the fides of o- 

5 5 5 

ther two fquares which will alfb folve the problem j for the fquare of 

— is — , and the fquare of -7 is — - , and their fum is or 1 3 : 

5 2 5 H 5 2 5 2 5 3 

here then we have two folutions from one and the fame triangle, to wit, 

whofe fides are 3, 4 and 5 ; and any other triangle that is not fimilar to 
this, and that is formed according to the directions above given, will fur- 
nifh two more folutions of the fame problem ; and fb on ad infinitum. 

If the number to be divided be campofed of two equal fquares, the 
two folutions which the fame right-angled triangle other wife -affords will 
then run into one. As for inftance, the number 2 is coinpofed of two 
equal fquares, to wit, 1 and r, whofe fides are 1 and r : let it then be 
required to divide this number 2 into other two fquares. Firif then, ob- 
ferving the precautions above given, I take the two numbers z and 1, 
whereby I form the right-angled triangle whofe fides are 3, 4 and 5, as 
above i then multiplying the legs 3 and 4 firft by 1, and then again by 
1, (which two multiplicators are the equal fides of the original fquares,) 

the products, with the common denominator- 5 under them, will be ~ , 

5 

4 3 4 7 ^ 

•7, *, — , the fum of the extremes whereof is —, and the difference of 

J v J J 

the 
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m 


I 7 

die middle terms - j therefore — 

5 5 


and — • will folve the problem, the 


5° 

isfr or 


fquare of ~ being ~ , and the fquare of j , whofe fum is 2 
2 : on the other hand, if the difference of the extremes and the fum of 

I 7 

the middle terms be taken, the Tides will be - and — the fame as be- 

5 5 

fore, but in a contrary order. 

The reafon of the precautions above given in forming the right-ang- 
led triangle which is to folve the problem is this : If the two numbers 
forming the triangle be to each other as the lides of the original fquares, 
or as the fum and difference of thofe Tides, the triangle will give us two 
pair of fquares, as before j but then one of thefe pairs will be the fame 
with thofe very original fquares whereof the number to be divided is com- 
pofed. As for example ; as the number 1 3 conlifts of two fquares 4 and 
9, whofe lides are 2 and 3, let it again be required to divide the num- 
ber 13 into other two fquares. To do this, let us take two numbers 
which are to each other as 2 to 3 the Tides of the original fquares; nay 
let us take the very numbers 2 and 3, and by them ferm a right-angled 
triangle; and the lides of the triangle will be 5, 12 and 13 ; multiply 
the legs 5 and 12 by the tides 2 and 3, and the four products, with the 

common denominator 13, will be 

46 


10 


and 


36 


whereof the 


fum of the extremes is 

*3 

^ and thefe Tides — and 
*3 


_ £4 £5. 

I 3* i3’ 13 , *3 

and the difference of the middle terms is 


T 3 

feen 




will folve the problem, as may eafily be 

2 6 

on the other hand, the difference of the extremes is — or 2 , and 

13 


the fum of the middle terms ~ or % ; and the lides 2 and 3 will folve 

1 3 J J 

the problem, hut then they are the lides of the original fquares-. 

To demonftrate this in general, let a and b he the lides of the two 
original fquares, to wit, a the greater and b the lefs ; alfo let r and r be 
the two numbers from which the right-angled triangle is to be formed : 
and firft let r be to s as a is to b ; then by multiplying extremes and 
means we have br=zas ; multiply both lides by 2 r, and you will have 
2 2 a f s ; 'add arr—ass to both lides of the equation, and you 

will haVe arr— -ass+ 2 brs=:arr-{-ass, that is, according to our 

former 
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“ • , ... , ad-hbe . 

former notation, ad -y-bc—aj ; divide by J } and you will have : — -j. , 

that is, one of the fides fought, equal to a, the lideof one of the original 
fquares j therefore the other lidc (ought mu it he b, the fide of the other 
original fquare; otherwiie the turn of the iquares of thefetwo fides would 
not compofc the number to be divided. 

Again, let r be to s as a-\-b to a — b \ and by multiplying extremes 
•and means we ilvall have ar — br—as-\-bs, and by tranfpoiition, ar 
z=.as-\~br-\-bs i and again by tranfpoiition, ar — as~br-\-bs ; multi- 
ply both fides by r-+-s f and you will have ar* — as'~ = br' L ~\- z brs-k- bs 1 ; 
tranfpofe zbrs y and you will haw ar- — as 1 — zbrs—-b/ , --\~b r 1 , that 
is, according to our former notation, ad — bc — bf\ divide by J\ and 

you will have -— 7 . — , which is one of the fides fought, equal to b. 


the fide of one 


„• of^tl 


the original Iquares. 

S c h o r. 1 u m. 


The defign of this fecond problem was to divide any number as a 1 -^- b\ 
confiding of two (qua re numbers, into other two i'quare numbers. Let 
the fide b, and confequently one of the original fquares b l be equal to no- 
thing ; tiien will the problem be changed into this : To divide a given 
fquare number as a' into two other fquares , which is the firft problem ; 
therefore the fir if problem is but a particular cafe of the fecond, to wit, 
when b in the fecond problem equals o ; therefore if in the exprefiions 
of the fides fought in the fecond problem, b be made equal to nothing, 
that is, if all the terms be ftruck out wherein b is a multiplier, the reft 


will exprels the fides fought in the firft problem ; but 
bd 


a d~\- be 

T 


and 


ae 


ad 


-j . — exprefs the two fides fought in the fecond problem j therefore 


~j~ and -j: will exprefs the two fides fought in the firft problem j and 

and fo you will find them exprefled, if you look back upon the refolu- 
lution of that firit problem. The fame exprefiions might alfo have been 
obtained from the other Solution of this problem, where the fides were 

-ad — be ae-\~bd 

and 


/ 


f 


Problem 3. 


227. To find four right-angled triangles exprejjed in whole numbers > which 
have all the fame hypotenuje , 


This 
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This problem is not in Diophantus , but is in a manner fuppofed by 
him in tne twentyfecond qu eft ion of the third book of his Arithmetics. 

Note, that in the refolution of this problem we fhall denote all right- 
angled triangles by their lides, the hypotenufe being always laft expref- 
fed. Thus a, b, c denotes a right-angled triangle whofe two legs are a 
and b, . and whofe hypotenufe is c. 

Solution. 

1 ft: Form two right-angled triangles that are not fimilar to each other, 
fuppofe a, b, c, and d, e,f: thefe I call primitive triangles, as being thole 
from which the four triangles fought are to be derived, 

2dly. Multiply a, b , c , the three Tides of the firft: primitive triangle, 
by j\ the hypotenufe of the other, and the products of. hr, cf will 
conftitute another right-angled triangle whofe hypotenufe is rf by art, 
224 ; and this will be one of the four triangles fought. 

3dly. Multiply d, e,J\ the three fides of the fecund primitive triangle, 
by c, the hypotenufe of the hrft, and the products c d y cr,cf will con- 
ftitute another right-angled triangle whofe hypotenufe is cf and which 
therefore will be a fecond triangle of the four fought. 

4thly. Multiply d and e, the legs of the fecond primitive triangle, 
fucceftively by a and b , thofe of the firft, and the products with the 
common denominator y under them, being put down as in the canon to 

the fecond problem, will ftand thus, —j .-, , -- • the fum of the 

, ad-\-he . * ae — b d 

extremes is — y — , and the difference of the mid, die terms -p — 

hd — ae , ... 

or — -7.- ; therefore according to ihe canon above cited, the Iquare 


ad~\~be . , ac- 

of 7* — and the Iquare of — 


muff both together make a 1 -{-/•' 


1 4.U c a d-*r be 

or c ; therefore — and 

./ 


— _„1„ mu ft {-, c the two legs of a right- 


angled triangle whofe hypotenufe is c ; therefore, by art. 224, a it be 

and ae — bd will be the legs of a right-angled triangle whofe hypotenufe 

is cf - y therefore ad-\-be, ae — bd, cf will be the third triangle fought, 
jthly. The difference of the extremes of theabovewritten frail ions is 

ad — be be— -ad . „ ac-\~bd 

f or — '-y . — , and the fum of the middle terms is — ----- ; there- 

fore^the fame' manner as in the laft paragraph it may be'demtmfttated 
tliat a d — b e, ae-\-bd % cf will be the fourth triangle fought. 


Thus 
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Thus then from the two primitive triangles firft given we have deri- 
ved four others, all expreffed in whole numbers, and all having the lame 
hypotenufe, to wit, 

1 ft, af bf cf : 

2dly, cd, ce, cf 

3dly, ad-\-be, ae — bd, cf. 

4thly, ad — be, ae-\-bd, cf 

Example. 

Let the primitive triangles be 3, 4, 5, formed by the numbers 2 and 
r, and 5, 12, 13, formed by the numbers 3 and 2. Here if we multiply 
3, 4 and 5, the three tides of one of the original triangles, by 13 the 
nypotenufe of the other, we ftiall have 39, 52, 65 for the firft of the 
four triangles : again, if we multiply 5, 1 2 and 1 3 the three tides of the 
other primitive triangle by 5 the hypotenufe of the firft, we fhall have 
25, 60, 65 for the fecond triangle fought : let us now multiply 5 and 
1 2, the legs of the fecond primitive triangle, by 3 and 4, the legs of the 
firft, fuccetiively, and the products will be 15, 36, 20, 48, whereof the 
fum of the extremes is 63, and the difference of the middle terms 16 ; 
therefore 16, 63, 65 will be the third triangle ; laftly, the difference of 
the extremes is 33, and the fum of the middle terms ^6 ; therefore 33, 
56, 65 will be our fourth triangle : lo that from the two primitive rignt- 
angled triangles 3, 4, 5 and c, 12,-13, we have derived four others ex- 
prefted in whole numbers ana having the fame hypotenufe, to wit, 
ift, 39, 52, 65. 

2dly, 25, 60, 65. 

3%. 16, 63, 65. 

. 4 thl y» 33 > 5.6 > 65. 

It was cautioned in forming the two primitive triangles, that they 
fhould not be fimilar to each other ; becaufe if they be lo, the firft and 
fecond of the triangles fought will become one and the fame triangle, 
and of the two laft one will vanifh. To demonftrate this, let the triangle 
a, b, c be fimilar to the triangle J, e,f and let a and d, b and e, c and / 
be correfpondent tides ; then by art. 224, a will have the fame proporti- 
on to d that c hath to f j whence we ftiall have cd=.af: moreover b 
. be to e as c is to /j whence ce will be equal to bf, therefore cd, ce, 
cf the fides of the fecond triangle fought, will be the fame with af bf 
cf, thole of the firft; : moreover from the fuppofed fimilitude of the two 
primitive triangles a, b, c and d, e,f we fhall have a to </as b to e , and 
confequently a ess bd, and ae—bdss 0 : but a e—bd is one of die legs 

of 
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of the third triangle; therefore inthis cafe, the third triangle will vanifh ; 
and we (hall only have two right-angled triangles having the fame hypote- 
nufe, to wit, the firftand thelafit. 

Lemma. 


228. Tn every right-angled triangle , if the double product of the legs he 
either added to or fitbtratted from the fquare of the hypotenufe, both 
the fum and remainder •will he fquare numbers. 

Let a, b and c be the three tides of any right-angled triangle whofe 
hypotenule is c ; I fay then, that both c x 2 ab and c x — 2 ab will be 
fquare numbers : for c 1 = a 1 -+- b l ; therefore c x - f- 2 ab=z a x - f- 2 ab-\-b' 
a fquare number, whofe fide or root is a-\-b: in like manner c x — 2 ah 
— - q l — 2 ab b x a fquare number, whole fide is a — b. ijh E. D. 

Problem 4. 

Being one particular cafe of the twentyfecond of the third 

booh of Diophantiis'. 

229. To find a number with this property , to wit, that whether it be 
added to, or fubt ratted from it's fquare , both the fum and the re- 
mainder Jhall be fquare numbers. 

Firlt Solution. 


Let x be a number that hath the property above jidcribed, that is, 
let x be fuch a number, that both xx-4-xand xx — x be fquares, which 
we ufually exprefs thus, xx -+-x = □, and xx — x = CJ. This is one 
kind of that which Diophantus calls duplicate equality, to wit, when two 
different quantities are both to be equated to fquares. Now to refolve 
this duplicate equality we are here to take notice, that the two quanti- 
ties x .v -(- x and xx— x both together make 2xx j therefore if we can 
find two lquare numbers which both together make 2xx, and if we 
make xx — x equal to the Idler ofthefe two fquares, die other quantity 
xx -f-x muft necefiarily be equal to the greater lquare; and fo we fiiall 
have both xx-l-x and xx — x fquare numbers : now the number z 
was divided into two fquare numbers in the fecond problem, and thole 

fquares were — and — ; therefore — + ~ =s2 ; therefore - -f- 

25 2 5 2$ 2 5 2 5 


49XX 


2 xx j therefore we have two fquare numbers whjch both to- 


gether make 2x x : let us then make x x — x = leffer of thole 


two 
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two fquares, or x x -4- x : 


49 xx 
'' 25 


tine greater } and either ofthefe equa- 


2 r 2 C 

tions being rcfolvcd will give x = ~ j therefore the fraction — will 

anfwer the conditions of the problem, which we may examine thus : 

2 C 62 C 2 C 

the fquare of ^ is and the fide of that fquare — , by multiplv- 

600 

ing both the numerator and denominator by 24, becomes j now 

if the iidc be added to it’s fquare -—7, the fum — -r 
576 4 576- 576 

lquare number, whofe fide is : and on the other hand, if the fide 


w 


ill be 


a 


24 


2 c 

there will remain — y a fquare 
57 6 1 


600 , ^1/- 625 

— 7 be fubtracted rrom it s lquare — , 

57 6 1 57 6 

number, whofe fide is — . 

To the folution already given of this problem I fliall add another, 
which for it’s elegancy deferves a place here, and much more as it will 
prepare the learner for the better underftanding of the next following 
problem. 

Second Solution. 

Let a be the doiihle product of the bafe and perpendicular of any right- 
angled triangle whole Lypotenufe is h 3 then will both h l -f a and lx — a 
be fquare numbers by tJie laid article j and if thefe numbers be multi- 
plied by any other lquare number, fuppofe x x } not as yet determined, 
the products b'x’-i-ax* and b'x' — ax 1 will Oii! be fquare numbers, 
fince a fquare multiplying a fquare produces a fquare. If therefore wc 
wanted a number, which being added to, and fubrradted from fome 
fquare number would make both the fum and remainder fquares, ax* 
would be the number, and If x 1 would be the fquare ; and that, what- 
ever the quantity .v was made to fignify : but we want a number which 
being added to, and fubtra&ed from the fquare of itfelf will make both 
the fum and remainder lquare numbers ; therefore to anfwer the requi- 
res of this problem, the value of x muft be fuch, that h* x l may be the 
fquare of ax 1 ; but lx x r is the lquare of bx-, therefore ax’- muft be equal 

h b l 

to bx: be it fo, and we ihall have *=— , and xx=-;, and ax 1 (or 

42 

Jf 

the number fought) equal to — : If therefore the fquare of the lypotenufe 
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of any right-angled triangle be divided by the double produSl of the legs , 
the quotient mil be J'uch a number as is dejcribed in the problem. As for 
inftance, 3, 4 and 5 are the fidcsof a right-angled triangle, the fquare 
of whofe hypotenufe is 25, and the double product of whole bale and per- 
pendicular is 24 ; therefore — is a number which will anfwer the con- 
ditions of the problem, as above. 

Problem 5. 

Being the fame with the twentyfecotid of the third book of 

Diophantus. 

230. To find four Jhch numbers as being fever ally added to and fubt raided 
from the fquare of their /urn, U'ill make both the funis and the re- 
mainders all fquarc numbers . 

Solution.' 

By the directions given in the third problem (art. 227) compute four 
right-angled triangles having all the ume hypotenufe, which common 
hypotenufe call b ; then taking thefe triangles in any order, let a, b y c y d 
reprefent the double products of their bales and perpendiculars multi- 
plied together 5 that is, let a be the double product of the bafe and per- 
pendicular of the firlt triangle multiplied together, and fo of the red j 
then by art. 228, />*=»=#, h'dtzb, h* =±= c y and h x r±id will all be Iquare 
numbers ; and other fquare numbers of the lame damp may be found 
out ad infinitum , by multiplying thefe into other fquare numbers taken 
at pleafure : let then x x be a fquare number hereafter to be determined, 
anti let the fquarc numbers already mentioned be all multiplied into x\ 
and wc /hall have h x x x =a= a x* y h l x x =!=bx x y h x x' r±= cx 1 , an &h t x i =t=:dx t 
all fquare numbers : therefore if we only wanted four fuch numbers, as 
being fevfcrally added to and fubtra&ed from fome fquare number, would 
make both the fums and remainders all fquares, the numbers ax', bx x y 
cx l and d x x would anfwer this purpofe, and h x x x would be the Iquare 
number to and from which thefe numbers were to be added and fub- 
traded ; this would be the cafe, let the indeterminate quantity x be what 
it will ; but we Want four fuch numbers as being feverallv added to and 
lubtraCted from the Iquare of their own fum, will make both the fums 
and remainders all fquare numbers therefore to anfwer this condition, 
the^quantity x mull now be reftrained to lbriie particular lignii (cation, to 
'"wit, fuch a one as vpilimake l? x x the Iquare or the l'uqi of all the num- 
bers above mentioned, that is, h x x x muft be the fquare of ax i ~hbx' -h 

B b b 2 cx l ~±-dx x ; 
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ZafJH&i or if wc make ii+]*+f + i/a:f, h'x* muft be the Iquare 
of ex* ' but h' x' is already the Iquare of hx ; therefore ex ' muft be C- 

h h' 

qual to hx v whence we /hall have x = - , and x* = — , and' * x*, bx\ 

ah' bh ' ch ' 

ex' and </V, os die tour numbers fought, equal to — , — , ~~r and 


rcfpettivelv. Ti. D. 

To demuiftrate this fynthetically, the fum of all thefefour numbers is 

_,!/ -j.. /-/>- -f- ch' - h dh' eh' h 1 . , , 


-- ’ = — ■ - = ~ •, therefore the fquare of their lum is 

t m a h' 

• ; add to this fquare number the fir ft number — and the fum will be 

t - i e * > 

h'\-iib‘~ h x h 1 , 

— - — — • — x If a ; but ~~ is in it’s own nature a fquare number, 

h l 

and E -\-a is a fquare number by art. 228 ; therefore — x // -h a is a 

fquare number ; that is, the firft of thele four numbers laft found being 
added to the fquare of their fum will make a fquare number : and after 
the fame manner it may be demonftrated that if the firft number be lub- 
t ratted from the fquare of their fum, the remainder will be a fquare num- 
ber j and the fame ft demonftration may alfo be applied to all the reft of 

t , , , . ah' bh 1 ch' ah' 

tire numbers ; and therefore -7-, — r» t an d — - are fuch numbers as 

’ e* ’ e' * e' e ' 

will anfvver the conditions of the problem. 

If any one will be at the trouble of exemplifying this canon in num- 
bers, he may make ufe of the four triangles already computed in the 
folution of the third problem, whofe common hypotenufe is 65. 


Problem 6. 

Being, the 11th of the fecond hook of Diophantus. 

231. To find two Jqtiare numbers -whofe difference fall be any number 
given . 

Tliis problem may be folved various ways ; but the moft elegant as 
well as the moft ufeful folution is that which follows. . 


Solution. 

Let it be required to find two fquare numbers whole difference is df 
and let this difference d be cefolved into any two unequal fitters a and 

K 
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b, that is, let a and b be any two unequal numbers which being multi- 
plied together will produce </, and whereof a is fuppofed the greater and 
b the lefs : put x for the fide of the leiTer fquare tought 3 and fince the 
difference of the Tides is not determined in the problem like the difference 
of the fquares themfelves, call the fide of the greater fquare x+b 3 then 
will the fquares themfelves be and xx-+-2bx-+-bb-, and the difference 
of thefe two fquares will be 2bx-\-bb~dz=.ab‘, but if zbx-^-bb^=zab^ 
then dividing by b t we (hall have 2x4 -£=<?, and x the fide of the 

leffer fquare equal to - - -- - •, whence x4-£, the fide of the greater 

g | 

fquare will be -r-^— 3 and fo the Tides of the two fquares fought will 

be and Hence may be derived the following canon : 

Rejblvc the given difference into any two unequal factors 3 and half the 
difference and half the Jttnt of thoje factors will be the fdes of two fquares 
whofe difference is the number given. 

As for example, let it be required to find two fquare numbers whofe 
difference is 60 : now the number 60 may be refolved into thefe two fac- 
tors, 1 and 60, becaufe 1x60=60; the half difference of thefe two fac- 


60 ■ 


I 59 

-or — , 


and half their fum is 


60 1 6r. 


2 


or 


; therefore — 


tors is 

6l . 

and — are the fides of two fquares whofe difference is 60 : and fo we 

61 


find them ; for the fquare of is and the fquare of i 


and their difference is 


240 


1711 

4 J 

60. The number 60 may alfo be refol- 


ved into other fa&ors, as 2 and — , that is, 2 and 303 3 and that iv 

3 and 203 4 and that is, 4 and 1 5 3 5 and — that is, 5 and 12 3 6 

6 ^ 5 

and that is, 6 and 103 7 and — , and fo on ad infnitum 3 and therefore 

problems of this kind admit of an infinite number of folutions. 

Again, let it be required to find two fquare numbers whofe difference 
is 4,5 : now the number 45, amongft an infinite number of other fiidtors, 
.may be refolved into thefe; 1 and 45, 3 and 15, 5 and 9; the tint 
ctibple, 1 and 45 give 2a and 23 for the fides ; the fecond couple, 3 and 

l S 
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1 5 give 6 and 9 for the lides ; and the third, couple, 5 and 9 give 2 and 
7 for the tides of two iquares whole difference is 45. 

NoU' t that if the two fadors into which the given difference is refol- 
ved be whole numbers, and both even or both odd, the tides .of the two 
jfquares fought will come out in whole numbers, otherwife not j as may 
eafily be feen by the two foregoing examples. 

Corollary. 


Hence y if there be two indeterminate quantities x and y, whoje diffe- 
rence x — y is rejbhed into two factors a and b, J’uch y that the Jquare of 
a-f-b , a — b 

may equal x ; then 'will the Jquare of equal y : and e con- 

2 2 


**•*“■“ j) jX • 1} 

verfo, if the Jquare of — - — equals y, then the Jquare of will e- 

2 *2 


gual X; and Jo in both cafes x and y will be Jquare numbers : inffances 
whereof will be feen in fome of the following problems. 

If the quantities x and y be lb undetermined, that it cannot be known 
which is the greater, in fuch a cafe cither quantity may be fuppoled the 
greater, and the other may be fubtraded from it ; but then care muff be 
taken that the fquare of half the fum of the fadors be always equated 
to the fuppofed greater quantity, and the fquare of half their difference 
to the lefs : and as to the fadors themlelves, it matters not which is 
taken for die greater } for half their fum will ftill be the lame, and the 
fquare of half theij difference will alfo be the lame, whether that diffe- 
rence be exprefied affirmatively or negatively. 

L K M M A. 


232. If a and b be any two quantities whereof aa is greater than b ; I 
fay then y that a mujl either be greater than -f- v / b or lefs than — b. 

As if b be 25 and a 1 be greater than 25, a muff either be greater than 
-f- 5 or lefs than — 5. 

For if a be made equal to any number within thofe limits, as to =2=4, 
a a will be equal to 16, and confequcntly will be lefs than 25, contrary 
to the fuppofition : whereas on the other hand, if a be made equal to 
any number without thofe limits -4- 5 and — 5, as if a be made equal 
to =t= 6, a a will be 36, and fo will be greater than 25, agreeable to the 
fuppofition. In like maimer it may be demonff rated that If a a be lejs than 
'b, a mujl be fome number between -f-y/b and — y/b. 

Problem 7. 

Being the 12th of the fecond book of Diophantus. * 

233. To find a number , which being federally added to two given numbers, 
will make them both Jquqres, 


Sol u- 
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Solution. 


%et the given numbers be aa and bb, whereof let a a be the greater 
and let their difference be d ; not that it is neceftary that the two given 
numbers Ihoulabc fquares, fince this condition is neither expreffed nor 
implied in the problem j but they may however in a general calculation, 
to avoid furds, be repreiented under that form, as will eafily be feen in 
the application annexed. 

Put x for the number fought, and then adding it feverally to the two ■ 
given numbers a a and bb t we mull have x -+ -aa and x-\-bb both fquare 
numbers. Here then we have another fort of duplicate equality different 
from that in art. 229, and which therefore muft be rcfolved aUer a dif- 
ferent manner: now to refolve this duplicate equality, l'mce the difference 
betwixt x -+- aa and xf-bb is d t it follows,’ that if by art. 231 we find 
two fquare numbers whofe difference is d, and make x -4- a a equal to- 
the greater of thele two fquares, x^rbb muft of courfe be equal to the 
lefs ; or if x-\-bb be made equal to the lefs, x •+■ a a mail be equal to 
the greater, and fo we {hall have x-\- a a and x bb both lquare num- 
bers. But it is not any two fquare numbers whofe difference is d that 
will ferve our turn neither j for fince the greater lquare muft be equal 
to x aa, and the lefs to x-\-b b, it follows, that the greater fquare 
muft be greater than <7% and that the lefs fquare muft be greater than b % ; 
but if the lefs lquare be made greater than b*, the other muft of courfe 
be greater than a' > becaufe the difference of the fquares is the lame with 
the difference of the numbers > therefore we are iwt only to find two 
fquare numbers whole difference is </, but alfo fuch, that the ieffer of 
thofe two fquares may be greater than bb : now two fquares whole dif- 
ference is d may be found by article 231, that is, by relblving the dif- 
ference d into two unequal factors, and by making half the difference 
and half the fum of thole factors the fides of the two fquares fought; and 
if any two fquares would have ferved our turn, any two raft or s might 
have been taken j but fince the leffer of the two fquares fought muft be 
greater than bb } the queftion now turns upon this hinge, viz. To rrjche 
the given difference d into two Jucb faSlors , that the fquare of half the dif- 
ference of thofe fatlors may be greater than bb. To refolve this queftion, . 

d d 

let a and ~ be the two factors fought, fince z x - =<:/; then will the 


difference of thefe two faftors be z — - or — j whence half the 

z z 

* zz j 

difference will be — rr~ j and it is the fquare of this half difference 


2Z 


! 


that 
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that mull be greater than bb, that is, ■£-; mull be greater 

than bb : treat this inequality like an equation, that is, multiply all < by 
4 zS s ami then — 2 dz~ -f- </'■ mull be greater than 4 b t z* i and t* — ” 2 ^ z i 

— 4 b l z,*-{-d x mull be greater than nothing: but d~\~ bbzzs.ad by the 

Juppofition, and 2 d -4- 2 b 1 = 2 a 1 , and id~\r4 />'-= 2 a 1 -H 2 $* ; lublli- 
tute then 2 a 1 -f- 2 b L inllead of ?.d- 4 -\b' in the quantity z * — zdzf— 
4b x z x -\-d\ and \ou will have jz 4 — 2 a'z 1 — 2b x z'-\-d x greater than 
nothing, and z * — 2 tfz * — 2 b'-z 1 greater than — dd ; but dzzza 1 — b' t 
and d x =a* — 2 a* b l b* •, whence — d'- — a' r -4- 2 a 1 b x — b * ; fubdi- 

tute this lad quantity inllead of — d x in the foregoing account, and you 
will have s + — - 2 a 1 # 1 — 2 b x z x greater than — -4- 2 tf b x — M ; proceed 
as in a quadratic equation, that is, tince the fecond term here is — 2 a x z* 

— 2b x z~, half the coefficient whereof is — a % — b\ add the fquare of 
this half coefficient to both lides, and you will have z* — za’z 1 — 2 b l z x 
-\~a x -\-2 a 1 b l ~\-b* greater than 4 a x b x extrait the lquarc root of both 
lides, and you will haves; 1 — a 1 — b l either greater than -h 2 ab, or lefs 
than — 2 ab, by the foregoing lemma; therefore z l mud either be great- 
er than (r-^-zab-K-b 1 , or lefs thane 1 — ?.ab-\-b x ; if z x be greater than 
a*-\^2ab~\-b x i then z mud be greater than a -+- b, or lefs than — a 

— b, by the abovecited lemma; if z 1 be lefs than e 1 — 2 ab-\-b x , then 
z mud be lefs than a — b, and greater than b — a, by the fame lemma; 
therefore if z be a fadtor for our purpole, it mud either be taken with- 
out the limits ~{-a~\-b and — a — b, or elie it mud be taken within 
the narrower limits % — b and b — a ; fo tliat z mud not be any number 
between a-\~b and a — ~b, nor any number between b — a and - — b — a. 
The cafe is this ; that though z was made to repreient but one of the fac- 
tors fought, yet, properly (peaking, it repreient.-. them both, lince the 
procels and tne conclulion will be the fame, whichfoevcr of the two fac- 
tors you make 2; to Hand for : now If z one of the fablon be taken 

without the larger limits -4-a-4-b and — a— b, the other filler ~ will 

fall within the narrower limits a — b and b — 0 ; and vice verla, if z be 

d ^ 

taken within the narrower limits , ~ will fall without the more dijlant 
limits ; of which I lhall give the following demonllration. 


Case i . 

Let z be taken greater than a-\-b\ then will — be lefs than “j~£, he- 

caufe the former fraction hath- the greater denominator; but a+bxa^% 

a 
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— £*=</; therefore —“£==<* — b-> but - was f<s%td lefs than 

Ad d 

therefore -7 will be lefs than a — b ; and that — is greater than. 

a - f - « & z c 

^ is evident, iince the former is an affirmative quantity, and the latter 

a negative one. 

Case 2. 


Let now — 2, be a factor taken lefs than — a — b-, then will the other 
factor be — ~ ; and 1'ince — 2 is lefs than — a — b, 4-c will be greater 

.<5 

than -j-tf-t-J, and - will be lefs tlian a — b, as before, and — -7 will 

d d 

llill be lefs than a~b ; but if ~ be lefs than a~b, then — ~ mult be 

greater than b — a ; whence it appears, that if in any cafe 2 one of the 
factors be taken without the limits 4 -« 4 -£ and — a — b t the other 


fador ~ will fall within the limits a — b and b — a. And thus being 

directed to proper JaBors, the (quant J ought 'will eafily be found by making 
their Jides equal to half the difference and half the fum of the faB on made 
choice of. 

For an example, let it be required to find a number which being fe- 
verally added to 3 and a will make them both fquares; here a 1 =3, 
b l z= 2, r/=j, rt = v/3, /; = v/2; therefore the higheft and loweft 
limits are 4- ^34-^2 and — and the intermediate limits 

are ^3 — y/2 and </z — ^3 : now to take a fador above the high- 
ell limit, it may be obferved, that 2 is greater than y/ 3, and greater 
llill than y/2 1 therefore 4 is greater than s/ Z 4 " s / 2 \ ma ^ e then 4 one 
of the fadors, and conlequcntiy * the other ; then will lialf the lutn ol 

thefe fadors be and half their difference 3^-, and the two iquarcs 


fought will be and — , whereof the former exceeds 3, the lattet 

4 . 4 , z $ 9 

exceeds 2, and the difference is 1 : make now Sc 4- 3 = or x 4 - 2 


22 r .97 97 - 

and either equation will give x s=s » therefore ^ ts a num- 

v, her, which being fevcrally added to 3 and 2 Will make them both fquan-s. 
\ C c c } I have 
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I have dwelt the longer upon this problem, as it introduces a new 
way of arguing very ufeful in Diophantus in determining the limits of 
his portions, &c. 

Probie m 8. 

Having fame relation to the, 2 \jl of the fecotid hook of Dio- 

phant.us, but bang of a much greater extent. 

* 

234, 'To find a number, which being divided into any two parts ‘what- 
ever, the /yuan’ of either part , together with a hundred times the 
other pa> t jhall make a fonare number. 

Solution. 

Put v for the number fought, and put x and \ — a- for any two parts 
of that number, whereof the fquare of .vand a hundred times y — x lioth 
together are to make a fquare number: now the fquare of x is x x, and 
a hundred times y — .v is 100/ — too a* ; therefore x: v — too x 4- 100^ 
muft be equated to a fquare ; let x — z or z — x be the tide of this fquare, 
be z what it will, and we ihall have xx — 1 00 x -f- 1 coy — xx — 2 zx 
4 - zz ; call away xx from both tides of the equation, and you will have 
— * ioox 4- 1 oojy — — 2zx-+-zz: thus have we excluded xx out of the 
equation; and to do the fame by x, to the end that it may not enter the 
eonclufion, but that the value of y may be found without it, and .v may 
be ftill left undetermined, let 2 z— 100 ; then we fhall have 2.= 50, and 
2,21 = 2500, and the equation will now flam] thus, — 100:4- 1 oov — — 
100x4-2500; ffrike oiY — 1 oo.v from both ikies, and you will have 
100^=2500, and y = 25 ; therefore if .v.v — ,oox-f~ ivov he the fquare 
ef'x — x or 50 — x } y mull he 25 ; and e c owe; jo , if v be 25, then 
xx — ioox 4- ioojr will be aw — 100x4-2500, which is the fquare 
of 50 — x, let x be what it will: but xx — 1 ocx-4- 2 500 is the fquare 
ofx and a hundred times 25 — x put together ; therefore the fquare of x 
and a hundred times 25 — x put together will always be a fquare num- 
ber, letx be what it will; for it will always be the the fquare of 50 — x. 
Thus then we have found a number 2 5, which being divided into anv 
two parts whatever, the fquare of either part together with a hundred 
times the other will make a fquare number : I lay the fquare of cither 
part; for as we have taken care in this fblution nor to confine x to any 
particular fignification, .daut to leave it entirely unrellrained, x may with 
equal propriety repreient either of the parts into which 25 is divided. 


Example. 
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number whofe fide or root is 40. Let us again take thefe parts, but in a 
contrary order, and let 24 be the part to be lquared : now theVquare of 
24 is $76, and 100 times 1 is 100, and 576 and 100 taken together 
make 676 a fquare number, whofe fide is 26. And thus will this pro- 
perty be inieparablc from the number 25, whether the two parts into 
which it is divided be integral or fractional ; nay fo infcparable is it, that 
it will fpbfift even when one of the parts is taken negative : as for ex- 
ample, let 25 be relolved into — 5 and 4- 30 : now the fquare of — 5 
is -+-25, and 100 times 30 is 3000, and 3025 is a fquare number whofe 
fide is 55. If we take thefe parts in a contrary order, the fquare of 30 is 
900, and a hundred times — 5 is — 500, and 900 — 500 is 400 the 
iquare of 20. 

,V. B. This problem might have been propofed more generally thus t 
To find a number which being divided into any tox'O parts whatever y r thrnt 
either part, together with the fquare of % times the other /hall make a fquare 
number : and if the foregoing procefs be repeated, and the operation? be 
made in thefe more general terms, the number fought will be found at 


l aft to be — . 
4™ 


Problem 


Being the 2yl of the fecond book of Diophantus. 

235. To find two numbers Juch t that the fquare of each being added to 
the Jim of them both may make a fquare number. 

Solution. 

Put x for oik: of the numbers fought, and it’s fquare will be .v x : now 
the fquare of x-f- 1 is xx+ax+f ; therefore 2 x -f- 1 is fuch a num- 
ber, as being added to xx the fquare of one of the numbers fought, will 
make a fquare ; therefore if 2x+ 1 be fuppofed to be the l'um of the 
two numbers fought, one condition of the queftion will be anfwered. 
Let then 2 x -+- r be the fum of the two numbers fought ; and fince .v is 
named already for one of the numbers, the other number mutl be x 1 , 
whofe fquare is xx-T 2 x -{- 1 ; add to this fquare 2.V+1 the font <>i 
the numbers, and you will have xx-4-4* 4- 2, which, according to 
the other condition of the problem, mu ft alfo be*a Iquare let it then he 
a fquare whofe. fide is x — z, and we fha.ll have this equation, .vx + 4* 
4-2=exx — z&x+z&i which equation, when refolved, gives x ~~ 

'•■'“”■777 for the lefs number ; and if to this f 1 be added, you will have 

the\rcater number fought j and z being leff undetermined, any number, 

C c c 2 ] except 

i 
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except unity, may be put for z>. As for example, let z = 2, and we 

iliali have ZZ ~ and ~ therefore ~ and ~ will an- 

l'vyer the conditions of the problem. To try this, the fum of *j- and ~ 

is — or — f : now if to the Iquare of — (the Idler number ) be added the 
416 1 4 

fum of both, that is, if to -g be added --g, you will have — | a fquare 
number : on the other hand, if to -g the fquare of ~ (the greater num- 
ber) be added the fum ~ , you will have ^ g, which is alio a Iquare number. 

Prop i. e m 10. 


Being the f ccon ^ book of Diophantus. 

236. To find two numbers fitch, that ij their jhm be either added to or 
JhbtraSied from the produtt of their multiplication, both the fum and 
the remainder Jhall be fquare numbers. 

Solution. 


Put x for one ojf the numbers fought, and then taking any two known 
numbers a and b, make-*/' x-f- b*x the other number fought, and the pro- 
dud; of their multiplication will lv n’x 1 -t- b z x 1 : now it 2 abx 1 be either 
added to or fubtraded from this product, both the fum and the remain- 
der will be fquare numbers; ior the fum will be a 1 x x -\~ 2 a bx 1 -\-b' x 1 , 
which is the fquare of ax-i-bx ; and the remainder will be a 1 x 1 — 2 abx 1 
•4 -b x x % , which h the fquare of ax — bx-, and therefore if 2 abx 1 was 
the fum of the two numbers fought, both the conditions of the problem 
would be finished, let x be what it will but as x is the lets number, and 
a*x-hb l x the greater, their fum will be a* x b 1 x -+• x •, therefore to 
make 2 abx'- the fum of the two numbers fought, x mu if be retrained 
to fuch a value, that 2 abx 1 may Ik* equal to a 1 x-{- b l x-\- x-, be it fo, 

and we iliall have a-, or.e of the numbers fought, equal to iff]) — * 

and if this number, when found, be multiplied into a 1 -f- b 1 , wc fliall have 
a 1 x-k-b 1 x the other number fought. As for example, fince the numbers 
a and b are to be taken at p-ieafurc, make azs 1 and ^=2, and you will 
^ et* H- b 1 *4 - 1 6 * r " 

lave — - — ; — for the leflcr of the two numbers fougat ; 

and 


2 ab 


A 



ir~ 
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and this multiplied into a* -f- b l = 5, will give. ~~ for the other num- 
ber fought. For a further proof of this, the product — x is , and 

, 3 J 5 . 18 36 45 36 , . 81 . 

the fum “* H — ” is ~~ or : now H — — , that is, — isafquare 

2 2 z 4 44 4 ! 


number j and 


~ — ~T> that ls > T* Is alfo a fquare number. 

*T 4 * » 

Problem n. 


Being the jth of the third hook tf/'Diophantus, 

237. To find three numbers fuch, that not only the fum of all three , but 
alfo the fums of every two of them be fquare numbers . 

This problem may be varioufly folved, according to the various arbi- 
trary reprefentations that may be made of the fums of tire numbers fought; 
but the moll fimple folution, as I take it, is as follows. 

Solution. 


1 ft. Since the fum of all the three numbers fought is to be a fquare, 
let it be the fquare of .v-f- 1, and we (hall have the fum of all the three 
numbers equal to xx-f* 2.V-4- i . 

2dly. Since the fum of the firft and fecond numbers is to be a fquare,. 
let xx be that fquare; and then if we fubtradt .vx, the fum of the tint 
and fecond numbers from .v x -4- 2 .v -h i, the fum of all three, we fhall 
have 2. v-f- 1 for the third number alone. 

qdly . Again, fince the fum of the fecond and third numbers is alfo 
to be a fquare, let that be the fquare of at — 1 ; and then if from x.v— 
2x -+- t, the fum of the fecond and third numbers, be fubtr, idled 2 x -f- 1 ^ 
the third number alone, there will remain xx — 4.V for the fecond num- 
ber alone. 

4thly. Since, according to the fecond ftep, x x is the fum of the firft 
and fecond numbers taken together, if from this fum xx be fubtradlcd 
the fecond number xx — 4*, there will remain 4 a- for the firft number 
and fo the three numbers fought will be thus reprefented ; 

iff, 4Af; 2d, XX 4*; 3d, 2 X -f" I 

5thly. But there is one condition of the problem ftill unfatisfied, which 
is,, that the fum of the firft and third numbers mull, like the reft, be 
fquare : now tjie third number is $nd the firft is 4 a, and their 

film is 6 x -f- 1 j therefore 6 a*-+- i mu ft ftt equated to lome fquare r 
' ' , .* let 



3^0 Diophantine problems. Book vi. 

let us then affume fome fquare number greater than 25, for a rcafon 
hereafter to be given ; and calling this affumed fquare a a, let 6 x -+■ 1 be 

equal to a a, and we (hall have x= — ^ whence the following canon: 
‘Taking any known J’quare number , as aa, greater than twentyfive , make 

1 

— - — = x, and the three numbers fought will be qx, x x — 4 x and 


2X+1. 

But this folution is liable to two limitations : for fir IT, x mull be af- 
firmative, becaufethe number 4* is fo: fecondly, xx — 4X mult be af- 
firmative, becaufe it is the fecond number j that is, xx — 4* mull be greater 
.than nothing; therefore x — 4 mull be greater than nothing; therefore 
x mull mull be greater than 4; therefore 6 x mull be greater than 24, 
and 6x-H 1 or a a mull be greater than 25, as above. 


E x A M P L E. 


Let a a be taken equal to 121, which is the fquare of 1 1 ; then will 
a a — 1 

— 7 — or x be equal to 20 > whence 4X, or the firll number, will be 


80 ; xx — 4X, or the fecond number, will be 320 ; and 2 x-b j, or the 
third number, will be 41 : fo the three numbers will be 80, 320 and 
41. For firll, the fum of all three will be 441, the fquare of 21 
fecondly, the fum of the firll and fecond will be 400, the fquare of 20 
thirdly, the fum of ' e fecond and third will be 361, the fquare of 19 
and lallly, the fum ■< . the third and firll will be 121, the fquare of 11. 


Problem 12. 


Being the 1 2th of the third book of Diophantus. 

238. To find three numbers fuch, that if to the produbt of every two 
of them a given number be added, the fans may be all fquare numbers . 

N. B. Though Diophantus' s lolution of this problem be very artful- 
ly contrived, yet as it produces only fractional numbers, I prefer the 
following before it, which fiarnilhes as many anfwers in whole numbers 
as we pleafe. 

Solution. 


Let the three numbers fought be a, b and c, and let e be the given 
number to be added to each<produdl j then mull ab-k-e—p, ac-hez—a, 
an d bc-be=:n : to effed w^iich, it will be proper in the firll place to 
enquire for two fuch numbers a and b as will folve the firll conditioi/ of 

the 
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the problem, thus : let nn be any fquare number greater than e, and 
let ab~\~ e=znn ■, then will ab — nn — e ; whence it follows, that if 

the number nn — e be refolved into any two factors whatever, thefe fee- 
tors may be taken for a -and b, and fo we fhall have two numbers a and 
l> which will anfwer the Hrft condition of the problem. But that we 
may not be obliged to tryals for proper values for a, b and let us af~ 
fume any two numbers r and s, whereof r is greater than s, and whole 
fquares are both greater than e, and let us make n-\-r—a y and n — sz=b y 
that is, let «-f-r and n — s be the two fadtors into which the number 

nn — e is fuppofed to be refolved ; then will n-\-r%n— s or nn-^-rn — 

rs — e 


sn- 


-rs — nn- 


whence rn — sn — rs — - 


■ e } and n — 


and 


and n — s or b = 


therefore 


r — s ' 1 r — s ' r — s 

the values of a and b may be expreffed two ways, to wit, either by n-\~r 

rr — e ss — e 

and n — r, or (which amounts to the lame thing) by — — — and — — — . 

Having thus fecured two numbers a and b to anfwer the hr ft condition 
of the problem, we are in the next place to enquire whether c will ad- 
mit of fuch a value, as being joined with thofe of a and b above found 
will folve the other two conditions of the problem. Now to do this, from 
the number ab-\-t\ which is already a l'quarc, I fubtradf the number 
ac- f-r, which is to be made a fquare, and find the difference to be ab — ac ; 

and this difference being the product of a into h — c, may be refolved in- 
to thofe two fadtors a and b — c\ of thefe two iadtofs the femii'um i- ; 


a -\-b — c 


and the femidiffcrcnce is 


•b — f— c 


again, from the feme 


fquare number ab-\~e I fubtradt be -be, which is to be a fquare, and 

find the difference to be ab — bc y which is the produdt of b into a — c: 
therefore it luckily happens, that the i'emifum of thefe two fadtors, viz. 
a-bb—c 

is the feme with the femilum in the former cafe, but the It- 


midifference is 


■b — C „ , , a-bh- 

therefore if the fquare of the femilum 


2 ' 1 2 

can by any rational value of c be made equal to ab- f-e, from which 
both ac- f>e and be- be were fubtradled, tne confequence will be, that 
® t a— b— f* c 

both ac-be wi|l become equal to the fquare of the femidifference — - — , 


\ 


and 
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and be- {-e will be equal to the fquare of the lemidifference ; 

and fo both ac-\-e and bc-\-e will be fquare numbers) all which is evi- 
dent from article 231. Let us then fuppofe the fquare of the femilum 
a - 4 - b—~ c 

to be equal to ab-\-C‘, and iince it has been {hewn above, that 

. a -\-b — c 

ab-\- e is equal to n n, we lhall have the fquare of equal to 

a f) 

nn j whence, taking the fquare roots ot both fides, we have 

= =F=», and c — a -*rb-3= ?,n : thus thin we have two rational values 
of c t each of which, joined with the numbers a and b above found, will 
folve the problem, to wit, a «+■ b -f- 2 n and a -f- b — 2 //, the fum of which 
two values of c is 2 a -{-zb j therefore if the ielTer value of c be found, 
•and iubtradted from za-\-zhy the remainder will be the greater value ; 
but to exprefs either of thefe values according to our prelent notation, 
we muft have recourfe to our former notation, where a was made equal 
to K-|-r, and b to n — s ; therefore a~\-bz=r- 2 n -(- r — s } and a -|- b — 2 n 
=r— ‘S; therefore the lelfer value of c will always be equal to r — s ; 
and therefore the greater value will always be the excels of 2 a -{-zb 
above r — s j andfo we lhall have the following canon : 

‘Take any two known numbers r and s, whereof r is greater than s, and 

rr — e ss — e . 

whofe /quarts are both greater tran e ; make ~ - =a, - - - - =b, and 

make r— s, or the excefs of 2 a -+- 2 b above r — s, equal to c, and you will 
have two values of c, either of which t joined with the two numbers a and 
b above found will folve the problem . 

From this canon it plainly appears, that If for r attd s be taken any 
two numbers whofe difference is unity , and who/ Jquares are both greater 
than ty the values of & and b, and confqucntly that of c, will be all whole 
numbers . As for example, let e the given number to be added to each 

rr — e 

product be 3, and make r = 4, and r= 3 ; then will or # = 13, 

X j— £ 

or b= by and r — s or the lelfer value of c will be 1, and the 

‘greater value off, to '"wit 2 a -{-zb — 1, will be 373 whence we have 
two fets of numbers that will folve the problem, to wit, either 1, 6 and 
13, (for it matters not now in what order the numbers are taken,) or 6, 
13 and 37, either of which fets of numbers will folve the problem : *for 
in the fim let, to wit 1,6 and 13, we have ill 1x64- 315=9 the iquare 

v Jot 
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of 3, 2dly 1 x 13-4-3 = 16 the fquare of 4, and qdly 6x 13 + 3 = 8* 
the fquare of 9 ; In the other fet, to wit 6, 13 and 37, we have ift 
6x13-4-3 = 81 the fquare of 9, 2dly 6 x 37 ■+■ 3 = 225 the fquare of 
15, and 3dly 13x37-4-3 = 484 the lquare of 22. 

Another example of the foregoing canon may be this : let 3 be the 
number to be added to each product as before ; and make r = 5, * = 3, 
rr — e ss 


.... 

and you will have — — ~ or 4 = 1 1, or 3, and r- 

r = 2 ; whence the other value of c will he 2 a-\~zb — 2 = 26 ; and 
the two fets of numbers that will folve the problem will be 2, 3 and 1 1 , 
and 3, 1 1 and 26 : in the firft fet, to wit 2, 3 and i j,- we have iff 
2x34-3 = 9 the fquare of 3, 2dly 2x11-4-3 = 25 the fquare of 5, 
qdly 3x11-4-3 = 36 the lquare of 6 j in the other let, to wit 3, u 
and 26, we have ill 3 x 1 1 -f- 3 = 36 the fquare of 6, 2dly 3 x 26-4- 3 
S j the fquare of 9, and 3<.liy 1 1 X26-+- 3 =289 the fquare of 17. 

Scholium *i. 

If it were required To fnd three j'uch numbers, that if from the pro- 
duB of every two of them a given number be Jub trailed , the remainders 
jkall be all fquares , the foregoing canon with a very little alteration would 
fait this problem ; I mean by changing the fign of e wherever it is to 

nr *— — e 

be found, thus. In the foregoing canon a was taken equal to ; 


•s or 


rr * 


therefore in this cafe a mull be - 


therefore here h mull he 


there b was taken equal to 


s$- 

— e 

r - 

-s 


ss- 




er value of c was the excels of 2 a 
2 r r -f- 2 s s — 4 e* 


—7 : in the former cafe the great- 
2 b above r — s, that is, the ex- 


cels of 


above r — s ; therefore here it mull be the e.v- 


, 2 rr -4- 2 s s -4” 4 * 

eels of — above r — r, which, according to the lenfe a 

and b are here taken in, will be the excels of ia-\-zb above r — s. As 
for the leller value of <r, to wit r — s, tliat will be the fame in both 
cafes, becaufe the number e is not concerned in that exprellion j therefore 
the canon for that problem is as follows : 

Take any two known numbers r and s, whereof r is grc„..r than s ; make 


rr-He 


= a. 


ss-4-e 


= b, and x — s, or the etfeejs of 2 a -4- 2 b above r — s 

Odd rwat 
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equal to c, and you will have three number s a, b and c, which taken in any 
order will j'clve the problem. As for example,, let e, the number to be 
fubt railed from each produil, be 3 ; make r = 2 and i — i , and you will 


have 


rr- 


e s s- 

or 4 = 7, 


or b = 4, and r — s or the lefler value of c 


r — s ' ' r — s 

equal to 1 , and 2<7~f- zb — 1 or the greater value of c equal to 2 1 ; there- 
ibre the two Jets of numbers are 1, 4 and 7, and 4, 7 and 21 : for in 
the fet i, 4 and 7 we have ifl 1 X4 — 3= 1 the lquare of 1, 2dly 1 x 
7 — 3 ==4 the fquare of 2, and 3dly 4x7 — 3 = 25 the lquare of 5 > 
in the other fet 4, 7 and 21 we have ill 4x7 — 3 = 25 the fquare 5, 
edly 4x21 — 3 = 81 the fquare of 9, and 3 dly 7x21 — 3=144 the 
fquare of 12. 

Scholium 2. 


When the addititious number (which is to be added to the feveral pro- 
ducts in order to make them lquares) is itfelf a lquare number, Diophan - 
tus has given us a very elegant folution of die cafe in the 20th queftion 
of the fourth book of his Arithmetics, whereof I mull here give fome 
account, bccaufe of the relation it hath to the thirteenth problem. 

Solution. 


Let unity be the addititious number , (fince, when a canon is calcula- 
ted for the number r, it may be ealily made to fuit any other fquare 
number whatever," as will be (hewn hereafter,) and let it be required to 
find three numbers fuch , that if an unit be added to the product of every 
two of them , the fiums may be all fquares. Here I put a- for the firit 
number fought, and then affuming fome known number as a. to the 
produit ax I add 1, the fquare root of the addititious number, and from 
the fide ax-\- 1 I raife the fquare aaxx-\-za x-+- 1 : now if unity be 
fubtradted from this fquare, there will remain aaxx-\-zax ■, whence it 
follows, that if aaxx-t- 2 a x be confidered as the product of the firft 
and fecond numbers, one of the conditions of the problem will be an- 
fwered ; for then the product of the fir 11 and fecond numbers, with an 
unit added to it, will be a fquare number : let then aaxx~\~ 2 ax re- 
prefent the product of the firit and fecond numbers multiplied together > 
and then fince x is the firll number, the fecond will be aax-\-za. Take 
now another known number as b , and from the fide bx-\- 1 raife the 
fquare bbxx-\- zbx-h 1 j and if from this fquare an unit be fubtradled, 
there will remain bbxx-\-,zbx * therefore if bbxx-i-lbx be confidered 
as the produdt of the firft and third numbers fought, another condition 
©f die problem will be anfwered: let then bbxx~\- zbx reprefent the 

pro-. 
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produdfc of the firfl and third numbers fought} and fince by the fuppofi- 
tion the firft number is x, the third number muit be reprefented by 
bbx 4- 2 b j and fo the names of the three numbers will be ift x, 2d 
aax-+-za, 3d bhx~^ 2 b, and two of the three conditions of the pro- 
blem will be fatisfied. It remains’ now that we provide for the other 
condition, to wit, that the product of the fecond and third numbers 
fought may, after the addition of an unit, be a fquare number : now the 
fecond number was aax and the third was bbx-\-zb, and the 


produft of thefe will be aabbxx-\- 2 aab-\-zbbaxx~\r^.ab ; and if to 

this he added an unit, the fum will be aabbxx~{~iaab~k- 2 bba'K.x-\-fabdf- 1 ; 

but the fecond term of this number, to wit, 2 aab-{- 2 bbaxx— 2 abxaf-b-x.x l 
and therefore if we make a +-b equal to c, the fecond term of this fum 
will be 2 abex, and the whole fum to be equated to a fquare will be 

ti<ibbxx-\r2abcx-*rA ( ab-\- \ : now it is certain that aabbxx 4-2 abex 

-+-cc is a fquare number whofe fide is abx + c- t and therefore if 4^4-1, 
the laft term of the fum to be equated to a fquare, was equal to cc, the 
laft term of the abovementioned fquare, then it is plain that the above- 
mentioned fum would be a fquare number : let us then fuppole cc or 
aa-\-2ab-+~bb to be equal to 4<a^4- 1, and by tranfpofition we {hall 
liave aa — zab-\-bb=- 1, and confequently a-—b or b — <2=1. If 
therefore a and b be Jo taken that their difference be unity or 1, the 
three numbers fought will be ijl x, 2d aax 4- 2 a, and ^d bbx 4- 2 b ; 
and all the three conditions of the problem will be fatisfied , whatever 
number the quantity x is made to jland for. As for indance, make 
a— 1 , £=2, and the fecond number aax 4- 2 a will be *4-2, and the 
third number bbx-\~zb will be 4x4-4 } and fo the three numbers will 
be x, x4-2, and 4x4- 4: or if we make x=i, the three numbers 
will be 1, 3 and 8, whereof 1x34-1=4, 1x84-1=9, 3x84-1=25, 
which are all fquare numbers. 

If infiead of unity any other fquare number be made the addititious 
number , fuppofe cc, then the three numbers above found , to wit i, 3 
and 8, or any other three numbers of the J'ame kind that may be pound 
by the fame method \ mufi be multiplied into c the fquare root of the ad - 
dititious number cc, and the products 1 c, 3 c and 8 c will anfwer this cafe. 
Thus icx8c 4-^=9^, and ^cx8c+cc=2c;cl-: 

fo that there lad three fums are nothing elfe but the former funis multi- 
plied Jnto cc j and therefore if the former fums be fquare numbers, thde 
•laft muft be fo too; for a fquare number multiplying a fquare number will 
'always produce a fquare. 


D d d 2 


Pro- 
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Problem 13. 

Being the 21 ft of the fourth hook of Diophantus. 

239. ‘To find four numbers fuch , that if an unit , or any other fquare num- 
ber be added to the produll cf every two of them > the funis may be all 
fquare s. 

Solution. 

Take three numbers a, h and c in arithmetical progreflion, fo that their 
common difference be unity ; and putting x for the firft number fought, 
let aax-\~ia reprefent the fecond, bbx-y-zb the lhird, ccx-{~2c the fourth ; 
and by the fecond fcholiumin tlie foregoing article, the property oftheie 
four numbers will be, that tlie Icveral products of the firft and lecond, 
the firft and third, and the firft and fourth of thefe numbers, with an 
unit added to each will be all fquare numbers : it follows alto from the 
fame fcholium, that the products of the fecond and third, and of the third 
and fourth, with an unit added to each will be fquare numbers; becauie 
the difference between a and b, as well as the difference between b and c, 
is unity : therefore if the produdt of the fecond and fourth numbers, 
with the addition of unity, can be made a fquare number by reftraining 
x (which is yet indeterminate) to fome particular value* then will all the 
conditions of the problem be latisfied. 

But before w% proceed any further upon this head, let us afiign par- 
ticular values to a f b and c. As for inftance, make 1 , b— 2, and 

c = 3 ; then will the fecond number a a x 2 a be equal to x -f~ 2, the 
third number bbx-y-zb be equal to 4 x -f- 4, and the fourth number 
cc x-\~ 2 c be equal to 9 x -H 6 ; and fo the names of the four numbers 
will be x, x-4-2, qx-t~4 and 9X.-+-6. We arc now to contrive that the 
produdf of the fecond and fourth of thefe numbers, with tiie addition of 
an unit, may be a fquare number : now the fecond number was x -h 2, 
and the fourth was qx-f-6, and the produdt of thefe two is <)xx 24.x 
-t- 12, which with the addition of an unit is 9XX-4- 24X-+- 1 3 ; there- 
fore this tuft number mult be equated to a fquare : now to find a proper 
tide for fuch a fquare, fince 3X is the fquare root of 9XX in the num- 
ber above mentioned, if from 3X be lubtradted 4, 5, 6, or any other num- 
ber whofe fquare exceeds 13, you will have a fide to whofe fquare the 
fum abovementioned may be equated; I lhall here make the fide 3X 
—1 1 , whofe fquare is gxx — 66x-+- 1 2 1 , and fo feign the following equa- 
tion,. 9xx-h 24x4-13 = 9^^ — 66x-f- i2i ; this equation being re- 

iolyed gives x = — ; whence, x-t-2 or the fecond number equals — , 
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4x4-4 or the third number equals 



x 68 . * 12 32 88 168 

: fo the four numbers fought are 7-, — , — and — \ 

xo 0 10' 10 10 xo 

This is upon a luppofition that the addititious number is unity ; but if 
we make it any other lquare number, fuppofe 100, then (lie four num- 
bers laft ment ioned mu ft all be multiplied by xo the fquare root r*f t 0Cj 
and they will become the whole numbers 12, 32, 88 and 168. 'l’hy 
proof is as follows : 

rax 324- 100= 484 the fquare of 22. 

i2x 884-100= 1156 the fquare of 34. 

1 2x1 684-100= 2116 the fquare of 46. 

32X 884-100= 2916 the fquare of 54. 

32x1684-100= 5476 the fquare of 74. 

88x1684-100=14884 the fquare of 122. 

If the numlxers a, l> and c be taken equal to 2, 3 and 4 refpe&ivcly, 
the four numbers fought will be x, 4x4-4, 9x4-6, and 1 6 a 4 - 8 ; 
the prod u 61 of the fecond and fourth, with the addition of an unit, will 
be 64XX4- 96x4- 33 j and if this be made equal to the fquare of 8x — 9, 
we iball have the following equation, 64 xx 4 - 96X 4 - 3 3 = 64XX — 144X 

2 

4-81 j whence x the firft number will be — , 4x4-4 the fecond 


her equals 


48 . 78 

number will be — , 0x4-6 the third number wHl be — .and 16 x 
1 o’ ' 10’ 


4-8 the fourth number will be This is fuppofxng the additi- 

tious number to be an unit; but if we fuppofe it to be 100, and fo 
multiply the four numbers abovementioned by 10, they will then lie 2, 
48, 78 and 1 12. See the proof: 

2x 484-100= 196 the lquare of 14. 

2x 784-100= 256 the fquare of 16. 

2x1124-100= 324 the fquare of 18. 

48X 784-100=3844 the fquare of 62. 
48x1124-100=5476 the fquare of 74. 
78x1124-100=8836 the fquare of 94, 


ScilOL I U M, 

Monfieur Backet in his comment upon the 12th queftioxi of the third 
book of Diopbantm, from the nth and 13th propofitions of his Ict ond 
book of Porifms, analytically demonftrated in my folution of the fore- 
** going 
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going twelfth problem, folves this problem two ways univerfally, whether 
the addititious number be a fquare or not, and feems to value himfelf 
very much upon it, as having herein outdone even Diophantus himfelf. 
But to fpeak freely my opinion of the matter, I think thofe folutions 
would have appeared much more beautiful, had not the concluiions been 
lb much embarraflcd with fuch very high fractions : therefore I Ihall 
here pafs them over, and Ihall only produce a canon of my own, which 
though it does not lolve the problem in whole numbers, unleis the po- 
rtions be fo contrived before hand, yet it leads to fractions much more 
Ample than thofe of Bachet , as will calily appear to any one who Ihall 
think it worth his while to compare them with his in the place above- 
-cited. The canon is as follows : 

Problem. 


To find four numbers j'uch , that if to the product of every two of them 
any given number as c be added \ the funis Jhall be all /qua re numbers. 

Solution. 


Ajfume any number as a, whofe fquare is greater than c ; fubtratil 4a a 
— 3c from any fquare number that is greater , fuppofe from bbj and then 

iXQ mmmm c 

dividing the remainder £>' 4 a + 2 b, call the quotient d; make — =e, 

d-f-e-t-2a=f, and 3 e-f- f-4- 2 a=g j then will the numbers d, e, f, g 
be fuch as will anfwer the conditions of the quefiion. 

Example. 


1 ft. Let the given number to be added to the feveral products be 3 1 
then will f =3. 

2dly. Make aa= 4; then will \aa— 3 c =7, and this fubtraded 
from 9, a greater fquare number, leaves a remainder of 2, which re- 

2 I 

mainder being divided by 40 •+- 2 b or 14, gives— or - for thefirft num- 

14 7 

herd. 

3dly. According to this notation «*— c=i, which being divided by 
d or t quotes ess 7. 

4thly. d~^e=z~ -4-7=-^ and if to this be added 2<ar or wc 

78 

Ihall have d+e+ia, that is, f=-~. 

S&fy' 
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5thiy. 3<?=s2i or and/sss^, and 2 ass yj therefore 3e.fr. 

2C7 X 

f-b-za, that is, g~ — : therefore the numbers d, e,f and£ are - , 

— , — and refpe&ively. See the proof : 

•1 49 . 1 49 147 196 14 

- x ~ 4-3, that is, - x ~ + — a=s— the fquare of — . 

7 7 7 7 49 49 n 7 

r 78 225 . .15 

- x — + 1= — the fquare of — * 

7 7 5 49 1 7 

1 253 400 . 20 

- x — - -+• 3 = the fquare of — . 

7 7 49 M 7 

42 x Z» + j«, ^ .he fquare of 6 -i. 

7 7 49 4 7 

49 2 53 12544 , r -.112 

— x — — -f- 3 = — - — the fquare of — . 

7 7 49 7 

78 253 19881 141 

— x — -4- 3 s= the lquare of . 

7 7 49 1 7 

Problem 14. 


Being the 17 th of the third hook of Diophantus, 

240. It is required to find three numbers fuch, that "'the product of even 
two of them, together with their jitm, may be a fquare number. 

This is the problem chiefly intended in this place : but becaule a more 
general folution may be had at the fame expence as a particular one, and 
may be of fome ufe hereafter, as in the fcholium hereto annexed, and 
in the fifteenth problem following, I fhall propofe and folve the problem 
a? follows : 

It is required to find three numbers fuch, that the product of every two 
of them, together with t times their J'um, may make a fquare number , 

Solution. 

Let the three numbers fought be a, b and c, and the conditions of. 
the problem may be exprefled by the three following equations ; 

ab-\-ta-\~tb—U, 

, ac-\-ta - 4 -/t'=D, 

* bc-\-tb-\-tc— □. 

Now fince ini this problem there are three unknown quantities, whereof 
only two enter every condition, this problem may be folved, in a great 
- , meafure, 
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meafure, after the fame manner as the twelfth, thus: afluming any known 
fquare number as n\ make ab -+- ta -4- tb = n x ; then you will have ah 
-yta-ytb-yt 1 — n'-yt l ; but ab-yta-ytb-yt l is nothing elfe but the pro- 

dud of a-yt multiplied into b-yt ; whence it follows, that if tf-yt 1 
be refolved into any two fad or s, the Idler whereof is greater than /, 
thefe two fadors may be taken for a-yt and /;•+ t ; and if /lx: fubtrad- 
cd from each, there will remain two numbers a and b, which will an- 
iwer the Aril condition of the piohlem : but for more convenient values 
of a, b and take any two number* r and s , whereof ;• is the greater, 
and make n-yr=a-\-t, and n — s—b-yt, that is, let n-yr and n — s be 
the two fadors into which the number ;r-f- t x is to be refolved; then will 

u~y run — 5 or r?-y rn — sn — n— n'-yt'- ; therefore m — sn — n~t\ 

, n -f- i x r ~t l 

and /; = - , and n-\~r or a~\-t = — + — = •: and for the 

; — s / — s i r — $ 

ikme reafon ;/ — r or b-yt= - — ~ : therefore we have two ways ot 

.exprefling the values of a and l\ cither by making a equal to a -hr — r 
and b equal to n — s — t , or (which amounts to the fame thing) by ma- 

king a equal to — — r, and b equal to - — - — t. 

Having thus got two numbers a and b to anfwer the firfl condition of 
the problem, wc are now in the next place to enquire, whether we can- 
not aflign fuch a value to c, that c joined with the other two numbers 
a and b already found fliall anfwer the other two conditions of the pro- 
blem : now to try this, we have one number that is already a fciuarc, 
to wit, ab-yta-\-tb, and other two numbers which, if poliible, ate to 
be made fquarcs, to wit, ac-yta-ytc and bc-ytb-ytc : to do this, from 
die frit lquare ab-yta-ytb fubtrad the number ac-yta-y/c, and the dif- 
ference will be ab — -ac-ytb — tc } which difference is the produd of a+i 

multiplied into b — c-, and the half fum of thefe two fadors is 

2 * 

but their half difference is : again, from the tame fquare 

ab-yta-ytb fubtrad the other number bc-ytb-ytc, and the difference 
* will be ab~-bc-yta~tc, which is the produd of a^c into b-yt ; hut 

half the fum of thefe two fadors is , which is the fame with 

the half fum in the former cafe* and half their difference is c £ . 

2 * 

wKence 
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whence it appears by art. 231, that the folution of this problem will 

be poflible : for if we make the fquare of the femifum t e , 

qual to ab-\-ta-\-tb, the fquare from which the other two were fob- 
traded, and from thcnec get a rational value of c, we fhall have not 

only acf-ta-\-tc equal to the fquare of the femidifFerence - — , 

but alfo bc~\-tb-\-tc equal to the fquare of the femidifference — - ■, 

and fo not only ac-\- ta -+- te, but alfo bc-k-tb-k-tc will be a fquare 

a “ 4 * b — * c 4 * t 

number. Let us then fuppofe the fquare of equal to ab 


- 4 - ta-+-tb j and fince ab -h tu-\~ th equals ?r as above, we fhall have 

a-\-b — £-*rt a-\~b — c-\-t 

the fquare of — equal to whence — =7= n , 

and c — a-\-b-\-t-±^ in. Here then we haVe two values ofr, either 
of which, joined with the former numbers a and b, will folve the pro- 
blem : the greater of thefe two values is a -+- b -h / -h 2 //, and the lefs 
a b -\- ! — in *, the turn of thefe two values is 2/, and their 

difference 4 n ; therefore if the Idler value of t be found, and either ad- 
ded to 477, or fobtratted from 2a-+-2b+2t, we fhall either way have the 
greater value of c : but to find the lefler value of c wc muit Live rc- 
courfe to our former notation, where a was made eqiial to n~\-r—t, and 
b equal to n — s — t j therefore a-{~b=2n-\rr — s — 2t, and a-\-h-\~t—2n 
4 -r — s — /, and a-\-b-\-t — 2 w=r — s — t > therefore in all problems of 
this kind, the leffer value of c will be r — s — t> and therefore the greate- 
value of c will either lie r — s — or (which is the fame thing) 
the excefs of 2a~\-2b-\~it above r — s — t ; and fo we fhall have the fol- 
lowing canon. 

* . t f t 

Taking any two number s r and s, whereof r is the greater , make - 


s*-f-t z 

— t=a, - — - — t=b, and make r — s — t, or the excefs of .ta-f-cb-i-ar 

above, r— s — t equal to c, and you will have three numbers, a, b and c. 
which will iinjwer the conditions of the problem. 

Here we may obferve, iff, that i ft be foppofed equal to : , t { 1 - 
problem will be changed into the problem fort propofed : adb . ci-.ut n. 
any ‘two numbers whofe difference is 1 be taken for r and j, the an: vc 
, will all come out in whole numbers : jdly, that in the cafe where ■ — 
equals 1 and t equals 1, the leffer value of c, which is / — •.» — t wdl . 1 - 
4 E e e 


W.l\ ! 
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ways be equal to nothing, and the greater value will always be equal to 
ib+z : 4thly, that in the cafe where r — s equals i and t equals 
i , the foregoing canon will be changed into that which follows : 

'Taking any two numbers r and s whofe difference is i , make r*=a, s*=b, 
and o or 2a+2b-f-2=c, and you will have three numbers , a, b and c, 
which wiil anjwer the conditions of the problem. As tor example, fuppo- 
lir.g /.r=i , let r=3 and s—2 j then we flvall have a—(), b~ 4, c— o 
-.»• 2S : therefore we have two lets (if numbers (if I may call them fo) 
that will anfwcr the problem, to wit, o, 4 and 9, and 4, 9 and 28 ; 
(for after the numbers are found, it matters not what order they are pla- 
ced in :) and though the fir ft of thefe two lets, viz. c, 4 and 9 be of no 
confideration here, yet it may be of Tome coniideration iti another place : 
as to the other fet, 4, 9 and 28, the proof is as follows : 

4x 9 -4-4-4-- (}~~ 49 the {qua re of 7. 

4x28-4- 4-4-28=.-] 4 4 the fquare of 12. 

9x28-h9-ha' ; =2t : 9 the fquare of 1-. 

Scholium. 

IT It be required To find three numbers /itch, that ffrom the product of 
any two of them t times their fum be fubtracted, the remainders Jball be alt 
fquare numbers ; this will cafily be effected only by changing the fign of 
t in the lcveral exprdlions of the foregoing problem : but here 1 mult 

) $ — [— i 1 ^ 

take notice, that ;^s n is equal to changing the fign of / will not 

aftedt n ; for t 1 will be the fame whether / be affirmative or negative. 
Let us now change the lign of t in the lcveral expretfions of the former 
problem thus: in the former problem we had a—n-y-r — t j therefore 
in this we have a~n-\-r-y-t r in the former problem we had — s 

— t - t therefore in this we have b—n — s-\-t : in the former problem we 
had c—r — s — t, or r — s — t~+-s,.n ; therefore in this we have c~r — s -\-t, 
or r — s-\-t-\- 47; : from all which it follows, that If three numbers be 
found that will anjwer the fourteenth problem, and if to each of the je numbers 
we add 2t, wc Jball hwee three numbei s that will an freer the conditions of this 
problem. As for example, the numbers 4, 9 and 28 were found to an- 
fwer the conditions of the former problem, when t was fuppofed equal 
to 1 ; add to each of thefe numbers 2/, that is 2, and you will have 
6, 1 1 and 3 c to anfwer this problem. This appears by the proof ; for 
6x11 — 6 — 11 = 49 the fquare of 7. 

6x3c — 6 — 30== 144 the fquare of 12. 

11x30 — 11 — 30=289 the fquare of 17. 

The other fet of numbers for the foregoing problem were o, 4 and 9 ; 
add 2 to each, and vou will have the numbers 2, 6 and 1 1 for this j for 

^ 2x6 
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2x 6 — 2 — 6= 4 the fquare of 2. 

2x11 — 2 — 11= 9 the fquare of 3. 

6x11 — 6 — 11=49 the fquare of 7. 

Whence it follows that 2 will always be one number that will lblve this 
problem, let r and s be what they will, provided their difference be unity. 

Problem 15. 

Being the i\th of the third book of Diophantus, 

241. To find three numbers fud\ that if to the produtt of every two of 
them be added t times the third , the Jams thence arifing Jhail be ad 
fquares . 

Solution, 


Let the three numbers fought be a , b and c, and the conditions of the 
problem will be comprehended in thefe three equations j 
I ft, ab~ tc~~ uJ, 

2d, <u:-{-tb— □, 

3d, bc-hta—O. 

Subtract the fecond number from the firft, that is, fubtrad ac-k-tb from 
ab~\~tc t and the remainder will be ab — ac-\~tc — tb ; but the remainder 

ab — ac-htc — tb is the product of a — /multiplied into b — c; and ofthefe 
two factors a — t and b — c the femifum is , and the femidif- 


ference 


a — b~\~c — t 


again, fubtrad the third number from tlie firft, 
that is, fubtrad bc~\-ta from ab-\-tc t and the remainder will be ab — be 

-\~tc — ta j but this remainder^ — bc-\-tc — ta is the produd of a — c into 

. a-\~b — c — t 

b — t t of which two fadors the femifum is as before, and 

a — b- ~~ c—\~t 


the femidifference 


If now by luppofing the fquare of the 


femifum (which in both cafes is the fame) equal to the firft number, any 
rational value of c can be gained by fuch an equation, then it is plain 
that all the three numbers will be fquares the firft for being equal to 
the fquare of the femifum, and the other two for being equal to the 
fqu%res of the two femidiffferences. But to contrad the cxpretlion. in 


the femifum 


a — b — c — t 


let us make a-+-b — and then the lemi- 
E e e 2 -ftim 


2 
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d- -C , CC- 

fum of the fa&ors will be — — and ids fquare — 


make 


cc — 2 cd~\~dd 


-2C.d-\-dd 

. j c t us then 

4 


=/7 and we fnnll have cc — 2 cd^ r dd—yab-\-^ct‘ y 


and cc — 2 cd- — yct+dd—^ab, and cc — 2 cd- — .\ct~\ab — dd : now this 
is a quadratic equation, wherein c may he conlidered as the. unknown 
quantity, and half the coefficient in the lecond term is — d — 2 /; add the 
iquare of this to both tides, and you will have cc — 2 cd- — .\cf-\- dd-\- /[td 
-\-^tt— 4 f <ib-+-c\td-\-A t 't ; but d—a-\d> — t ; fubilitute therefore this va- 
lue of d into the iecorul tide of the equation \ab-v- ytd-\- 4 // , and you 
will have ieta-F 4 tb ; therefore cc — 2 cd — c\ct-\~dd-\-$td-\- \ttzzz\ab 

-\-4.ta-\-4 [ th y therefore this equation will be inexplicable unlefs a and b 
can be lb taken, as that c\ab-\-^\ ta-\- qtb lhall be a Iquare number. Let 
the numbers a y b and n be taken the lame here as in the 14th problem, 
and you will have (as there) ah-\-ta-\-tb—n l y and c\ab-\~^tcr~Fe i tb—j[n x y 
and we lhall now have cc — 2 cd- — ^.:t-\-dd~\-ytd~hyft~ 4 .u ' ; extract the 
fquare root of both lidcs, and you will have c — J — 2/==t:2« ; and 
r=-d-\~2tdt:2n=.a~\-b — t-+- 2 t^±r 2 f!~a-\~b~ht-=ti 2 fi ; but 2/? 

contained the two values of c m the 14th problem ; therefore any three 
numbers that will anlwcr the 1 4th problem w ill alio anfwer this : there- 
fore thefe two problems may now be joined into one, and tlie fame aa- 
Iwer will ferve for both,, as follows: 

* Problem. 


'To find three numbers fuch , that if to the product of every two of them 
h added either t times their Ji m, or t tones the third number , the 
Jit ms thence arifmg Jhill be all J qua res , 

Answer. 

Find three numbers j'rom the canon delivered in the fourteenth problem or in 
the jcholiunty and thefe three numbers will Jblve this double problem. As for 
example, the numbers.), 9 and 28 were found by the canon in the 14th 
problem, fuppofing r= 1 : I fay then that the numbers 4, 9 and 28 are 
fuch, that if to the product of every two- of them be added either their 
film or the third number, the fums thence arifing lhall be all fquarcs : for 
jlf, 4* 94-44- 9— 49, and 4* 9-4-28= 64 ; 

2dly, 4x284-44-28=144, and. 4x284- 9=121 j 
laitly, 9x284-9-1-28=289, and 9x284- 4=256 j 
all which are fquare numbers. 

Again, in the fcholium to the foregoing problem,, where t was fup- 
fofel equal to — j, the numbers found by that canon were 2, 6 and 1 1 • 

therefore 
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therefore the numbers 2, 6 and j 1 are fuch, as if from the product of 
every two of them be fubt ratted either their fum or the third number, 
the remainder*; lhall be all fquares : for 

if>, 2x 6 — 2 — 6= 4, and 2x 6 — 11= ij 
2dly, 2x1 1 — 2 — 11= 9, and 2x11 — 6—16; 
lalUy, 6xii — 6 — 11=49, ^ 6x11 — 2=64; 
all whi(,h arc fquare numbers. - 

Thefe are very curious properties of the three numbers fought ; and 
what makes it more furprizing, is the infinite variety of anfwers thefe pro- 
blems will admit of, and all in whole numbers. Diophantus has given 
us no demonilration of the theorem in the fourteenth problem from which 
all thefe anfwers are derived, but rather refers to it as to a porilm elle- 
where by him demon (hated ; but thefe porifms are now all loft, or at 
lead not publilhcJ. Monfieur Bacbet indeed, in the fixteenth and feven- 
teenth propofitions of his fecond book of porifms, has given us demon- 
ftrations, fuch as they are, of the theorems in the fourteenth problem 
and the fcholium : but in the fir ft place, he' demonft rates but one An- 
gle cafe of thole theorems, to wit, when t—r — s ; and in the next 
place, the demonftrations he gives us are only fynthetical, and lb abomi- 
nably perplexed withal, that in each demonftration he makes ufe of all 
the letters in the alphabet, except the letters I and O, fingly to reprefent 
the quantities he has there occaiion for : nor has the matter been much 
mended fincc by our countrey man Kerfey. But I believe it maybe rea- 
fonably queftioned, whether any one curious in thefe*,matters can be la- 
tisfied with fuch fort of demonftrations ; and therefore I have taken the 
liberty to treat thefe two laft problems and the twelfth more in an ana- 
lytical way, and fubmk it to the judgement of others, whether in fuch- 
like cafes this is not the more natural method to proceed in. 

Problem 16. 

Being the twentieth of the third book of Diophantus. 

242. To find two numbers fuch , that each and their Jum being fever ally 
added to the product of their multiplication , the three numbers thence 
arijing jhall be all fquares. 

Solution. 

%ut x for one of the two numbers fought ; then fince this number 
and the produtt of the multiplication of both, when added together, mail 
make a fquare, let this fquare be xx ; (and it might have been 4-vx, 9XV, 
t$c-,) then will the produtt of the two numbers fought be xx — * ; and 
* therefore 
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therefore, as x reprcfents already one of the numbers fought, the other 
muft be x— - i, and fo one of tne conditions of the problem will be ful- 
filled : again, if to xx — x, the product of their multiplication, be ad- 
ded the other number x — x, we (hall have xx — i } and if to the fame 
product xx — x be added the fum of the numl)crs 2x — i, we fhall have 
.vx-4-x — i ; and according to the other conditions of the problem, both 
rhefe numbers, to wit, xx — i and xx-hx — i are to be fquare numbers. 
To effed this, fub tract one of the numbers from the other, and the dif- 
ference will be x : now the chief difficulty is, how to reiblve this dif- 
ference x into two fuch factors, that the fquare of the lcmifum of thefe 
fadors being equated to the greater number, will give a rational value 
of X; for then both xx-q-x — i and xx — r will lie true fquares : let us 
then refolve the difference x into two indeterminate factors, to wit, z 


A I 

and - , and their feniiium will be — -4- —z, and the lquare of this will, 

X 1 I I 

be — : + “ x-\ je, 1 = x 1 -hx — i : now here it is eafy to fee, that 

4 # 2 4 j y 

X* 

this equation will be inexplicable, unlefs z be fuch a number that 

X* X 1 

fhall be equal to x* ; but it be equal to x\ then — ; being thrown off 

A 4^ x 4^ 0 

from one fide of the equation, and it’s equal x l from the other, there 

Will remain a fimpls equation for determining the value of x : let then 

X* I 

— =x% and we fhall have z } one of the fadors, equal to - , and con- 
x x 

fequently — , the other fador, equal to - or 2x ; and fc the fadors here 

*•’ X 

to be ufed are 2x and 

This being difeovered, let us now begin again, and inftead of refolving 

X 

the difference x into the two fadors z, and — , let us now refolve if into 

Sj 

the two fadors s and zx t and their fiinv will be 2x-q-?, and their femi- 

1 .11 

fum x^r , and the fquare of this xx H — x 4-77 = xx ■+• x — ij 
, 4 210 

throw away xx from both fides, and you will have — x-f- ^r=x- — i j 
whence x, one of th$ numbersr fought, equals and confequcntly x 
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9 9 \n 

— 1 } the other number fought, equals ~ j therefore and -g- are two 

9 17 

fitch numbers us the problem requires ; for the product of and -g- is 

-7—- and their fum is 77 : now 
ou , o 


• 4- - or the fquare of j and 

4- -gr or the fquare of -g-, and laftly 

26 1^34-208 361 


-- - 4- -r or 7- = -7 — the fquare of 7*. 

O4 o 04 04 1 8 

Problem 17. 

Being the \th of the fourth hook of DiophantuSr 

243. To Jind t wo numbers fuch, that if to the fquare of the firji number 
and to it's fide the frond be added , there fhall arife the fquare of a 
third number and it's fide. 

Solution. 

Let x and v be the two numbers fought ; then according to the con- 
dition of the problem, if y be added to xx and x, the firft fum will be 
a fquare, and tire other fum will be the fide of that fquare j therefore 
,v.v4 v is a fquare, and *4 -y the fide of that Iquare j therefore the fquare 
of the latter will be equal to the former, that is, xx-{-2xy-+-yy^=.xx-{-y ; 
therefore 2xy4-yv=y, and (dividing by y) 2 x 4 -y— 1, whence y— 1 —~ix ; 
therefore if for x be taken any fraction lefs than and y be taken equal 
to 1 — 2x, you will have x andy the two numbers fought. ' As for ex- 
ample, Let x =5, then will 1 — 2x ory = £: now if # = f, we fhall 

have x x = — > and we are to examine, whether if to — and — be ad- 
25 25 5 

ded — , there will arife a fquare and it’s fide: now — 4- — = - - a 
5 H 25 5 25 

fquare number ; and — 4- ~ the fide of the Iquare 

N. B. The reafon why x mu ft be taken lefs than j- is, that 1— 2x or 
y ft lay be affirmative. 


Pro- 
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Diophantine problems. 
Problem 18. 

Being the $th of the fourth hook of Diophantus. 

244. To find two numbers finch, that ifi to the fquare of the firfi and 
it's fide, the fecond be fieverally added , there Jhall arifie two numbers , 
•whereof the fir /l is the fide of the fecond being a fiquare. 

N. B. This problem is the reverie of the foregoing. 

Solution. 


Let x and y be the two numbers fought ; and let n be the lide of the 
fquare arifing from the addition of y to the fquare ol x, and the condi- 
tions of the problem furnifli the two following equations ; 

1 ft, x % -\-y—n, and 

2dly, x -+-y=n\ 

The firft equation gives y=n — x 1 , and the fecond gives y—n x — x 
therefore n — x x —n l — x : but this is a quadratic equation from whence 
no rational value of x can be obtained, except in fome chance cafes. 
We muft therefore try other pofitions, and fee whether we cannot find 
fuGh as will fucceed better, thus : inftead of n let nx reprefent the num- 
ber ariling from the addition of;’ to the fquare of x, and then the equa- 
tions will be 

1 ft, x x -+ -yzsznx, and 
24 !y, *•+• y==n*x l . 

The firft equation gives y—nx — x% 2nd the fecond gives y— -n x x % — x ; 
therefore nx — x 1 —n 1 x 1 — x ; divide all by x, and you will nave n — x= 

n x x — 1, which is a Ample equation, and gives xr==~~jj whence we 

have the following canon : 

n -f* 1 

Ajjume any number greater than unity , and call it n ; then make — - 

==x, and xxn — x=-y, and x and y will be the two numbers fought. As 

n "| — 1 a 

for example, let n~ 2 , then we (hall have ~TTT l or x = — , and xxn — x 

5 

1721 1 

ory =— x— therefore the number to be fquared is — , and the 

5 5 2 5 5 

* 21 • 9 
number to be added is — } now the lquare of — is — — : let us ther. try 

2 5 5 2 5 

21 Q 2 * 

whether — being added to — and — , will make the former fum the 
25 25 5 fide 
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fide of the latter being a fquare : now — added to -- gives — ' or - * 

and — added to — or -- gives ~~ , which ~~ is a fquare number, and 
25 5 2 5 2 5 2 5 

6 . 

— it’s fide. 

5 

N. Bi The reafon why n mull be aiTumed greater than unity is, that 

y or .v x n — x may be affirmative : for if x%n — x be affirmative, then 
v — x mull be affirmative, that h, n — x muft be greater than nothing, 


an 


J n mull be greater than ,v ; but x : 


n-f- 1 
’ n~- 4 - 1 


i therefore « muft be 


n- 






greater than ^TT“ » multiply all by n* + j, and then n } -4- n will be 

greater than n- f- 1 ; fubtradl n from both fidcs, and you will have v' 
greater than 1, and therefore n muft be greater than 1. 

Problem 19. 

Being the 13 th of the fourth hook of Diophantus, applied to 

Jqnares in ft cad of cubes . 

245. To find two numbers fitch , that the fquare of the ftrjl being added 
to the feeond may be equal to the Jquare of the femid when added to 
the frjl. 

Solution. 

Taking any two known numbers, to wit, a greater as a and a lefs as 
I^JgLmx and bx reprefent the two numbers fought, and you will have 
<rx 1 -\-bx—b i x-- J rax by the fuppofition ; refolvc this equation, and you will 

have x '±=~: 7,; divide both the numerator and denominator of this 

a 1 — b l 

j a 

fraction by a — b, and you will have x — f~ J. > therefore ax = 
b 


and bx-. 

a -\~b 


‘ a-\rb 


: and finec the turn of thele two numbers will always 


be — — 1 or 1 , let the numbers a and b be what they will ; we have the 
a~\~b * J 

following canon : 

Divide unity into any two parts whatjoever , and thofe two parts will 
have the property the problem requires. As for example, let the two parts 

F f f be 
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be —* and 
5 


Diophantink problems. 


1 

5 


4 

now if to -- the fquare of the firft part, be added the 


fecond part - or — , you will have — : on the other hand, if to — 

r 5 2 5 3 25 25 


the fquare of the fecond part be added the firft part — or — , you will 

have as before. Univcrfally, let the parts be x and 1 — .v : now if 

to xx the fquare of the fir ft part, he added the fecond part 1 — x, you 
will have 1 — x4-xx : fo al lb if to 1 — 2x4-xx the fquare of the fecond 
part, be added the fir It part x, you will have 1 — x4-xx as before. 

This problem might have been more myfteribufly propofcd thus : 'To 
find a number, ‘which bang divided into any two parti whatever, the fquare 
oj one part being added to the J’ccond, Jhall be equal to the fquare of the fe- 
cond part ‘when added to the fir ft. 


Froble m 20. 


Being the 1 \th oj the fourth hook of Diophanttis. 

246. To find two numbers J'u ch, that not only each number , but alfo their 
fum and their difference , being tnereafed by unify , fall be all fquare u 

* Solution. 


Taking any indeterminate quantity x, multiply it by any number 
greater than unity, luppofe by 3, and to the product *3 x joining unity, from 
the fide 3x4-1 form the lquare 9 x x 4- 6 x -4- 1 ; then it is plain that 
if the firft number fought be called 9 .v x 4- 6 .v, the firft condition f 
the problem will be anfwercd, becaufe this number being increafed by 
unity will be a fquare. Let us now a flume any other indeterminate fquare 
as yy ; and if yy — 1 be made to reprefent the fecond number fought, 
then the fecond condition of the problem will alfo be provided for. But 
according to this notation, the fum of the two numbers fought will be 
9xx4-6x4-_tv — 1 ; and fincc the third condition of the problem re- 
quires, that this fum increafed by unity lhall be a fquare, we lhall have 
9*x4-6x4-,vy= □ ; call this lquare zz ; and then iincc 9xx-^6x4- 
fy 5= zz, it is plain that yy and z z will be two fquarcs whofe difference 
is 9XX4- 6x ; and therefore e converjo, if we can find two fouktes 
whofe difference is 9XX4-6X, we may then make the lefler of ^thofe 
two fquares equal to yy, and the three firft: conditions of the problem 
will full be fafe: but this muft be done by art. 231, to wit, by refol- 

ving 
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ving the difference gxx-+- 6 x into two factors by whofe mutual multipli- 
cation that difference gxx-{- 6 x is produced, and then taking the fquare of 
half the difference of thofe factors for the leffer of the two iquares fought. 
Letthe factors be 9x4-6 and x, and their difference will be 8x-f-6 , and 
half their difference 4x4-3, whofe fquare is 16XX4-24X4-9 ; make 
therefore yy = i6xx4-24x4- 9, and you will have// — 1, the fecond 
number fought, equal to 1 6 xx 4- 24 x 4- 8 . Thus then wc have got two 
indefinite reprefentations to represent the two numbers fought, to wit, 
9XX4-6x and 16.vx4-24.v4-8, and there remains but one condition 
of the problem to be fatisfied, which is, that the difference of thefe two 
laid numbers being increafed by unity jfhall alfo be a fquare * fubtract 
therefore the lefs nvonber gxx~\- 6 x from the greater i6xx-f- 24x4-8, 
and the difference will be 7 x x 4- 18 x 4 - 8, which being increafed by 
unity mull: be a fquare; therefore yxx4- 18x4*9 mull be made a fquare. 
Now it is cafy to fee, front the nature of the foregoing operation, that 
the laid member of this number, which in the prefent cafe is 9, will in 
all cafes he l'ome fquare number ; and therefore it will be ealy to feign 
a fide to whofe fquare it may be equated : in the prefent cafe, the lad 
member is 9 whofe fquare root is 3 , the fide of the feigned lquare may 
be 3* — 3, 4* — 3, 5 x — 3, &c ; let it be 3X — 3, whofe fquare is 
9XX — 18x4-9, and we Ihall have 7 vx4 - i8x4-9 = 9xx — 18x4-9; 
relolve this equation and you will have x — 1 8 ; whence 9XX4-6X or 

9x4- 6 xx will be 3024, and i6.y.v4-24x or 16X4-24XX will be 561b, 
and confequently ) 6 xx 4 - 24X-I- 8 will be 5624 : “therefore the two 
numbers fought will be 3024 and 5624, whofe Jinn is 8648, and whofe 
difference is 2600 ; and if to all thefe four numbers we add unity, we 
ihall have iff 3025 the fquare of' 55, 2dly 5625 the fquare of 75. 
3d.h4.S649 the fquare of 93, and laftly 2601 the fquare of 51, 

N. B. That the indeterminate quantity x in the beginning of 1 1-4 
lolutiqn muff be multiplied by l'ome number greater than unity is plain; 
Ixcaufe if unity be made the multiplicator, and the reafoning be car- 
ded on as before, y will be found equal to unity, and fo yy — 1 , or the 
fecond number, will be found equal to nothing. 

Problem 21. 

Being the 3 2 d qucjlion of this fort in Kerfey’s fU^ehra. 

247. To find three numbers fuch, that if to the fquare of each be luLLd 
^ the fum of the other two, the numbers thence ari/ingjhall be aV.fqtuv e > , 

Solution. 

* The fquare of x 4 - i is xx 4-2x4- 1 j whence it follows, that is wc 
V .dl the firfl number x, the fecond 2x, and the third 1, the full conditi- 

F f f 2 on 
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on of the problem will be fatisfied ; for then xx, the fquare of the hr ft, 
together with 2x4-1, the fum of the other two, will be xx 4- 2 x -f 1, 
a fquare number. But the fquare of the fecond number together with 
the lirlt and thin! muff alio be a fquare, that is, qxx-{~x4- 1 mull be a 
fquare number ; and again the fquare of the third number together with 
the firll and fecond mull be a fquare, that is, 3x4- 1 , mull l>e ;i fquare ; 
therefore if we will lately the two remaining conditions of the problem, 
we mull refulve this duplicate equality, to wit, 3x4-1 “C 1 , and 4 xx4- 
* 4 - 1 = 0 . TUI:, duplicate equality is of a different form from any we 
have yet met w ith; but it may howcv**f be ealily refoived by the ufual 
methods thus : we arc at liberty which V»f the two quantities 3x4-1 and 
4XX4-X4- 1 v/e lhall make the lefs; fubtrad then 3 •. 4- 1 from 4xx4-x 
4-1, and the difference will be 4xx — zx ; therefore by art. 231 we 
are to find two fquares whole difference is qxx — 2x; and then by equa- 
ting 2x4-1 to the Icllcr of thofe two fquares, or 4 x x 4 - x 4 - 1 to the 
greater, we lhall have in either calc the fame value of x. Now the 

difference 4*x — ax is the produce of qx — 2 multiplied into .v, and the 
difference between thefe two tadors i( x — 2 and x is 3X — 2, and half 


'IX 0 X 

their difference — 1 ; therefore by art 23 t above quoted, — — 1 is 

the fide of the leffcr fquare fought: hence we have thb equation, 3x4- 1 
r=jv.v — 3x4-1 ; refolve this equation, and you will have x=* j there- 

S 1 6 

fore the firfl number is ~, the fecond — and the third 1 ; and thefe 

3 3 

numbers will fatisfy the condition , of the problem : for — the fquare 


ry j 2 y 

of the firfl, with the fum of the. fecond and third, makes — • the' 
9 9 

fquare of — : again. the fquare of the fecond number, wKh — - 
4 3 9 9 

2 So j [** 

the fum of the fit ft and third, makes — the fquare of ~ : and laftly, 

1 the fquare of the third, with 8 the fum of the firfl andfccond, makes 
9 the fquare of 3. 


Scholium. 


Another example of the fort of duplicate equality ufed in the folutlon 
of the laid problem may be this: Let it be required to find fuck a value 
x, that both 8x4-4 an “ 3XX4-9 Jhall be fquare numbers. 


This 
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This form differs fomething from the foregoing, bccaufc there the 
quantities in the places of 4 and 9, which I (hall call the abfolate terms, 
were equal 5 however, as 4 and 9 arc fquare numbers, it will be eafy to 
reduce this form to that in the manner following : multiply the firft 
quantity 8x4-.» by 9 the abfolutc term of the fecond, and the product 
will be 72x4-36 ; multiply alfo the fecond quantity 3 x x -+-9 by 4 the 
abfolate term of the hr ft, and the product will be 12XX4-36: now it 
is ctrtain that if 72 x-f- 36 be a fquare number, S x 4-4 will be fo too, 
bec.uifo the latter quantity is nothing elfe but the quotient of the former 
divided by 9 ; and every one knows, that if a fquare be divided by a 
fquare, the quotient will be a fquare : after the lame manner it is Ihewn, 
that if 12 jf.v-f-36 1'' 'V fquare number, 3 **-4- 9 mull l«i fo, the latter 
quantity being a fourth part of the former: letting alkie therefore the 
former quell ion, the queition may now be put thus ; *7 o find 'fitch a value of 
x, that hcih 72x4-36 and 12XX4-36 may be fquare numbers > the 
quantities being now in the fame form as in the laft article. Now the 
difference of the two quantities to be equated to Iquares is 1 2.vx — jix ; 
and the next queftion that arifes is, into what two fadtors mull this dif- 
ference be reiolved, that the fquare of half the difference of thelc fadtors 
may be equated to the number 72x4-36 by a ftmple equation ? to de- 
termine this point, let zx be one of the factors, and the other will be 


J 2 .V X 72 X 
' — or 

Z X 



therefore the difference of the factors will 


1 ZX 72 , 

be •--- — sx now as the lquarc of half this difference is to be 

*v .-v J 

XJ X. * 


equated to the number 72x4-36 by a fimpie equation, it is plain that 
36 mu ft alio be an ingredient in the fquare of that half difference; 
wh«“^*“cvit follows, that 6 the fquare root of 36 mult enter the half dif- 
ference of the fadtors, and 12 the whole difference j whence at laft it 


fallows,, that in the quantity 


— , the laft member - - 
~ z 


muft be equal to 12 ; whence we have z— 6, and zx — 6 x ; therefore 
6x muft t>e one of the fadtors into which the difference 1 2 xx — 7 2 x 
muft be refolvcd ; therefore to find the other factor, 1 divide die whole 
refolvend I2xx — 72.x by 6x, and the quotient is 2X — 12 j and fothe 
two fadtors delxred will he 6x and 2x — 12, whole difference is 4x4-12, 


and half difference 2x4-6, the fquare whereof is 4.VX 4- 24x4-3 6 = 72X 
4^x36 ; refolve this equation,, and you will have x = 1 2 ; therefore if 
xbe made equal to 12, both 8x4-4 an( l 3* ** 4 - 9 will be fquare num- 
^ber?; for the former will be 100 die fquare of io, and the latter 441 
the fquare of 2 1 ,. 


Lemma 
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248. Let rg, and ^ be three fr aft ions, all having thee fame fquare 

number for their denominator 5 and let the nature oj theje fraftions be J'uch, 
that the J'um of every two of them be a fquare numba : l fay then , that if 
the common denominator be dropped, the numerators unit fill retain the fame 

, .a~hb b-f-c ,c + ;i ,, . 

property: thus if -g^~ — n, -j-j- = D, and -j-.- = n, we Jhaa have 

, .a — b 

a- 4 -b= □, b+c--D, and c 4 -a = D. I Jay further, that ij ~ffg~beto 


b — c 
dd 


in any ratio or proportion whatever , 


a — b ~i!l be to b — c in the 


fame ratio. 

All thele things arc fo very manifeft that they need no demonilration. 

Lemm a. 


249. Let there be three numbers , a, b and c, and three others anjwcring 
to them, as d, e and f, and let tbe exrtfs of a above h have the fame propor- 
tion to the exce[s of b above c as d — c hath toe, — f; I Jay then , that if 
c the laf number in one fet be equal (of the l aft number in the other , and 
ifh the middle term of the former fet be equal to e the middle term of the 
latter , a the firf term in one fet will be equal to d the firjl term in the 
other ; and therefore if A and e be both fquare numbers , a and b muf be Jo too. 

For fince ex hyjypthefi , a — b is to b- — c as d — e is to e — f and lince 
b=e and c=f, we fliall have b — c — c — f that is, the two confe- 
quents of the foregoing proportion will be equal, and therefore the an- 
tecedents mud be fo too, that is, a — b — d — r; fubtradt the equal 
quantities — b and — e from the two iides of the equation, and you will 
have a =</. ^ E. D. 

Example. 


Let the numbers propofed be 8 ac— H 4, 6x4-4 and 4; and let the 
numbers anfwering to them be 64, 49 and 4 : here then it is plain, that 
2X the excefs of 8 x -4-4 above 6x4-4, is to 6x the excefs of 6x4-4 
above 4, as 15 the excefs of 64 above 49, is to 45 the excefs of 49 
above 4 j it is plain alfo that 4 is the laft term of each fet, and therefore 
if the middle term 6x4- 4 in one fet be made equal to 49 in the other, 
then 8x4-4 the firft number in one fet muft of courfe be equal to 64 
the number in the other j and as 64 and 49 are both fquare num- 
bers, it follows upon this fuppolition, that 8x4-4 and 6x4-4 will both 
ffe fquares } I mean upon the fuppolition that 6 x4- 4= 49 : this is evi- 
dent from the demon ftration of the lemma, and will further appear upon 
tryal; for if 6x4-4=49, we fliall have x = 7J; and if x = 7|,’ we 
fhall have 8x4-4=64. Ps o« 



4*5 


Art. 250. Diophantine problems. 

Problem 22. 

Being the \$th of the fourth book of DiopKantus. 

250. To find three numbers fuch , that the excefs of the greateji above 
the middle number Jhall be to the excefs of the middle number above the 
leajl in a given ratio , Juppofe as 3 to 1 j and moreover that the film 
of every two of thefe numbers Jhall be a fquare. 

Solution. 

Since of the three numbers fought the fum of every two is to be a 
fquare, let the middle and lead numbers when added together make 4; 
then it is plain that the huddle number alone mud be greater than 2 ; for 
if it was equal to or lels than 2, this middle number would be equal to 
or lei's than the lead, which is abfurd. Let us then call the middle num- 
ber x4-2, and fubtradting this from 4, the remainder 2 — x will repre- 
fent the lead number j and the excefs of x-h 2 the middle number a- 
bove 2 — x the lead, will be 2x ; therefore the excefs of the greateft 
number above the mean will be 6x ; whence the greated number will 
be 7x4-2 ; therefore the names of the three numbers fought will be 
7x4-2, x-f- 2 and 2 — x, and two conditions of the problem will be 
fulfilled ; for the excefs of the greated number above tne mean will be 
to the excefs of the mean above the lead as 3 to 1 ; and moreover the 
middle and lead numbers taken together will make a fquare. but the 
greated and middle numbers, and alfo the greated and lead, when added 
together mud make fquares : now the greated and middle numbers an. 
7x4-2 and .v 4- 2, which when added together, make 8x4-2 and tin 
greated and lead numbers are 7x4-2 and 2 — x, winch when added 
together, make 6x4-4; therefore both 6x4-4 and 8x4-4 mud be fquare 
numbers. Let us now in the rird place refoive this duplicate equality 
according to the common method, and let us foe what will be the coit- 
fequence : now the difference between the two quantities that are to be 
equated to lquares, viz,. 6x4-4 and 8x4-4 * s 2X » therefore we mud 
find two fquares whofe difference is 2x, and then find the value of x by 
equating 6x4-4 to the leffer, or 8x4-4 to the greater of thefe fquares 3 
but this may be done, by art. 231, to wit, by reiblving the difference 2x 
into two factors, half the difference whereof will be the fide of the Icfler 
fquare fought ; and what thefe fadtors mud be, may be determined thus-: 
ift the quantities to be equated, to wit, 6x4-4 and 8x4-4, the numeral 
parts are 4 and 4, which are fquare numbers whole fides are 2 and 2 : 
* therefore 2 and 2 mud be the numeral parts of the half fum and half 
difference of the fadtors whofe fquares are to be equated to 8x4-4 and 

6x4-4, 



416 Diophantine problems. Book vi. 

6x4-4, that 4 being druck ofF on both Tide?, may leave a fimple equa- 
tion for determining the value of a* : but if 2 be the numeral part of 
half the difference of the factors, then 4 will be the numeral part of the 
whole difference, and confequently 4 mulr Iv one of die bailors into 
which the difference 2x is to he rclolvtd j and the other tailor will be 

2*3C X .V 

— or — ; tlicretbre the difference of the bailors will be— — 4, and the 

42’ a r ’ 

x , . V .v 

half difference - — 2, whereof the louarc i-> ■ — x -1-4. — 6 x 4 - 4 .; re- 

4 ’ 1 jo 

folve this equation, and you will have xr— t \ 2 ; therefore 1 1 2 is the 
value of x which will make both 6x4-4 a n d '' v -1 - 4 fjuarc numbers j 
.and this is further confirmed upon tryal ; fiv ii’.v.b^n 1 2, 6x4-4 will be 
676 the Iquare of z<), and 8x 4-4 w ill he c/ao the fquare of 30. 

But though this value of x will folve the duplicate equality 6 x 4 -.$ 
= 0 and 8x4-4— *t W *N by no means folve the problem, upon the 
account of fomc reftriitions the politions lie under, which neither are, 
nor could be taken notice of in the duplicate equality as here refolved. 
As for in dance, the lead number was reprelen ted by 2 — x ; but if 
x=ii2, that lead number 2 — x will be negative, contrary to the in- 
tent of the problem : again, the middle number was x4-2 ; but if x=r 12, 
x4-2 (that middle number) will be 114, whereas the middle and lead 
numbers together ought to make but 4. Upon this account it was that 
our Author (who never wanted a (Lift to extricate himfclf out. of the 
greated difficulties) invented another way of refolving this duplicate 
equality, whereby he was dire to gain his point with refpedt to the li- 
mitations above-mentioned, and for the better underdanding whereof, I 
have in fome meafure prepared the reader in the lad article. 

We are then to take notice that of the two quantities to be equated, 
8x4-4 exceeds 6x4-4 by 2X ; and again 6x4-4 exceeds it’s numeral 
part 4 by 6x'; and 2x is the third part of 6x > therefore 8x4-4, 6x4-4 
and 4 are three fuch numbers, that the exceil of the greated; abdve the 
mean is a third part of the excefs of the mean above the lead : if there- 
fore we can find three fquare numbers under proper redactions, where- 
of the lead is 4, and whereof the excefs of the greated above the mean 
is a third part of the excefs of the mean above the lead, thefe three 
fquares will anlwer to the numbers 8x4-4, 6x4-4 and 4, in fuch a 
manner, that if 6x4-4 the middle number in one let be equated to 
the middle fquare in the other, then 8x4-4 will of courfe be equal to 
the greated fquare, and fo we fhall have both 6x4-4 and 8x4-4 fquare 
numbers, as was demondrated in the lad article. Our fird bufinefs tjien 
mud be to find three fuch fquares as are here deferibed, whereof 4 mud 

be 
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be the leaft : here then fince 4 is a fquare number, let the fide of the 
middle fquare be/4-\/4 or /4-2, and the middle fquare will be/4-4); 
4-4, whofe excefs above 4 the leaft fauare, is /4~4/, and a third part 

rf this is £±±L thtrefore * 

3 3 


is the excefs of the greateft Iquare 


» "'I'" y 

ibove the middle ; add then this excefs - — — to the middle fquare /4- 


4j 4- 4, and the greateft fquare will be -y 


16 


4 - — / 4 - 4 ; 


this quantity 

therefore mud be made a fquare ; but to avoid fractions, multiply the 
whole by 9, and the product will be 1 2/4-4^4-36 j and to gain a more 
Ample quantity, divide this la ft by 4, and tire quotient will be 3/4-1 2/ 
4-9 ; therefore if this quantity 3/4- 12/4-9 0111 be niade a fquare, the 
4 16 

other -/ 4-- -/ 4- 4 mult of courfe be a fquare, becaufe the former 
, 3 , 3 ,, 

quantity being multiplied by 4 and divided by 9, both which are fquare 
numbers, will be reduced to the latter. We are therefore in the next 
place to find a fquare number equal to 3/4- 12/4-9 5 to do which it 
mull be obferved, that the numeral part of this quantity 3/4- 1 2/4-9 
is 9, and therefore the fquare to which it is to be equated rauft alfo have 
9 for it’s numeral part, that the equation whereby / is determinal may 
be a limple equation : but if 9 be the numeral part of the fquare, 3 mult 
be the numeral part of the fide of that Iquare *, therefore the whole fide 
muft be 3 with a certain number of /s fubtra&cd from it ; but what 
tins number of / s mult be, remains in the next place to be determin- 
ed. Let then z be the coetticient of / in the fide of the fquare, and 
the whole fide will be 3 — z-v, the fquare whereof is zry z — 62/4-9—3/ 

4-12/4-9 ; refolve this equation, and you will have/ = 

A 3 

The ..value of/ being thus obtained, let us now look back upon our firfi 
pofitions, and we lhall find, that according to our fir ft notation, the third 
number iought was reprefented by 2 — x; whence it plainly appears, that x 
mull be lefs than 2, and conlequently 6x4-4 mull be Ids than 16 j but 6x 
4-4 is hereafter to be equated to the middle fquare; therefore the middle 
Iquare muft be lefs than 1 6, and it’s fide/4-2 mull be lefs than 4, whence 

v muft be Ids than 2 ; but/ was juft now found equal to ; therefore 

% $ 

^ - r | — | 2 

— muft be lefs than 2, or ( which is the fame thing ) 2 muft be 

O g g greater 
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j multiply both, fides by zz — 3, and you will have 


greater than 
b z,z~~2 

2 zz — 6 greater than 62+ 12, and 2 zz greater than 62-4-18, and 

zz greater than 32-4-9, and zz — 32 greater than 9; add the fquare of 

half the coefficient of the fecond term, to wit and 22 — 32 -f- — 

4 ^ 4 

a? 9 49 

inuft be greater than -- ; make then 22 — 32-4- — = — , and you 

4 4 4 

\ 7 

will have z — — = — , and z — 5 ; put now 5 inftead of z in the fide 

of the fquare to which the quantity 377 4- 1274-0 is to be equated, 
and the fide of that fquare will be 3 — 5 V j whence we fliall have the 
following equation , 2 577 — 3 07 4 - 9 = 377 4 - 1 2 y 4 - 9 j refolve this 

21 

equation, and you will have y = — j whence 7-4- 2 the lide of the mid- 


dle fquare will be and the middle fquare itfelf will be — ^ 


[21 


Hence 


alfb may the greateft fquare be found j but we have no occafion for it: for 

fince it was the middle fquare 40 which 6x4-4 was to he equated, we 

have this equation for determining the value of x, to wit, 6x4-4 = 

1849 t z 1365 j * 3 6 5 
z - whence 6x= -, and x= -- g . 


121 

This being gairifed, let us now return again to our fir A pofitions; and 

the greateft number fought, which was 7x4-2, will now be — ; 

2 8 1 7 

the middle number, which was x 4- 2, will be — — ; and the leaft, 

Thcfe are numbers which will anfwer 


which was 2 - — x, will be 


87 

726 


the conditions of the problem •, but if whole numbers be defired, we 
muft proceed a little further thus : 726, the common denominator of all 
thefe fractions, is no fquare number, but rather the product of the fquare 
number 12 1 multiplied by 6; therefore if all the numerators and the 
common denominator be divided by 6, the fractions will be reduced to 

a fquare denominator, and will be as follows, ~~~f y ~~ and 7^. 

To avoid fractions in the numerators, multiply all the numerators and 
the common denominator by 4 j and as 4 is a fquare number, the com- 
mon denominator will ftill be a fquare number, and the fractions will 

now 
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7^18 1878 c8 

-— — — — and -g-. Thefe fractions will anfwcr the condi- 


n5w be ^8+> 

tions of the queftion according to our firft politions : but if we would 
have the anfwcr in whole numbers, we muft then fet afide our firft po- 
fitions, and drop the common denominator, and the numerators will ftill 
retain all the properties required in the problem, as I have demonftrated 
in the laft article but one : the firft number then is 73 38, the fecond 
1878, and the third 58. The proof is as follows ; 

1 ft, 7338 — 1878 is to 1878—58 as 5460 is to 1820, that is, as 3 to 1. 
2dly, 7338-4-1878=9216 the fquare of 96. 

3<ily, 1878-1-58=1936 the fquare of 44. 
laftly, 58-4-7338=7396 the fquare of 86. 

Scholium. 


Monfieur Bachet in his comment upon the fortyfifth queftion of the 
fourth book of Diopbantus , reduces all that fort of duplicate equality 
which is refolvable according to the method laft defcribed, thus : 

Let it be required that ax4-c = D, and alj'o that bx-f-d= □, where 
it matters not what Jims the quantities a, b, c, d are ajfeSled with ; and 
let ax-4-c be reputed greater than bx-t-d, or at leajl let a be greater 

than b : make - — ^ =q, and then multiplying the excefs of ax-4-c above 
bx -f- d by that number q, and fubtrafting the produSl from bx-4-d, call 
the remainder r: I fay then , that if r or be a fquare number , the du- 

plicate equality will be explicable this loft way , otherwife not. 

In both thefe cafes two fquares muft be found out , whereof the excefs of 
the greater above the left muft be to the excejs of the lefs above r as 1 is to 
q ; anj bx-f-d muft be equated to the lejfer fquare. In the firft caje % where 
r is a fquare number , y-J-y/r muft be made the fide of the lejfer fquare j 

but in the fecond cafe, where — ~ and not r, is fuppojed to be a fquare mm - 

her, yy imft reprefent the lejjer fquare. The two following examples 
wj]l <e*eSrup this whole matter. 

Firft then, let it be required that both 3x4-13 and x-4-7 be fquare 

b 1 

numbers. Here 0=3, b= I, or y = - j and the excefs of 3x4- 

13 .above #*4-7 is 2x4-6, which being multiplied into q or gives 

x4~3> and this laft fubtra&ed from x-t-7 leaves 4 for r j therefore in 
/ 4 G g g 2 this 
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this cafe r is a fquare number and the duplicate equality will be ex- 
plicable by finding two fquares whereof the excefs of the greater above 
the lefs is to the excefs of the lefs above 4 as 1 to q, that is, as 1 to 

- or as 2 to 1. Call the lidc of this ldfer fquare 7 4- 2, and the fquare 
2 

itfelf will be >7 -4- 4 >’4- 4, whole excels above 4 is 77 -4- 47 ; double 
this, and 2 will be the excefs of the greater i’quaic above the lefs; 
therefore the greater fquare will be 3774- 127-4-4, that is, the quantity 
;>7-4- 1274-4 nmft be equated to a fquare: let 2 — 3 7 or 37 — 2 be 
the fide of this fquare, and we (hall have 377-4-127-4-4—97 — ' 27-4-4 j 
whence 7 = 4, and 7* -4- 2, the fide of the Idler fquare, equals 6 \ there- 
fore the fquare itfelf will be 36, and we lhall have x -4- 7 = 36, whence 
x— 29, and the duplicate equality is rclblvcd : for if x — 29, we lhall 
have x-4-7 = 36 a lquare number, and 3 x4- 13 = ico a fquare number. 
Note. The refolution of Diophantus in the lafi problem is of this fort. 
Again, let it be required that both 6x4-25 and 2x4-3 be fquare 

b 1 

numbers. Here a — 6 , b — :, and 1 or q = ~~: the excefs of 6 x 

4-25 above 2x4-3 is 4x4-22, which being multiplied by q or ~ gives 
2x4-11 j this fa bt railed from 2x4-3 haves — 8 for r ; therefore in this 

# Q *4* 1 t 

cafe r is no fquare, but or — - or — r is a fquare : and therc- 

1 f r — 6 to . , 

fore the duplicate equality will be explicable by finding two iquares, 
whereof the excefs of the greater above the lefs is to the excefs of the 
lefs above — 8 as 2 to 1. Let then 77 reprefent the letter of tbefe two 
fquares, and it’s excefs above — 8 will be 77 4- 8 ; double this, and 
2774- 16 will be the excefs of the greater fquare above the lefs ; there- 
fore the greater fquare will be 377 4- 16, that is, the quantity 377 * r 16 
mull be equated to a fquare: let the fide of this lquare be 37-74, and 
we lhall Irave 377 4-16 = 977 — 247 4- 1 6 ; whence 7 = 4, and 77 the 
Idler lquare equals 16; therefore 2x4-3=16, andx = 6i, which will 
lolve the problem : for if x be 6», we lhall have 2x4-3=16 a fquare 
number, and 6x4-25=64 a fquare number ; and the excefs "^£-64. t above 
16 is to the excefs of 16 above — 8 as 48 is to 24, that is, as 2 to i. 

A Lemmatical Problem. 

251. To find, two fquare. numbers with a given difference , and fiich, that 
the lejfer of them jhall be greater than any qjfigned number . 


So l v- 
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J Let d be the given difference of the fquares fought , and let c be the 
number which the leffer of the two fquares is to exceed ; then if the 

d 

difference d be refolved into two fa&ors z and half the difference of 

z 


z z — d 


thefe faftors, to wit — — will be the fide of the leffer fquare fought 

hj^H^rt. 231 ; and therefore the fquare of this half difference mu ft be 
■\ . z * — 2dz t ~k~d t 

greater ll^yr^j.jjthat is, Yzz muft ^ g reater l ^ an c > there- 


4 zz 


fore z* — 2dz i -\-d* mu ft be greater than 4 cz 1 ; therefore z* — 4 cz t — 2 dz* 
-\-dd muft be greater than nothing: make z* — q.cz % — 2 dz* equal to or 
greater than nothing, and then a fortiori, z* — 4 cz 1 — 2dz 1 -\-a l will be 
greater than nothing; but if z * — 4 cz* — 2 dz 1 be equal to or greater than no- 
thing, then z* — 4 c — 2 d will be equal to or greater than nothing, and z l 
will be equal to or greater than e t c-\-2d\ therefore If any fquare number 
be taken equal to or greater than* \c-\- 2 &, and if' the fide of that fquare 
be made one of the two factors into which the difference d is refolved , we 
Jkall by the help of thefe two fattors, not only find two fquares whofe dif- 
ference is d, but alfo fuck , that the lefi'er of them muft be greater than 
c. As for example, let it be required to find two fquare numbers 
whofe difference fhall be 2 1 , and fuch, that the leffer of them fhall b£ 
greater than 84. Here then ^=84, d= 21, 4^+2^378, and a fquare 
number greater than this, though not the next greater, is 441, whofe 
fide is 21 ; therefore 21 may be made one of the fa&ors; and if i'o, then 

21 

- fince the difference is 21, the other fa&or will be — or 1 ; and there- 

\ 21 

fortexthe two fa&ors will be 21 and 1, whofe lialf difference will be 10, 

and it’s fquare 100 : therefore the two fquares foUght are 100 and 121, 

whofe difference is 2 1 , and the leffer fquare too is greater than 84. 

N. B. If c be taken equal to 4 d, as in the following problem, we 
fhall have $c~ f- 2 </= 1 8 d‘, therefore in this cafe, if any fquare number 
be t-pke w^pial to or greater than j 8 d, the fide of that fquare will be a 
'^proper factor. 

Problem 23. 


Being the 2d of the fifth hook of Diophantus. 

•232. j to find three numbers in continual proportion , and J'uch, that each 
with a certain given number added to it fhall be a fquare. 

* 


Sol u- 



422 


DlOPHANTlNE PROBLEMS. 


Book VI, 


Solution, 


Two fquare numbers will always admit of a rational mean propor- 
tional between them, which mean proportional will be the product of 
their fides: thus aa and xx will have, ax for a mean proportional be- 
tween them, that is, a a, ax and aw will be continual proportionals; 
for a a will be to a x as a x is to a a. 

This being conlidcred, let b be the given number, wdiich being feveral- 
iy added to the three numbers fought, will make them all {qua**'**' ; 
and fuppofing two fquare numbers to be found out whofe diffe ence is 
h, let a a be the leffer of thofe fquares ; then it is plain^ 1/ a a be 

made one of the three numbers fought, one of the conditions of the 
problem will be fatisfied, for aa-\-b is a fquare number ex conflruStione : 
make then aa one of the extremes, and aa the other, and a middle pro- 
portional between them will be ax, as above ; fo the names of the tnree 
numbers fought are aa, a*i and xx ; and as thefe three numbers are in 
continual proportion, another condition of the problem will be fatif- 
fied. But there are two conditions ftill remaining unanfwered; for ac- 
cording to the problem, both a x -4- b and a a mu ft be fquare num- 
bers: now the difference of thefe two numbers ax-\-b and xx-\-b is 
xx — ax, fince it matters not which is made the lefs ; therefore if we 
find two fquare numbers whole difference is xx — ax, and equate ax-\~b 
to the leffer fquare, or xx-\-b to the greater, we fhall in either cafe 
be able to find out the reft of the three numbers fought. To effect this, 
refolve the difference xx — ax into the two fadtors a and a— a, and the 

difference of the fadtors will be a, and half their difference — , whofe 

2 * 


aa 

fquare is ; 


therefore by art. 231, 


a cl 

— will be the leffer of the two 
4 


fquares fought, and we fhall have ax-\-b—~ aa-, whence ax, the mid- 

4 

die term of the three proportionals fought, will bz — a a — b. Thus 

having aa for one of the extremes, and ~^aa — b for the middle of the 

three numbers fought, the other extreme will be eafily found by the 
rule of proportion, that is, by faying. As the known extreme is to the 
middle term, fo is that middle term to the other extreme. But here we 

t ■" " , * 1 

\are to rule notice,' that to have the middle term (which is - aa — b) 
t * affirmative. 
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affirmative, ~aa mull be greater than b> or (which comes to the feme 

thing) a a muft be greater than ej>\ whence we have the following canon : 
/ Let b be the given number , which being feverally added to the three num- 
bers fought , will make them all fquares ; then by the foregoing lemma find 
out two fquare numbers whofe difference is b, and fuch i that theleferof them 
may be greater than 4b ; call the lejfer of the/e two fquares a* j then if a* be 
made one of the extremes , and ^—b the middle term of the three numbers 
flight > the other will be found by the rule of proportion. As for example, 
ldtTPtc required to find three numbers in continual proportion, and fuch, 
that eac!\ with 21 added may be a fquare. Here b—2i y and 4^=84; 
therefore by 1 ' "fiUHaft article I find out two fquare numbers whole dif- 
ference is 21, and fuch, that the lefifer of them lhall be greater than 84; 
and out of an infinite choice I take the fquares 1 00 and 1 2 1 , as being 
whole numbers. Here then a\ one of the extremes, is 1 00, and ’-a 1 — b, 

1 6 

the middle term, is 4 ; therefore the other extreme muft be — , be- 

_ . r . 16 

caufe as 100 is to 4 fo is‘ 4 to 

T 100 

conditions of the queftion : for 

1 ft. They are in continual proportion ex conjlruBione . 

2dly, If 21 be added to 100, the fum will be 121 the fquare of it. 

3dly, If 21 be added to 4, the fum will be 25 the fquare of 5. And 

1/11 »/' 1 111 1 b 1 . *-ti 2 1 1 S 46 

laftly, If 21 be added to , the nun will be the iquare of — 

100’ 100 n 1 C 


IOO* 

and thefe numbers will anfwer the 


o 


Lemma. ( See Plate I. Fig. 1. ) 


■'V 253. If ABC be a plain triangle , whofe two fide s AB and BCcompre- 

\hend between them an angle of one hundred and twenty degrees , and arc gi- 
‘‘ben; 1 fay then that the fquare of the third fide AC may be had by 
adding the redangle or produB of the two Jides AB and BC to the fum 
of their fquares. 

But if ADC he a plain triangle whereof the two fdes AD and DC com- 
prebepd"between them an angle of fixty degrees ; I Jay then that the {quart 
the third fide A C may be had by JubtraBing the reBangle or pro * 
duB of the two fides AD and DC from the fum of their Jquares. 

Weare to prove, that AB % -+-ABxBC-bBC t =:AC t > and that AD* 
~ADxDC+D&=AC\ 

Produce AB out from B to D, fo that BD may be equal to BC> and 
jiraw CD. Then iince the angle ABC is an angle of one hundred and 
twenty degrees, the other angle QBD muft be fixty degrees, becaufe both 
/ * : toge- 
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together mu ft make two right angles; therefore in the triangle BCD, the 
two angles BCD and D mart both together make one hundred and twen r 
ty degrees ; but thofe two angles BCD and D are equal to each other, 
t'-'hecaufe the tides BC and BD are equal ; therefore the triangle BCD is 
equiangular and confequently equilateral. Make then AB—a , BC or 
CD or BD — b-, and drawing the perpendicular CE , you will have 
BE— [b, and BE x —\bb : but by the Pythagoric theorem EC x -hEB x 
z=BC l , that is, EC x -X-\bb—b b ; therefore EC x — *bb: but AE or 
A B B E — a and AE 1 = a a ■+■ a b 4 - \bb \ therefore AC 1 , or 
AE x -\-EC x —aa-\-ab-\-\bb-\-\bb—aa-\-ab~\~bb—AB x -\-AB*BC 
+ BC\ E. D. 

To demonitrate the other part, make now AD, and not AB, equal 
to a , and all things Handing as before, we (hall now have AE—a — \b, 
and AE l — aa — ab- f- \bb ; whence we fhall have AC X , or AE 1 -\-EC i 
^aa — ab + bb — AD x —AD*DC^-DC x . E. D. 

Corollary 1. 

If A B, BC and AC be three tides of a triangle, whereof the tides 
AB and BC contain an angle of one hundred and twenty degrees, and if 
DC be taken equal to BC, and AD equal to AB-+- BD or AB-\-BC ; 
then AD, DC and AC will be three tides of a triangle, whereof AD 
and DC will contain an angle of iixty degrees ; or thus ; If a, b and c 
be three Jides of a triangle , ‘whereof a and b contain an angle of one hundred 
and twenty degree# then b, a-f b and c will be three Jidt's of a triangle, whereof 
the two Jides b and a-hb will contain an angle ojfixty degrees : and for a 
like reafon, a, a-f-b and c will be three fides of a triangle , whereof a, and 
a-hb contain an angle of 60 degrees ; as is evident by producing the tide 
CB to F, fo that BF may be equal to BA, and joining AF-, for then 
the three fides of the triangle AFC will be a, a -\-b and c. 

Corollary 2. 

If a, h and c reprefent the three fides of a triangle, whereof a and b 
make with each other an angle of 120 degrees, and if t he fe three fides be mul- 
tiplied or divided by any given number whatever , as d : I Jay then that the 
products or quotients willform a triangle fmilar to the formerfc-vf havi 
the fame property ; that is, if the products be ad,bd and cd, we ‘Kb 
have a* d % -\- abater b t d % ssc t d t , becaufe a x -\-ab b x —c x ex hypothefi. 

i P It O UE M 24. 

Being the yth of the fifth book of Diophantus. 

.2 To find in whole numbers three fides tf an obtufe-angled triangle \ 
* whofe obtufe angle Jhall be a hundred ana * twenty degrees. % 

L v r 
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Solution. 


Take any known number as b to' reprefent either of the fides about 
the obtufe angle, and call the other fide x then will the fquare of the 
third fide oppofite to the obtufe angle be xx-\-bx-k-bb by the laft ar- 
ticle ; let a — x reprefent that third fide, whofe fquare is aa — zax-{-xx, 
and we -lhall have this equation, aa — 2ax-\-xx=^xx~\-bx+bb j whence 

*•= — • therefore the fides about the obtufe angle will be ——r~r 

2 a -f~ b b za-\-b 

aa — bb 


and /;, fiat is, when reduced to the lame denomination, 


zab-\-bb 


' 'h 


\a* 


but 


•aa 


if x = 

bb 


aa — bb 


— ; — r and 

2 il -f- O 


2 a-\~b 
aa-\-ab-+-bb 


we lhall have a — x the third fide. 


equal to 7 

aa — bb 

cording to this notation, are ift 
aa-\-ab-\-bb 


therefore the three fides ac- 

zab~\-bb 

2I % U+F' and 3 % 


— 2 a b 5 drop ^ ie common denominator, which is the fame as 

multiplying all by that common denominator, and the numerators will 
form a triangle iimilar to the former, by the lecond corollary in the laft 
article, whofe fides are now exprefied in integral terms, to wit, aa — M, 
2ab-\~bb and aa+ab+bb. ** 

Make a-+-b^=-s, and we fhall have aa-+- zab-\~bb — ss, and zab 
-4 -bb—ss — aa •, moreover, as aa-+- 2 ab~\-bb=ss, we lhall have 
aa +-ab-t-bbz=ss — ab j whence we have the following canon : 

‘Take any two numbers a and b, whereof a is the greater, and whofe fun 
is s then will the two fides about the obtufe angle be aa— bb and ss — aa, 
and the third fide will be ss — ab. As for example, make <a=== 2, b—i, 
and confequently 3, and you will have aa — ^=3, ss — 
and ss—abzs:? •, fo the fides are 3, 5 and 7, which will anfwer the 
conditions of the problem : for the fum of the tquares of 3 and 5 is 34, 
and the produtft of their multiplication is 1 5, and thefe two added toge- 
jhemS£ke 49 the fquare of the third fide 7. 

If we join the two fides 3 and 5 together, their fum is 8, and this 
fum, with either of the fides about the obtufe angle, together with the 
third fide 7, will form a triangle, as 3, 8 and 7, or 5, 8 and 7, whole 
angle oppofite to the common fide 7 will be 60 degrees, as is demon- 
Jftrated m the firft corollary in the laft article. 

H h h 


3 P r 0- 
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Problem, 25. 

Being the %th of the fifth book of Diophantus. 

To jlnd in whole number s three right-angled triangles having all 
the fame area. 

N. B. By the area of a right-angled triangle I mean half the product 
of it’s legs or fules about the right angle; and therefore whenever the 
area of a right-angled triangle is required, it is only neceflary the legs 
fhould be known, the hypotenule being out of the queilion. 

Canon. — * 

Find by the help of the foregoing problem three whole number s, a, b and c, 
reprefenting the three /ides cf a triangle , having oppojite to c an angle of 
a hundred and twenty degrees: then by the help of the/e numbers form three 
right-angled triangles, to wit, jhefrjt by the help of the numbers a and c, 

the fecond by the numbers b and c, and the third by the numbers a-f-b 
and c : 1 fay that thefe right-angled triangles will be fuch as the problem 
requires , having all the fame area. For 

1 if. In the triangle formed from the numbers a and c, one of the legs 
will be the difference of the fquares of thofe numbers, to wit, cc — a a, 
and the other leg will be their double product, to wit, 2 a c, (fee -art. 1 2 ;) 

therefore the area< ? of this triangle will be cc — an x a c ; but by art. 253, 
ccz=zaa-\-ab-+- bh-, therefore — aa — ab-\-bb~a-}-b\b- ) there- 
fore the area of the tirft triangle is a~\-b *b*a c — abc x a -f~ b. 

adly. In like manner, the area pf the fecond triangle, formed from 

the numbers b and c, will be found to be cc — bbr.be *, but cc—aa : -\- 

ab-\-bb as above, and cc — bb—aa-\-ab~a-\- bra ; therefore the 

area of the fecond triangle is a -+■ b x a x b c — a be x a -+- 7 >, the fane with 
the area of the frit triangle. 

3<ily. The third triangle is formed from the numbers a -h- b and c, 
and therefore one of it's legs will be the difference of the fquares'' oFthofe, 

numbers, and the other will be a -f -3 x 2 c ; but a -\- b is greater than c\ 
for a, b and c reprefent the three iides of a triangle, and in every trian- 
gle any two iides are greater than the third j therefore the difference of 
the fquares ofa-+-b and c is aa*\- 2 ab-\-bb — cc $ fubftitute inffeadjif 
cc it’s value aa-\-ab-\-bb, and you will have aa -f- 2 ab -h bb — cc=zab ; 
therefore ab will be one of the legs of the third triangle.; andfmee the 

other 
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other leg is a-\-b*. 2 c (as was obferved before,) the area of the third 
triangle will be abxa-y-bxc — abcxa-i-b-, therefore all thefe three 
triangles have the fame area, to wit, abc% a-\-b. E. D. 

Example. 

In the example to the foregoing problem, the numbers 3, 5 and 7 re- 
prefented three fides of a triangle whofe angle oppofite to 7 was one 
- hundred and twenty degrees : form therefore three right-angled triangles, 
the firlt from the numbers 3 and 7, the fecond from the numbers 5 and 
7, and the thirty jfrom the numbers 8 and 7 (8 being the fum of 3 and 5;) 
and the firft formed from the numbers 3 and 7 will have 40 and 42 for 
it’s legs, and confequently 840 for it’s area; the fecond formed from 5 
and 7 will have 24 and 70 for it’s legs, and confequently 840 for it’s 
area ; the laft triangle formed from 8 and 7 >vill have 1 5 and 112 for 
it’s legs, and confequently 840 for it’s area. 

1 ihall take this occaiion to advertife the reader once for all, that Fermat 
in his new invented method of refolving duplicate equality, has carried 
this problem and fevcral others much further than I have done ; but 
his numbers running exceflively high, render his conclulions lets agreea- 
ble to an elegant taftc, efpecially to one that wants rather to be ac- 
quainted with thefe matters than to fee the fubjedt quite exhaufted. 

P R O B L £ M 26 . 3 

Being the tyh of the fifth book ofi Diophantus. 

256. ’To find three numbers fuch, that •whether their fum be added ft 
cr fubtraSled from the fquare of every particular number , the numbers 
thence ari/ing Jhall be all fquares. 

Solution. 

I have demonftrated in art. 228, that in a right-angled triangle if the 
double produdt of the legs be either added to or fubtradted from the iquare 
of the nypotenufe, both the fum and remainder will be fquare numbers *. 
but if hair the produdt of the legs be the area of the triangle, the dou- 
ble produdt will be four times the area ; lb that the above-quoted lem- 
pia may alfo be put thus : If in a right-angled triangle four time r the area 
be either added to or fubtrafted from the fquare of the hypotenu/e , both the 
„ Jitm, and remainder will be J'quare numbers . 

* This being allowed \ find (by the help of the foregoing problem ) three 
right-angled triangles having all the fame area , and let their bypotenufes 

H h h 2 be 



4^8 Diophantine problems. Book vi. 

be a, b and c > call aljo four times the common area d, and' from th# 
foregoing lemma we {hall have a'ztzd—O, b x ^=.d—u, and t J rfcd=Q : 
let now thefe fquares be all multiplied by fotne indeterminate fquare, as 
xx, and then, we thall have a x x l r±zdx l —U, b x x x ^=dx x = n, and c'x'^r.dx* 
= o : this is univerfal, be the value of .v. what it will ; but if we fup- 
pofe the value of x to be Inch, that dx 1 is equal to the fum of all tne 
three numbers ax, bx and cx, then we fhall have three numbers ax, 
Bx and cx of fuch a nature, that whether their fum be added to or fub- 
traded from the iquare of every particular number, the numbers thence 
arifing (hall be all fquares : let then dx 1 z=.ax-\~bx-^~cx, and we (hall 

a | ■ b | e ^ % 

have x — j or If we make a-f-b-f-c (tkefihn of all the hy~ 


potenufes) equal ta s,. we (hall have x-~j-, whence ax,, bx and cx 

as bs ,cs 

the three numbers fought will be - j-, j- amt ^ refpeclively. 

Now that thefe three numbers are fuch as the problem requires, may 
alfo be eaiily demonitrated fynthctically thus: the fum of all the three 

numbers is a-k-b -hex ^ =-j, and the fquare of the firft number ^ 


(* j 

is y therefore the (tim of the three numbers being added to and fub- 

c % # a 1 s* s* d t ‘s x z±zd$ x - 

trailed from the fquare of the firfb gives —f = p — = a x z*=.d 


x^; but akz±zd are fquare numbers ex bypot jt/f ; therefore a 1 =tld\ 


s x 

I 


will be fquare numbers. And after the (ante manner it may be demon- 
(Irated, that if the fum of the three numlras be added to and fub traded 
from the fquare of the fecond number, ana the fquare of the third, the 
films and remainders (hall be all fquare numbers. 


Example. 

In the example to the foregoing problem we found three right-angled 

triangles having ail the fame area, to wit, 40, 42 and 58 j 24, 70 and 

74 j and 15, 1 12 and 113, the common area being 840.. Here then 

<*=58, b— 74, c=s 113,, s s= 245, and ^=840x4 = 3360 > there-* 

s 24/j 7 , . as. 406 bs ci 8 cs 701 

fore *jT = — 7- = — ; j therefore —7 = — r-, —j = ~r, -7 = ~r 

a 3360 96 a 96 * d 96 * d 96'^ 

which three lad fradions are fuch as the problem requires, as any one 

may eafily fee that will be at the trouble of examining thdn. 


P I 0- 
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Problem 27. 

Being a cafe of the thirtieth of the fifth book of 

Diophantus. 

257. To find three fquare numbers fuch, that the fum of every two of 
them Jkall be a Jquarc. 

Solution. 

put f'ome known fquare number as dd for one of the three fquare s 
fought , and put xx and vy for the other two ; then from the conditions 
of the problem we fhall have thefe three equalities, to wit, dd-h.\x^=.a t 
dd-+- yy = □, and xx -f-yy = O. Now to rcfolve the firll: of thefe equa- 
lities, to wit, dd-\-xx=a, we tnuft find two fquare numbers whofe 
difference 13 dd, and. then if we equate xx to the letter of thefe two 
fquares we fhall have dd- f-xx=D j that is, by art. 23 1 we mull re- 

dd 

folve dd into two fadtors az and — , where a fignifies any determinate 

aZ 

quantity, at leaf! for the pretent till we fhall be obliged to limit it; and then 
we mutt make the fquare of half the difference of thefe fadtors equal to 

dd . 1 1 dd 

xx ; but half the difference of the fadtors az and — is - a z — - — , 

whether the expreflion be affirmative or negative it matters not j for in 

1 i l d* 

both cafes we fhall have — aazz — - dd-k- = 

4 2 U Z 

In like manner to fulfill the fecond condition of the problem, that is, 
to make dd+yy = □, </./"mufl be refolved into other two fadtors,. bz and 

and the fquare of half the difference of tliefe fadtors mutt be made 

1 \ • d* 

equal to vv, and we fhall have — bbzz — - dd-\- rV~ =7, )' : P ut “ le 


values of xx and yy together, and you will have xx -+-yy — ~aazz-\~ 
1 ?d / 4 1 J 4 

—bbzz, — dd-\~ — * — -4-7-7 : make a a -t- b b =z c c\ that is, kt a 

4 aazz bbzz 

and b be now fo limited as to jignify the two legs of any right-angled 


t 1 

triangle whofe hypotenufe is e, and' we Avail have ~ aazz-\r — bbzz 

T 4 

i i aazz-+bbzz 

:-ctzz j we fhall. have moreover -rrrr -+ 

4 


aazz 


bbzz 


aabFzzzz 

dd-pbb 


aabbxz 
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* d * -d* 

■ therefore we M1 havc -f^- z + jfe = 


cc 


aabbzz 


aabbzz 

\ccd ♦ , r 

; j therefore now .v x ~f -yy 


i • \ccd 4 

-cczz — dd-\~ — TTZ~ : ® ut by 
4 aabbzz J 


nabbzz, 

tlie laft condition of problem, xx-\-yy is to be a iquare number ; be it 

fo, and let —cczz be that iquare number, and \vc shall have -cczz — 
4 4 

I ■ cc d x i 

-cczz — dd~ f- —*~n — : flrike off ~ cczz from both fides, and tranf 
4 a a I'l' 1 *"? * 5 


bbz. 


Iced* 


pofe — dd, and you will have dd— 

\ccdd . \cd led 


' ccdd 

- and i — 7 7 — , and 

aabbzz' 

■ctaa , t a ; m dd 2. h d 

zz=z — i-i, and z — and az — -j~, and — — : but^e: and 

aabb ab * b ’ az c 

dd 

-- were the firft two favors into which dd was rcfolvcd, and therefore 
az 

Jialf their difference will be .v the fide of the fecond Iquare ; but half 

, c lbd \c d hd \cd , _ bd \cd 

the difference of and - is — — ; therefore — — — , if 

be b c b * 


dd 

and were the o- 


c oci)' c 

affirmative, will be the fide of the fecond Iquare, if otherwife, it muff 

x _c d 

be made affirmative by having it’s fign changed. Again, fince z=.~^ y 

„ „ , , * \cd , dd 2 ad 

we mail have bz — — , and - = : but h 

a' bz c 

ther two factors into which dd was rcfolvcd, in order to exprefs (by half 
their difference) y the fide of the third fquare ; therefore the fide of the 
ct d ~ c d 

third fquare will be ^ therefore 'the fides of the three fquares 

Ixl 1 c d si d * c ci 

fought will be \jl d, idly — — 3 dly — — + ~- . Now as we 

are entirely at liberty as to the value of the firil fquare dd, let us (to a- 

void fradf ions) make d—^abc, and wc fhall have ~ =4 abb, and S- 

c 5 b 


s=acc, and the fide of the fecond fquare will be 4 abb — acc—a\^bb — cc. 

in like manner, the fide of the third fquare will be b x \aa — Tc : there- 
fore now the fides of the three fquares will be cxprejfcd all in whole num- 
bers thus ; 1 ft 4abc, 2 dly ax4bb— -cc, %dly bx4aa — cc: and thus, 
by the help of any right-angled triangle wbofe fides are whole numbers may 
this problem be refolded. 


As 
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As for example, the numbers 3, 4 and 5 constitute a right-angled tri- 
angle ; and if by the help of this triangle the problem is to be Solved, 

we Shall have <3 = 3, b=. 4, c=5, 4*3^ = 240, ay.\bb — cc=nj f 

b x 4*/#— -<^=44 ; and fo the lides of the three fquares fought (it matters 
not in what order they are taken) will be 44, 1 1 7 and 240 •, and there- 
fore the fquares themfelves will be 1936, 13689 and 57600 : the fum 
of the firll and fecond is 15625 the Square of 125 ; the fum of the Se- 
cond and third is 71289 the fquare of 267 ; and the fum of the third 
2nd firSt is 59536 the fquare of 244. 

Problem 28. 

Being the lid of the fifth book of Diophantus. 

258. 'To find three fquare numbers J'uch, that the fum of their fquares 
(hall aljb be a fquare number . 

Solution. 


Let a 1 , b % and x 1 reprefent three fuch Square numbers as the problem 
requires, and the fum of their fquares will be a^-^-b 4 -{-;<*■, this the pro- 
blem requires Shall be a fquare number : let it then be the Square of 
c — x l , or rather of c l — x z that the dimensions may be alike, and we 
Shall have a 4 -\~b 4 -\-x 4 —c* — 2 Ccxx-\-x*- } refolve this equation, and 

C 4 

you will have x x — — — : therefore i £ a, b ai^l c be fuch that 

£4 _ ft* 

— — be a fquare number, the problem will be resolvable, other- 

wife not. 

Let aa-h bb — cc, that is, let a and b be the two legs of any right- 
angled triangle whole hypotenule is c j and Since c l =^a'-\-b l y - we Shall 

have e 4 ^a 4 ~t- 2 a 3 , /> z -+-b 4 y and c 4 — b 4 — c^^=s.2a x lf y and — or 


2 cc 


XX: 


2aabb aahb . 

— = — 7 — , which is a lquarc number: therefore If a, b and 
c c c 


zee 


c be three fides of a right-angled triangle whojk hypotenufe is c, then a a, 

aabb , . ■ , 

bb and — — will be fuch fquares as the probletn requires. 


cc 


As for example, the numbers 3, 4 and 5 constitute a right-angled tri- 

aabb 144 

angle, where aa~q, bb—i 6 y and — — 7 - = : therefore 9, 16 and 

144 

ts 
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£44 

*5 


are three fuch fquares as the problem requires} for the fum of their 


, . . , 20736 231361 . . 4S1 

squares is 0 1 256 -4- ~ — "bfif 3 w ^ oe f ( l uare root 15 


Problem. 29. 

"Being the 33 d of the fifth book of Diophantus. 

259. This problem, as we have it in Diophantus , is contained in 1 
'-Greek epigram, whether his own or not may I think be reafonably 
quellioned : this epigram Monlieur Bucket tranllates as follows. 

Drachma rum quinque, et dracbmarum mifeuit otto 
Quis chocus , famulis viva btbenda Juts : 

Pro cun bits pretium numcrum praebens tetragonum , 

Qui pruejinitas fufeipiens monndas 
Diverfion dat quadrat um ; fed fiumma choarum 
Illius exacquat conjiituitque latus. 

Die age quot chocas dracbmarum comparat otto ; 

Dracbmarum chocas , die age , quinque , puer. 

The purport whereof, except as to the money and meafure there made 
life of, is this : 

One buys in two forts of wines , a better fort at the rate of eight pounds 
per bogsheac 4 an d a worfe at five ; the price of the whole amounted 
to a fquare number of pounds , which with fxty added tnade another 
fquare number , whofe fide was the number of hogsheads of both forts put 
together. I demand how many hogsheads he bought in of each fort 3 jma 
what he paid for them . 

Solution. 


Put x for the number of hogfheads of both forts, and xx—r 60 wiK 
reprefent, according to the problem, the whole number of pounds laic 
put } and this the problem requires fliall be a fquare : but before we car 
find a proper fquare to which the number xx — 60 mull be equated, 
yet muft make the following preparation. 

Had the whole fum xx — 60 been laid out in one fort of wine only 
fuppofe in the worfe fort, the number of hogfheads bought in woulc 

have been ~~ — - * for if five pounds buy one hogfhead, xx — 60 wi 


.buy 


x x— 60 


j and in this cafe, the number of hogfheads fuppofed to be 

bough* 


5 
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bought in would have exceeded x the number of hogfheads actually bought 
in, for fome whereof he paid eight pounds per hogfhead ; therefore 

— — is greater than x, and xx — 60 is greater than $x : by a like 

way of reafoning x x — 60 mu ft be lefs than 8x, and therefore muft 
confift between 5 x and 8x. Now if xx — 60 be greater than $x, we 
fhall have xx greater than 5 #-+-60, and xx — 5* greater than 60 ; com- 

pleat the fquare, by adding to both fides the fquare of half the co- 
efficient of the fecond term, ;uid you will have xx — $x- 


5 ? 


4 


greater 
25 
4 


2 C 26 ^ 

than 6 o-4-“, that is, greater than — - : let us fuppofe xx — $x 

2 8q 

to be greater than -, and then the politicos will not only be fuffi- 

ciently guarded againlt any abliirdity from that fide, but alfb the limit 

25 

will come out a rational number j for it x x — 5* -4- ~ be greater than 

T 

2 o Q ^ j >7 2 2 

x — ~ will be greater than and a- will be greater than — or 

11. Again, fince xx — 60 is lefs than 8 a, we fhall have xx — 8 a lefs 
than 60, and xx — 8x-+- 16 lefs than 76 : let us fuppofe xx— 8x-h 16 
to be lefs than 64, and the politions will t>e alfo gull'ded on that fide, 
and we fhall have a — 4 lefs than 8, and x lefs than 12 j therefore the 
quantity a muft be fo limited as to be greater than 1 1 and lefs than 12 : 
we might indeed, by a more nice extraction of the fquare root, have 
fome what enlarged tliefe limits, and have (hewn that a may be any num- 

ber between 1 o — and 12 — ; but the limits above fet down are exaCt 
10 10 

enough for our purpofe. 

This being underftood, let us now look back from whence we di- 
grefl'ed, and try to make a a — 60 a fquare number. Now to what fquare 
number foever xx-— 60 is equated, that we may have a fimple equation, 
it is certain that a muft be one part of the fide of that fquare ; but what 
muft be the other part, fo as to keep a within it’s prooer limits, remains 
ftill to be determined. Let then y be the other part, that is, let xx— 60 
be equated to a fquare whole fide is a— y, and we fhall have xx— 60 

j~xx — 2 xy-f-yy, and x==^-— — but x was found to be greater 

2y I i i than 


t 



434 Diophantine Problems. Book vi. 

than 1 1 and lefs than 12 ; therefore the value of y muft be fuch that 


vv-i-60 


muft be greater than 1 1 and lets than 1 2. Firft then, fince 


yy+bo 


2y - ' zy 

is greater than 1 r, we {lull have 77 4- 60 greater than 22;*, and ^grea- 
ter than 22V — 60, and yy — 227 greater than — 60, and yy- — 22 y 4 -i 2 i 
greater than 61 : let yy — 2 zy 4- 121 be greater than 64, and we lhall 

have y — 11 greater than 8, and y greater than 19. Again, fince 

is lefs than 12, we lhall have 774-60 lefs than 24 V, and yv — 24V lefs 
than — 60, and 77 — 24V - 4 - 144 Ids than 84: let yv — 24V 4 144 be 
lets than 81, and we lhall luve y — 12 lefs than 9, and y lei's than 2t ; 
therefore 7 muft be greater than 19 and Ids than 21. Had we taken 
the more exad limits of x abovc-defcribcd, we (hould have had more 

j n 

exadt limits of y, to wit, 18 *- on one lide and 22 - - on the other ; but 

the limits here found, to wit, 19 and 21 are fufficient. Since then y 
muft be greater than 19, and ltd's than 21, let us makep* equal to 20, 
and fo equate the quantity xx — 60 to a lquare whole fide is .v — 20, 
and we mall have x x — 60— xx — 4^x4-4003 whence x=u;, and 
is kept within its proper limits ; therefore the whole quantity of wine 
bougnt in was 1 1 

. .27, . <2Q 

fquare of — is — 


hoglheads and a half, or 23 half-hoglheads ■ but the 


2J.O 


and if from this be lubtraeted 60 or --- , the 


re- 


mainder will be - - , which is a fquare number as the problem requires, 
and therefore propet ly rcprclents the number of pounds laid out : but 
= 72 — , and therefore the whole money laid out was 72— pounds. 

Now to find the number of hoglheads of each fort bought in, put z 
for the number of hoglheads of the. woil'e fort ; and fince the whole num- 
ber was 1 1 J, the number of hoglheads of the better fort was 1 1 ' — z : 
but if one hog! head of the vvorfe fort colls 5 pounds, 2 will coft :z in 
pounds ; in like manner, 1 1 [ — 2, the quantity of wine of the better 
fort, will coft 92 — 82 in pounds; therefore the whole fum laid out was 
524-92 — 8s-, that is, 92 — 32 in pounds; but we found above that 
the fum laid out was 72? pounds ; therefore 72^=92 — 32 ; therefore 
32=191, and 2 = 6 therefore if we allow 60 gallons to the hogfhe ad , 
the quantity of wine bought in of the worfe fort was 6 hogfiieads 3 5 gal-‘ 
Ions; fubtradt this from the whole quantity, 11 hoglheads 30 
and there remains 4 hoglheads 55 gallons of the better fort, or 4 


n m 


For 
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For a further proof of this, multiply 6—, the quantity of the worfe 

fort, by 5, and it’s price will be 32— pounds, that is, 32/. iSr. 04 d\ 

multiply alfo 4 the quantity of the better fort, by 8, and it's price 

will be 39-- or 39- pounds, that is, 39/. o6f. oW; add thefe two 

1 2 3 t 

prices together, viz. 32 /. j8.f. 04^ and 39/. 06 s. oBr/, and the amount 
will be 72/. 05*. 00 </, as it ought. 

Scholium. 

For a further explication of the foregoing folution, we had there two 
limitations of the value of y, to wit, that yy — 227-4- 12 1 mult bo grea- 
ter than 61, and that yy — 2474- 144 mull be lefs than 84. Now if yy 
— 227-4-121 be greater than 61 , rhen according to art. 232, y — n mult 
either be greater than -+-y/b\ or lefs than — s/bi ; the former cafe 
was confidered in the foregoing folution, but not the latter, to wit, that 

7 — it mult be lefs than — s/b 1 : let us make y — 1 1 lefs than — 7 
and it will of courfe lie lefs than — */6 1 , becaufe 7 — is fomewhat 

'JO 

greater than s/b\ : now if y — 1 1 be lefs than — 7 — , 7 mult be lefs 

than 3 — . Again, if yy — 247 4- 144 be lefs than 84, theft 7 — 12 mult 
be lefs than 4-V/84, and greater than — ^84 ; the latter cafe is here 
to be confidered: let us then make 7— 12 greater than —-9 ~, fince 

9 — is fomewhat lefs than ^84, and we (hall have 7 greater than 2 ~- 

or 3 — - — . Here then we have another value of v different from that 

which was made ufe of in the foregoing folution } for here we learn, 

that 7 may be fhade equal to any number greater than 3 — and lei* 

than 3 4- ~ : let us then make 7=3, that is, let .vx— ~ 60 be equated 
-4tra fquare whole fide is x — 3, and we fliali have x =s= n i as before, 
Had we allowed the quantity x all the liberty it had a right to, viz. 
of being any liumber greater than 10 £ and lefs than 12 4, the limits 

I i i 2 of 
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of v derived from this confideration would alfo have been enlarged from 

2 ™ to 3 j therefore the lefs fcaluc of y may be taken equal to any 
number between 2 and 3 — , and the greater equal to any number 


r n 

between 18 — and 22 If v be taken out of thefe limits, the confe- 
10 10 - 

quence will be, that x will be driven out of it’s limits, and the quan- 
tity of wine of one fort or the other will be found negative, which is abfurd. 

Problem 30. 

Being here propofed only as it introduces a fort of duplicate equality 
to be refolved, not hitherto taken notice of. 

260. To find a number which being fever ally multiplied by eight and 
eighteen , and nine being added to the former produB and JubtraBed 
from the latter , both the fum and the remainder Jkall be fquare numbers. 

Solution. 

Flit x for the number fought, and we fhall have this duplicate equa- 
lity, 8 x-4-9 = l), and 18 x — 9 = 0, which is different from any of 
the forms hitherto deicribed, and is only refolvable upon this account, 
to wit, that 8 and 18, the two coefficients of x, are to each other at, 
two fquare numbers, that is, as 4 to 9 : for iince 8 is to 18 as 4 to 9, 
8x9,, the product of the extremes, will be equal to 18x4, the product 
of the two middle terms*, and therefore if the full fquare 8.V-4-9 !>e 
multiplied into 9, and the l'econd fquare 1 8 x — 9 be multiplied into 4, 
the products 72X-+-81 and 72 ,v — 36 will dill be fquare numbers, the 
multiplicants 9 and- 4 being fquares- ; and the coeflicients of x in both 
numbers will now be the lame, to wit 72 ; and the duplicate equality 
in the former cafe will now be reduced to this, vvz. to make 7 2x-j- 
8i=n, and 72X — 36— □. Now the difference between thefe two quan- 
tities is 1 175 and therefore if we find two fquares whole difference is 1 17, 
and equate 72X — 36 to the lelfer of thole two lquares, 72X-4-81 muft 
be equal to the greater, and fo we fhall have both 72 x — 36 — □, and 
72 x— f— 81 — _-c. Now to find two fquare numbers whole difference is 
1 17, I proceed according to art. 23 1 , and retolve 1 17 into the two fac- 
tors 39 and 3, whole difference is 36, and half difference 18 ; and as the 
fquare of .18 is 324, I have this equation, 72 x — 36 = 324; whence 
x= 5, which is Inch a number as the problem requires: for if 5 be fe- 
verally multiplied by 8 and 18, the products will be 40 and 90;„«ead 
if 9 be added to the former product and fubtraCted from the latter, thd 
fum. will be 49 and the remainder 81, both fquare numbers. 


THE 
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THE 

ELEMENTS of ALGEBRA 


BOOK VII. 

Of PROPORTION. 


Of the neceffity of refuming the doElrine of proportion^ and 
removing fome difficulties which feem to attejid it as de- 
livered in the Elements. 

26i.^T N the 1 5th and 1 6th articles of this treatife T have laid down 
I as clearly, and yet as fuccin&ly as I was able, the doctrine of 
I proportion fo far as it relates to numbers and commenfurable 
quantities, whereof any one may be confidered as fome multi- 
ple, part or parts of another of the fame kind; and it ferved well enough 
all the purpofes it was dc turned for. But being in th$ next book to ap- 
ply Algebra to Geometry, and fo to coniider proportion as it relates to 
magnitudes in general whether commenfurable or incommenfurable, ) 
diould come fhort of the axp'iW geometrical was I not to refume this 
fubjedt, and to confider it now in it’s full extent as it is laid down in 
the fifth book of the elements of Geometry. I might indeed have ex- 
cufed myfelf from this part of my talk, and Ihould have been very glad 
to have done it, by referring the reader at once to the elements themfclves 
without any further alMance ; but I could not withftand tome reafons 
drawn from experience, which to me teemed to plead very powerfully 
to the contrary. 

I frequently obferve that moil of thofe who let themfelves to read Eu- 
clid, when they come at the fifth book which treats of proportion, either 
entirely pafs it by as containing fomething too iubtil to be comprehended 
4 by young beginners, or die touch fo very (lightly upon it as to he little 
the better for it ; and thus the dodrine of proportion (which is certainly 
-tire moil extenfive, and confcquently the moil ufeful part of the Mathe- 
matics) is either taken for granted, or at beft but partially underilood by 
« them. 
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them. Tljpfchemcs there made ufe of are fcarce bold enough, I had al- 
mod: laid, icirce complicated enough to afieif the imagination fo ftrong- 
!v as is necelfory to fix the attention. 

The firll, fccond, third, fifth and fixth propofitions are felf-evident, 
ns well as Ionic other-., and upon that very account create an impatient 
sender much greater uneafinels than if they were further removed from 
.common fenie; becaule the tmths from whence the lc propolitions are de- 
duced arc not fo dill inch from the propofitions themfelvcs as in many 
other cafes. But it ought to he considered, that the perfcf'don of all arts 
and feienecs in general, and of Geometry in particular, is to fublill upon 
as lew hr! I principles or axioms as is pollible ; and therefore whenever 
a projiofition, how evident l'ocver it may appear in it fell, %can be deduced 
from any that is gone before, it ought by all means to be fo deduced, 
and not to be made a hr it principle, and fo unnecdliuily to increafe their 
number. 

The defign of a geometrical demonftration is not fo much to illuftrate 
the propofition to which it is annexed, or to render it more evident than 
it would have been without it, (though this ought certainly to lie done 
wherever the nature of things will permit,) as it is to ILew the necefiary 
connexion the propofition to be demon!! rated has with feme previous 
truth already admitted or proved, fo as to Hand and fall together, whe- 
ther fuch previous truths be more or lefs evident than the propofition to 
be demonllrated: I fay more or lefs evident j for it is not uncommon in 
the courfe of Euf fid’s geometry to meet with propofitions demonllrated 
from others that are lei's evident than themfelvcs. For an inllance of this 
we need go no further than the twentieth propofition of the firll book, 
where it is demonllrated that in every triangle any two fide s taken to- 
gether are greater than the third : now it is certain that this propofition 
is more evident than that the external angle is greater than either of the 
internal and oppofite ones ; and yet the former, by the help of the 1 9th 
propofition, is demonllrated from the latter. 

But there is another realon to be given for demonllrating felf-evident 
propofitions in many cafes, and particularly in this fifth book of the ele- 
ments. A propofition may fometimes be taken to be felf-evident accord- 
ing to our narrow and Icanty notions of things, which when better un- 
derftood, will be found to be otherwife. Thele propofitions, to wit, that 
equal quantities will (save the fame proportion to a thirds that of two un - 
equal quantities the greater will have a greater proportion to a third than^ 
the lets, and fome others of the fame llamp in the fifth book, are fuch 
as will pafs with moll for felf-evident propofitions ; and fo they are with- 
out all doubt according to the common conception of proportionality j 
but when they come to be examined according to the jullef and more ex- 

tenfive 
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tenfive idea Euclid has given, of it, I fear they will both, and the latter 
more efpecially, be found to want demonftration. 

In a perfect and regular iyftem of elementary Geometry, luch a one 
as that of Euclid may be fuppofed to be, or at lcaft to have been, cer- 
tain properties of lines, angles and figures are to be laid down, and thofe 
of the umplcft kind, for definitions ; from whence, and from one ano- 
ther, all the refl are to be derived with the utmoft rigour, without the 
lead: appeal even to common fenfe. Common fenfe is by no means to 
be made the ilandard of any geometrical truths whatever, except firft 
principles : it’s province muft be only to judge whether a propofition be 
duly demonftrated according to the rules already preferibed, that is, whe- 
ther the ncceffary connexion it has with any previous truth be clearly and 
diftinbtly made but ; when that is done, nothing remains but to pafs fen- 
tence. Whilft the lcience continues thus circumfcribed, no mil takes, no 
difputes can arife concerning it’s boundaries ; but whenever thefe come to 
be tranfgreflcd, fuch a loofe will be given to Geometry that it would be 
impoflible to agree upon any others whereby to reftrain it. 

Thus much I thought proper to lay down concerning the nature of a 
geometrical demonflration, that young fludents may not fbmetimes think 
themfelves dilappointed, or not proceed with that coolnei's and judgement 
abfolutely necelfary to conduct them through the elements of Geometry. 

But as to the matter in hand, there is another difficulty ftill behind, 
which I believe, is often a greater dilcouragement to young beginners in 
their entrance into the doctrine of proportion, than any^ which have hi- 
therto been alledged, and that is the difficulty of underftanding and ap- 
plying Euclid's definition of proportionable quantities. But. to take away 
all cxcufe from this quarter, I have here annexed a fmall diflertation con- 
ducing (as I take it) to clear up that definition. It is an extract out of 
tome loofe papers I have by me ; and therefore the reader mull not be 
furprized if he finds l'ome things repeated here which have already been 
mentioned in another part of this book. 

A vindication of the fifth definition of the fifth booh 
of Euclid’s elements. 

262. N. B. For a more diftinCt underftanding of what follows, it 
muft be obfcrved, that By a part , in the fenfe of the fifth book of Euclid, 
is meant an aliquot party and not a part as part related to Jome whole. 
Thus 3 Is a part of 1 2 in Euclid's fenfe, as being juft four times con- 
tained m it i and though 9 be a part of 1 2 in the fame fenfe as the part 
is dfftinguifhed from tne whole, yet 9 in Euclid's fenfe is not a part, 
but parts of i2 s as being three fourth parts of it. 

ill. 
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i It. if two quantities A and B be commenfurable , then A rnuji necefi'ari- 
h be cither fome multiple , or J'ome part , or /owe parts of B. For if y/ and 
B be commenfurable, then either B mull meafure A, or A mull mea- 
fure B, or they mult both be meafured by fome third quantity : if B 
meafurcs A any number of times, fuppofe 3 times, then A will be equal 
to 3 times B, and confequently will be a multiple of B : if A meafures 
B any number of times, fuppofe 3 times, then A will be a third part of 
B, and confequently will be a part of B : if A and B do not meafure 
one the other, let C meafure them both, and let C be contained exactly 
in A 3 times and in B 4 times ; then will a third part of A lie equal to 
•a fo tilth part of B, as being both equal to C ; multiply both fidcs of the 
equation by 3, and you will have of A or A equal to * $f B ; therefore 
in this calc A is laid to be parts of B. 

2dlv. If two quantities A and B are incommenfurable , , then A can nei- 
ther be any multiple of B, nor any part or parts of it. For if A was any 
multiple of B, then B would meafure both it felt' and A, which contra- 
dicts the fuppoiition of their incommenfurability : in like manner, if A 
was any part of B, then A would meafure both itfelf and B : in the lad 
place 1 lay that neither can A be any parts of B ; for if A was any 
parts of B, fuppofe \ of B, then '■ of B would meafure both A and B, 
which dill contradicts the fuppodtion : A indeed may be greater or lei's 
than lome part or parts of B } but can never be equal to any ; fo fubtil 
is the competition of continued quantity. ^ Is for indarice ; it is demon- 
ftrated in art. 2 op , that the tide and diagonal line of a fquare are incom- 
menfurable to each other : let then A be the diagonal of a fquare whofe 
fide is B, and the fquare of A will be to the fquare of B as 2 to 1, as is 
evident from the 47th of the fird book of Euclid ; therefore A will be to 
B as the fquare root of 2 is to t ; but the fquare root of 2 is 1 .414 &c, 


that is — - , or more nearly yy- , or more nearly dill ~~ : whence it 


follows, that if the fide of a fquare be divided into 10 equal parts, 
the diagonal will contain more than 1 4 of thefe parts, but not fo much 
as 1 5 of them 1 if the fide be divided into 1 00 equal parts, the diagonal 
will contain above 141 of fuch parts, but not 142 j if the tide be divi- 
ded into 1000 equal parts, the diagonal will contain above 1414 of fuch 
parts, but not 14155 and lb on ad infinitum: therefore the diagonal 
of a fquare can never be exactly exprelfed by parts of the tide any more 
than the tide can by parts of the diagonal. The fide may indeed be fet 
pff upon the diagonal, and fo be confidered as part of it, fo far as part of 
the whole j but the tide can never be exactly exprelled by any number 
of aliquot parts of the diagonal, be thefe parts ever fo finall. Limits 
may be found and exprelled by parts of the diagonal as near as poflible to 

each 
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each other, between which the fide (hall always confift, and by which it 
may be exprefied to any degree of exa&nefs except perfeft exaclncfs. And 
thus alfo may approximations be made in the exprelfions of many other 
incommenfurable quantities one by another. 

3dly. From the lad fed ion it appears, that If two quantities A and B 
be incommensurable, no multiple of one can ever be equal to any multi pie of 
the other. For if, for in fra nee, 4 A could he equal to 3 B, then (divid- 
ing by 4) A would be found to l>e juft * of B, contrary to wlut lias been 
above demonftrated. 

4thly. If four quantities A, B, C and D be fuck , that A is the fame 
part or parts ofB that C is of D, then are thvfe four quantities A, if C 
and D j'aid to be proportionable , or A is /did to have the lame proportion 
to B that C hath to D. Thus if A he a fom th pirt of B, and C a fourth 
part of D, then A will be the fame part of B that C is of D, and they 

will he proportionable. Thus again, if A—-- If and C=— D, or if 
, .4 4 

8 • H 11 11 

A— ~B or 2 B, and C= —D or 2 D , or if A= — B, and C= — D 
4 4 4 4 

in all thefe inftances (comprehending multiples under tlx notion of parts) 

A may be laid to be the lame parts of B that C is of D ; and therefore 
according to this definition, A hath the fame proportion to B that C hath 
to D-, which is true, and the mark of proportionality here given is infalli- 
ble, but not adequate to our idea of it ; for though this mark be never 
found without proportionality, yet proportionality is often found with- 
out this mark. Proportionality is often found among incommenfu rabies * 
but it can never be tried or proved by the marks here given, I believe no 
body ever doubted that the fide of one fquare hath the fame proportion 
to it’s diagonal that the fide of any other lquarc hath to it’s diagonal 5 and 
therefore A may have the lame proportion to B that C hath to D, though 
A be incommenfurable to B and C to D : yet who can fay in this cate, 
that A is the fame part or parts of B that C is of D y when it has alrea- 
dy been lliewn, that A is no part or parts of B, nor C of D ? This way 
therefore of defining proportionable quantities by a fimilitude of aliquot 
parts, cannot (in ftriCtncfs of Geometry) lx* laid down as a proper foun- 
dation, lb as from ti.ence to derive all the other properties of proportio- 
nality : for fince thefe properties are to be applied to incommenfurable 
as well as commenfurable quantities, it is fit they Ibould be deduced 
from a fundamental property that relates equally to both. 

5thly. In order then to eftablilh a more general character of proportio- 
nality, I lhall aflume the following principle which equally relates to com- 
tmenlurable and incommenfurable quantities j and which, I believe, there 

Kkk is 
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is no one who has a juft idea of proportionality, which way foever he 
may chufe to exprcfs it, or whether he can exprefs it or not, but will 
ealily allow me, which is ; that If four quantities A, B, C and D be pro- 
portionable , that is, if A has the fame proportion to B that C bath to D, it 
will then be impojfible for A to be greater than any part or parts of B, but 
C mujl alfo be greater than a like part or parts of D ; or for A to be equal 
to any part or parts of B, but that C mujl aljb be equal to a like part or 
parts of D ; or for A to be lefs than any part or parts o f B, but that C 
mujl alfo be lefs than a like part or parts ofD. Thus if A hath the fame 
proportion to B that C hath to D , it will then be impolhble for A to be 

greater than, equal to, or lefs than of B, but C mu ft alfo be greater than, 

equal to, or lefs than — 6f D. This principle, I fay, is fo very clear that 

nothing more needs to be laid of it, either by wav of explication or de- 
monftrution : and if by the help hereof I can demonflrate the converfe, 
we fhall then have a general mark of proportionality as extenfive as pro- 
portionality itfelf. Now the converfe of the foregoing proportion is 
this; If there be four quantifies A, B, C and D, and if the nature of 
the/e quantities be fitch, that A cannot p filly be greater than, tqual to, or 
lefs than any part or parts of B, but at the fame time C mujl necefjarily be 
greater than, equal to, or lefs than a like part or parts of XU, let the num- 
ber or denomination of thefe parts be what they will-, I fay then, that A mujl 
necefjarily have tf^e fame proportion to B that C hath to D. If tins' be de- 
nied, let feme other quantity E have the fame proportion to D that A 
hath to B, that is, let A, B, E and D be proportionable quantities ; 
then imagining the quantity D to be divided into any number of equal 
parts, fuppofe io, let E lx greater than 14 of thefe parts and lefs than 

14 .' I r 

r c, that is, let E be greater than — and lefs than — - of D j then muft 
J I O I o 


A neceffarily be greater than — and lefs than of B : this is evident 
from the conceflion already made, fincc A is fuppofed to have the fame 
proportion to B that E hath to D. But if A be “greater than — and 

lefs than --- of B, then C muft be greater than ~ and lefs than ---- of 

10 c IO IQ 

jD by the hypothecs ; the relation between A, B, C and D being fuppo- 
lcd to be fuch, that A cannot be greater or lefs than any part or paints of 
B, but C accordingly muft be greater or lefs than a like part or parts of 


D. 
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D. Therefore we are now advanced thus far, that if E lies between 

10 

and “ of D, C mull alfo neceifarily tie betwixt the fame limits : now 

the difference betwixt p; and — of D is ~ of D ; therefore the diffe- 
rence betwixt C and E, which lie both between thefe two limits mull 
be lefs than ■— of D. This is upon a liippolition that the quantity D was 

at firff divided into to equal parts; but if inftead of 10 we had luppofed 
it to have been divided into too, or 1000, or 10000 equal parts, (which 
liippofitions could not have affected the quantities C and E,) the condu- 
lion would then have been, that the difference betwixt C and £ would 
have been lefs than the hundredth, or thousandth, or ten thoufandth part 
of D ; and lo on ad infinitum : therefore the difference between C and E 
(if there lie any difference) muff be lei's than any part of D whatever; 
therefore the difference between C and £ is only imaginary, and not real; 
therefore in reality C is equal to E. Since then Cis equal to £, and that 
A is to B as E is to D, the conlequence muff be that A is to B as C is 
to D. if E. D. 

Here then we have a proper cha rafter i (lie of proportionality which al- 
ways accompanies it, and on the other hand, is never to be found with- 
out it, to wit, that four quantities may be laid to be p^bportionable, the 
the firft to the fecond as the third is to the fourth, when the firff cannot 
be greater than, equal to, or lefs than any part or parts of the fecond, but 
the third muff accordingly be greater than, equal to, or lefs than a like 
part or parts of the fourth : or thus ; Four quantities may be faid to be 
proportionable as above, when the firji cannot be contained between two 
limits exprejfed by any parts of the fecond , how near foever thefe limits may 
approach to each other , but the third tnnfl nccefj'arily be contained between 
the limits exprefjed by like parts of the fourth . 

6thly. Had Euclid flopped here, without refining any farther upon 
the criterion of proportionality delivered in the laft feftion, (for I dare 
venture to affirm he was no ftranger to it,) I doubt not but it would 
have given much greater tatisfaftion to the generality of his dilciples, es- 
pecially thofc of a lefs delicate tafte, than that which he advances in the 
fifth book of his elements, as being more cloiely connefted with the com- 
mon idea of proportionality: but it was ealy to fee, that in demonilra- 
tingsfeveral other affeftions of proportionable quantities upon this fcheme, 
there would then be frequent occafion for taking Inch and fuch parts 
of magnitudes, as there is now for taking fuch and luch multiples of them, 

K k k 2 the 
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the praxis of which partition had no where as yet been taught by Euclid ; 
nay he rather feems to have determined, as bar as poffible, to avoid it, 
and that upon no ill grounds neither ; for the tife of whole numbers is jn 
all cafes jullly efteemed more natural and more elegant than that of frac- 
tions, and tne multiplication of quantities has always been looked upon 
as more Ample in the conception than the refolution of them into their 
aliquot parts. It is for this reafon that Euclid never fhews how to mul- 
tiply a line or any other quantity whatever, affuming the praxis thereof 
as a fort of pojhdatim ; whereas in the ninth proportion of the lixth book 
of his elements he fhews how to cut off any aliquot part of any given 
line whatever. Upon thele and fuch like confident ions it was that Em lid 
relblved to advance his character! it ic property of proportionality one ftep 
higher, by fubftituting multiples inflead of aliquot parts in fuch a man- 
ner as we fhall now deferibe ; and we fhall at the fame time demonilrate 
the juflnefs of his definition from what has been already laid down in the 
feift febtion. The propofition to be dcmonflrated fhall be this: If there he 
four quantities A, B, C and 1 ), whereof EA and EC are any equimulti- 
ples of the firft and third, and F B and F D are any other equimultiples of 
the J'econd and fourth ; and ij now thefe quantities arc of fuch a nature , that 
EA cannot be greater than, equal to, or sejs than FR, hut at the fame time 
EC nmjl necef arily he greater than, equal to, or lefs than FD, when com- 
pared refpehlively , be the multiplicators E and F what they will : I fay then 
that A mufl necefarily have the fame proportion to B that C hath to D. 
Now that four quantities may be under fuch circum fiances as are here 
deferibed, can be quefiioned by no one who has with any attention con- 
fidered the nature of proportionable quantities : for fuppofc A to be the 
diameter and J 5 the circumference of any circle, and C to be the diame- 
ter and D the circumference of any other circle; who doubts but that 
twentytwo times the diameter of one circle will be greater than, equal to, 
or lefs than feven times the circumference, according as twentytwo times 
the diameter of the other circle is greater than, equal to, or lefs than fe- 
ven times the circumference of that circle ? I now proceed to the de~ 
monft ration of the propofition. 

. If k be denied that A is to B as C is to D , let si be to B as G is to 
D} and then fuppofing D to be divided into 10 equal parts, let G be 
greater than 14 of thefe parts and lefs than 15 : then fince by the fup~ 

pofition si is to B as G is to D, we fhall have A greater than ~~ and 

lefs than 7^ of B-, therefore 10 A will be greater than 14B and lefs than 

i 5 *> but by the hypothecs , no multiple of A can be greater or lefs than 

any 
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any multiple of J 3 , but the fame multiple of C mull be greater or lei* 
than a like multiple of D ; therefore 1 o C is greater than 1 4 D and lefs 

than 1 5Z); therefore C is greater than — and lels than ^ofD; there- 

lore if G be a quantity between — and of D, C mull alfo be a 

quantity between the fame limits ; therefore the difference betwixt C and 

G mull be lefs than ~~ of D. This is upon a fuppofuion that D was 

divided into 1 o equal parts ; but C and G will be the fame, into what 
number of parts loever we fuppofe D to be divided) therefore if we fup- 
p )(/.> dSt\Q" bfc‘ 'divided into 100, 1000, or 10000 equal parts, Czc, the 
difference betwixt C and G might have been lhewn to be lefs than the 
hundredth, or the thoufandth, or the tenthoufandth part of D-, and fo 
on ad Infinitum ; therefore C and G are equal, as was lliewn in the cth 
lcdion. Since then A cannot be greater than, equal to, or Ids than 
any part or parts *of B, but G muff be greater than, equal to, or lefs 
than a like part or parts of D, becaufe A is to B as G is to D\ and fince 
G cannot be greater than, equal to, or Ids than any pert or parts of D, 
but C muff be greater than, equal to, or lels than the fame part or parts 
of D, becaufe G and C are equal ; it follows ex aquo, that A cannot 
be greater than, equal to, or Id's than any part or parts of B, but that 
C mull accordingly be greater than , equal to, or lefs than a like part or 
parts of D ; and confequently tliat A is to B as C is to D, according to 
the mark of proportionality given in the laff fedion. E. D. 

Four quantities then may be jiiid to be proportionable , the jirjl to the fe- 
cond as the third to the fourth , when no equimultiples whatever can be taken 
f the jirjl and third, but what muft either be both greater than , or both 
equal to, or both lefs than any other equimultiples that can poffibly be taken 
of the fecond and fourth , when compared refpedtivcly. 

7thly. As number is a diferete, and not a continued quantity, there is 
ffich a thing as a minimum in the parts of number, whereas in thofe of 
extenlion there is none j whence it follows, tliat the parts of number 
muff neceffarily be more diftind, and for that reafon more affignable 
than are the parts of extenfion. Again, as all numbers are commen- 
furable by unity, every number may be conceived either as lame multi- 
ple, or lome part, or l'ome parts of every other. Hence it is that Eu- 
clid, defining proportionable numbers, makes ufe of the definition given 
in the 4th fedion) fo unwilling was he to recede from the common 
n&tton of proportionable quantities, whenever the fubjed he treated of 
would bear it. 
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Of the feventh definition ofi the fifth book of Euclid. 

263. If it be allowed to lx a fufticient mark of the proportionality of 
four quantities, when they are fo related to one another in their own 
natures, that no equimultiples can be taken of the fir 11 and third, but 
what mu ft either be both greater than, or both equal to, or both Ids than 
any other equimultiples that can poihbly be taken of the fecond and 
fourth; then wherever it happens, or may happen other ■wile, there can 
be no proportionality. As for inftance, If in comparing equimultiples of 
the jirfl and third with other equimultiples of the fecond and fourth , there 
be any cafes wherein the Jirfl multiple fall be greater than the fecond , and 
yet the third not greater than the fourth ; or wherein the fir f ip h\ (halt 

be lej's than the fecond, and the third not iefs than the J&urth ; then the fifi 
quantity will not have the fame proport ion to the fecond that the third hath 
to the fourth, but either a greater as in the former cafe, or a lefs as in the 
latter . Nay, and I may add further, that If of four quantities, the firjl 
hath a greater proportion to the fecond than the third hath to the fourth , 
there mufl be cafes exijfmg , rJ: ether thoje cafes can be affigned or not , where- 
in o f equimultiples of the firjl and third, and of other equimultiples of the 
fecond and fourth , the fir jl multiple fall exceed the fecond \ and yet the third 
fall not exceed the fourth : for if no fucli cafes were pofiible, then the 
firft quantity mull either have the feme proportion to the fecond that the 
third hath to the fourth, or a lei's ; both which are contrary to the fup- 
polition. Thus v£e have found the fifth and feventh definitions of the 
fifth book of the elements both of a piece. 

A queflion arifing out of the foregoing article. 

264. This is all that was necelfery to be obferved concerning the 
•foregoing definitions : but if, having given four quantities A, B, C and 
jD, whereof A hath a greater proportion to B than C hath to ,D, any 
one for his own private fetisfadion would know how to find fuch equi- 
multiples of A and C, and fuch other equimultiples of B and D, that 
A’s multiple lhall exceed that of B, and at the feme time C’s multiple 
/hall not exceed that of D y it may be done thus. If the quantities A, 
B, C and D be commenfurable, let their ratios be exprefled by num- 
* bers : as for inftance, let A be to B as 7 to 5, and let C be to D as 4 
to 3 ; then will 4 and 3, the numeral exprefiicns of the lefler ratio, be 
the multiplicators required, if of the terms A and B, the greater term 
A be multiplied into the lefler inultiplicator 3, and the lefler term B 
into the greater muitiplicator 4 ; for then 3 A (21) will be greater than 
4 * ( 20), and yet 3C ( 12) will not be greater than 4D ( 12), for the 

two 
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two laft multiples are equal. But if fuch multiples be required, that the 
firft multiple fhall be greater titan the fecond, and at the fame time the 
third multiple Avail be lefs than the fourth, then fomc intermediate frac- 
tion muft be taken between ] and f, and the terms of fuch a fraction 
will be the multiplicators required. As for inftance, throwing the ex- 
treme fractions into decimals, we have ) = 1 .4, and *= 1 .34 — 5 there- 
fore if any decimal fraction be taken between 1 .4 and 1 .34, fuch a 
fraction' being reduced to integral terms will give the multiplicators re- 
quired. Let ns a flume 1 .375, that is, ~~ or — j then will 8^(56) 


be greater than 11 B ( 55 ) , and at the fame time 8G ( 32 ) will be lefs 
than 11 D (33). 

]f iht quantity A lie incommenfurablc to B, or C to D, or both to 
K>th, find however, by fcholium the fecond in art. .1.70, fuch numbers as 
will exprefs thefe ratios as accurately as occaiion requires. As let the. ratio of 
the number E to the number F be nearly the fame with that of A to B, 
and let the ratio of the number G to the number H be nearly the fame 
with that of C to D : then if either of thefe ratios, to wit, the ratio of 
E to F, or the ratio of G to H, lie between the ratios of A to B and of 
Gto D, the terms of the intermediate ratio will make proper multiplica- 
tors ; but if neither of thefe cafes happen, forne intermediate fra&ion mull 


be taken between the two fractions ~p and 


G 
H " 


Having thus prepared my young Audent for Euclid^ docirine of pro- 
portion, partly by fetting him right in his notions of things, and partly 
by removing out of lais way all that rubbifli which feemed to block up 
his entrance to it, I hope I Avail now be able to conduct him through 
tiie whole with a great deal of cafe, and that he will meet with fewer 
difficulties in reading the following propofrtions than an equal number in 
any other part oi the elements : and yet all I have done herein has been 
only to jnitigate, as far as I thought proper, the rigour and ieverity of 
the author’s manner of writing, and to render his demonftrations more 
eafy to the imagination, which the compiler in his whole fyflem leems 
to have had no great tender ne (5 for : but whatever I have done elfe, I 
have taken care to preferve the force of the demon if rat ions, and I hope, 
in a great meafure, their elegancy too. I have ufed no algebraic compu- 
tations in demonflrating thde proportions, except what may be juflined 
by the antecedent ones ■, as well knowing that thele principles were never 
intended to depend upon arithmetical operations, but rather arithmetical 
operations upon them. I have however, for the reader's eafe, made ule 
* of the fimpleft algebraic notation. Thus A, B, C, D lignify magnitudes 
* of 
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of any kind whatever} E t F, G, H always fignify whole numbers, u n- 
lefs where notice is given to the contrary ; A-\- B fignifies the fum of 
any two homogeneous magnitudes A. and B-, A — B their difference, or 
the excels of A above B ; EA and FB fignify any two multiples of A 
and B, the multiplicators being E and F ; & c. J have lbmetimes alfo u- 
fed very eafy confequences of this notation; as that if A — B be added 
to B, the lum will be A, which indeed L a general axiom, and laying 
no more than that if to any magnitude be added the excels of a greater 
above it, the fum will be the greater magnitude. 

THE FIFTH BOOK OF EUCL1D\ ELEMENTS. 

Definition s. 

. T * A le/Jer magnitude is Jhid to be a part of a greater , -when tie 

lejfer mea fares the greater. 

2. A greater magnitude is fa id to be a multiple of a lefs , wWn the great- 
er is meafured by the lefs. 

Note. Our language is not nice enough to exprefs thefe two defini- 
tions as they are in the Greek and Latin. 

We may further obferve, that by thcle two definitions every fimple quan- 
tity is excluded from being confidered either as a part or a multiple of it- 
felf; for to be a part, in this fenfe, is to be lefs than that whereof it is a 
part, and to be a multiple is to be greater than that whereof it is a multiple. 

3. Ratio is that mutual relation two homogeneous quantities are in, when 
compared together in rejpefl to their quantity. Thus the excels of 2 above 
1 is equal to the excels of 4 above 3, and yet the ratio of 2 to 1 is 
greater than the ratio of 4 to 3 ; that is, 2 has more magnitude when 
compared with 1 than 4 hath when compared with 3 ; fince 2 is dou- 
ble of 1, and 4 is not double of 3. But on the other hand, 3 hath a 
greater ratio to 4 than i hath to 2, becaufe 3 liath more magnitude in 
comparifon of 4 than 1 hath in comparifon of 2 ; for 3 is more than the 
half of 4, whereas 1 is but juft the half of 2. 

4. All quantities are Jiiid to be injome ratio or other , when they are ca- 
pable of bang Jo multiplied as to exceed one another. 

Note. By this definition, ift, All heterogeneous quantities are exclu- 
* ded from having any ratio one to another, becaufe heterogeneous quan- 
tities are fuch, that their multiples are no more capable of comparifon 
as to excefs and defed, than the quantities themfelves : a yard can ne- 
ver be multiplied till it exceeds an hour, &c. 2dly, All infinitely fipall 
quantities are hereby excluded from having any ratio to finite ones, lie-'* 
caule the former can never be fo multiplied as to exceed the latter. 

5. Mag- 
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5. Magnitudes are [aid to be in the fame ra * the firft to the fecond as 
the third to the fourth, when no equimultiples can be taken of the firjl and 
third} but what mttjl either be both greater than , or both equal to, or both left 
than any other equimultiples that can pofjibly be taken of the fecond and fourth. 

Note . This and the fcventh definition have been explained already. 

6. Magnitudes in the fame ratio may be called proportionals . 

7. If there be four quantities , whereof t qui multiples are taken of the frft 
and third, and other equimultiples of the Jecond and fourth j and if any cafe 
can be ajjigned , wherein the multiple of the firjl jhall be greater than the 
multiple of the fecond , and at the fame time the multiple of the third (hall 
not f redder than the multiple of the fourth j then of the je four quantities , 
t' . firjl is /aid to have a greater ratio to the fecond than the third hath to 
the fourth. 

8. Proportion confjls in afimi lit ude of ratios. ' 

9. Proportion cannot be exprej/ed in fewer than three terms : as when 
we lay that A is to B as B is to C. 

10. Whenever three quantities are continual proportionals , the frft is faid 
to be to the third in a duplicate ratio of the firjl to the Jecond : and on the 
other hand \ the firjl is faid to be to the Jecond in a Jub duplicate ratio of the 
firjl to the third. 

1 1 . If four quantities be continual proportionals , the firft is faid to be to 
the fourth in a triplicate ratio of the firjl to the Jecond ; Mdfo on. 

12. ' The antecedents of ail proportions are called homologous terms ; and 
Jo a! jo are the confequcnts : but antecedents and confequents conjidered toge- 
ther , are never called homologous terms , but heterologous. 

Note. Thefe three lait definitions, though placed here, have nothing 
to do in the following fifth book, but in the fixth. 


13. Alternate proportion is , when four quantities being proportionable, 
the Jirfi tq the fecond as the third to the fourth , it is concluded, that the 
firft is to the third as the fecond to the fourth \ the juftnefs of which con- 
clufion, as well as of all the reft that follow, will be fufficiently made 
out in the following propofitions. 

14. Ihverfe proportion is, when four quantities being proportionable, the 
jirfi to the fecond as the third to the fourth , it is concluded, that the Jecond 
is to the firjl as the fourth to the third. 

1 5. Compofition of proportion is, when four quantities being proportionable „ 
the firft to the Jecond as the third to the fourth , it is concluded, that the Jim 
of the jirfi and fecond is to the Jecond as the Jum of the third and fourth is to 
the fourth . 

* 16. Divtfion of proportion is, when four quantities being proportionable , 
the jirfi to the Jecond as the third to the fourth , it is concluded, that the ex - 

L 1 1 efts. 
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cefs of the jirfi above the Jci nd is to the Jecond as the excefs of the third above 
the fourth is to the fourth. 

1 7. Convcrjion of proportion is, when four quantities being proportionable, 
the Jirfi to the Jecond as the third to the fourth, it is concluded, that the 

jirjl is to the ex cefs of the Jirfi above the Jecond as the third is to the cxcefs of 
the third above the fourth . 

18. If ever Jo many quantities in one feries be compared with as many 
in another ; and if from all the ratios in one being equal to all thofe in the 
other, either in the fame or a different order, it be concluded, that the ex~ 
tremes in one feries are in the J'ame proportion with the extremes in the other, 
this proportionality of the extremes is j'aid to follow ex jequo, o*" ex 3,-qualU 
tate rationum. 

19. If all the ratios in one feries be equal to all thofe. in the other, ana 
in the fame order, this is called ordinate proportion ; and the extremes in 
this cafe are (aid to be proportionable ex aequo ordinate, or barely ex aequo. 

20. If all the ratios in one Judes be equal to all thofe in the other, but not 
in the fame order, this is called inordinate proportion ; and the extremes are 
J aid to be proportionable ex aequo perturbate. 

Thus i f A, B and C in one feries be compared with D, E and Finano- • 
ther ; and if A is to B as D to E, and B to C as E to F, this is called 
ordinate proportion, and A is feid to be to C as D to F ex aquo ordinate , 
or barely ex aquo: but if A is to B as E to F, and B to C as D to E , 
this is called inordinate proportion, and A is laid to be to C as D to F ex 
aquo perturbate. 


Proposition 1 . 

266. If there be ever fo many homogeneous quantities A, B, C, whereof 
EA, EB, EC arc equimultiples rejpedtively j I fay then, that the film 

EA-4-EB-f-EC will be the fame multiple of the fum A-HB-4-C 
that EA is of A, or EB of B, 6cc. 

For the multiples EA, EB and EC may be confidered as fo many 
diftinft heaps or parcels, whereof EA confifts wholly of As, EB of Bs, 
and EC of Cs; and fince the number of As in EA is the feme with 
the number of Bs in EB, or of Cs in EC, it follows, that as often as 
A can be fingly taken out of EA, or B out of EB, or C out of EC, 

juft fo often may the whole fum A-\- B-+-C be taken out of the whole 

fum EATEBTEC } therefore the fum EA~k- B B -t ~ E C is the feqie 

multiple of the fum A-f B+C that EA is of A, or Efi of B, &c. 
%&E. D. 


P.R O- 
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Proposition 2. 

267. 7 FEA and E B be equimultiples of any two quantities whatever 
A and B, and {/FA and FB be alfo equimultiples of the fame ; / fay 

then that the fum E A 4- F A will be the fame multiple of A that the 

jum EB-t-FB is of B. 

For fince the number of As in EA is the fame with the number of 
Bs in EB ; and fince alio the number of As in FA is the fame with 
the number of Bs in FB , add equals to equals, and the number of As in 

EA -h FA will be the fame with the number of Bs in EB-4-EB, that 
is, the f. FA 4- FA will be the fame multiple of A that the fum 
TffFfFB is of B. % E. D. 

Proposition. 3. 

268. TfEA and EB be equimultiples of any two quantities whatever 
A and B, and if 3 EA and 3EB be any equimultiples of EA and 
EB; I Jay then , that 3 EA and 3EB will alj'o be equimultiples of 
A and B. 

This is evident from the laft propofition : for fince EA and EB are 
equimultiples of A and B ; and iince EA and EB are again equimulti- 
ples of the feme, it follows from that propofition, that the fum 2 EA is 
the feme multiple of A that the fum 2 EB is of B : again, fince 2 EA 
and 2 EB are equimultiples of A and B, and fince EA and EB are o- 
ther equimultiples of the feme, the fum 3 EA is the feme multiple of 
A that the fum 3 EB is of B ; and fo on ad infinitum. ^ E. D. 

Proposition. 4. 

269. If four quantities A, B, C and D be proportionable , A to B as C 
to D, and if E A and EC be any equimultiples of the f rf and third, 
and F B and F D any other equimultiples of the jecond and fourth ; I 
jay then that thefe multiples will alfo be proportionable , provided they 
be taken in the fame ot'der as the proportionable quantities whereof they 
are multiples ; that is , that EA will be to FB as EC is to FD. 

For kt lEA and 3EC be any equimultiples of EA and EC, and let. 
2 FB and 2 FD be any other equimultiples of FB and FD ■, then fince 
3 EA and 3 EC are equimultiple of EA and EC, and fince EA and EC 
are equimultiples of A End C, it follows from the laft propofition that 
3 EA and 3EC are equimultiples of A and C ; and for the feme realbn 
zFB and %FD are alfo equimultiples of B and D. Since then ex hypo- 

III 2 ilef , 
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theft, A is to jB as C is to D and fince ^EA and 3 EC arc. equimultiples 
of A and C, and 2 FB and zFD are alio other equimultiples of B and 
D y it follows from the fifth definition, that 3 EA cannot be greater than, 
equal to, or lefs than zFB, but 3 EC mull alfo be greater than, equal 
to, or let's than zFD. Again, fince we have four quantities EA , FB, 
EC, FD, whereof 3 EA and 3 EC repreient any equimultiples of the 
firft and third, and 2 FB and 2 FD any other equimultiples of the fecond 
and fourth •, and fince 3 EA cannot be greater than, equal to, or lefs 
than zFB, but 3 EC mull in like manner be greater than, equal to, 
or lefs than 2 FD, it follows from the fifth definition, that thele four 
quantities EA, FB, EC, FD are proportionable ; that EA is to FB as 
EC to FD. ^E.D. 

To this place is u finally referred the inverfion of proportion, (though 
why to this, rather than to any other, I know not;) that is, that If 
four quantities be proportionable, they will aljb be inverjely proportionable : 
as if A be to B as C is to D, then B will be to A as D to C. For let 
EA and EC be any equimultiples of A and C\ and let FB and FD be 
any other equimultiples of B and D •, and firft let us fuppole FB to be 
greater than EA ; then will EA be lefs than FB : and becaufe A is to 
B as C is to D, EC will alfo be lefs than FD by the fifth definition j 
and therefore FD will be greater than EC: thus then we fee that if FB 
be greater than F<- 4 , FD will alfo be greater than EC. And after the 
lame manner it may be demonftrated, that if 1 < B be equal to', or lei’s 
than EA, FD in like manner will be equal to, or lefs than EC. Since 
then we have four quantities B, A, D , C, whereof FB and FD arc 
equimultiples of the firft and third, and EA and EC arc other equi- 
multiples of the lecond and fourth j and fince FB cannot be greater than, 
equal to, or lefs than EA, but FD mult accordingly be greater than, 
equal to, or lefs than EC, it follows from the fifth definition, that thefe 
four quantities B, A, D, C mull be proportionable that B muft.be to 
A as JD to C. ^ E. D. 

Proposition 5. 

270. If A and B be any two homogeneous quantities, whereof A is the 
greater , and whereof E A and E B are equimultiples refpeffively j 1 

Jay then that the difference E A — -EB will be the fame multiple of the 

difference A — U that Eh is of A, or EB ofBl 

l£ this be denied, let G be the lame multiple of A — B that EA i& of 

A t or EB of B} then we lhail have two .quantities A — B and B whole* 

fum 
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fum is A y and whereof G and E B are equimultiples refpe&ively ; there- 
fore by the fir ft propoluion, the futn G~\~EB will be the lame mul- 
tiple of the fum A that EB is of B : but EA is alfo the fame multiple 

of A that E B is of B therefore G-hEB is the lame multiple of A 

that EA is of A therefore G ~h E B muft be equal to EA; take E B 

from both fides, and G will be equal to EA — EB : but G was the 

fame multiple of A — B that EA was of A, or EB of B ; therefore 

EA — EB will be the fame multiple of A — B that EA is of Ay or 
EBofB. 

Proposition 6. 

i 

2yi. If from EA and E B, equimultiples of any two quantities A and 
B, be fubtraCied FA ami FB any other equimultiples of the fame ; the 

remainders EA — FA and EB — FB will either be equal to the 
quantities A and B r effectively y or they will be equimultiples of them.- 

Case i. 

In the firft place, let the remainder EA — FA be equal to A, \ fay 

then that tire other remainder EB — FB will alfo be equal to B. For 
lince FA is the lame multiple of A that FB is of B, it follows from 

the nature of multiples, that FA~\~ A will be the fanfe multiple of A 
that FB B is of B : but A is equal to EA — FA ; and adding FA 
to both fides we have FA -+• A— EA ; therefore inftead of laying as be- 
fore, that FA-\~ A is the fame multiple of A that FB-f-B is of B, wc' 

may now fay. that EA is the lame multiple of A that FB-i-B is of B : 
but FjA is the fame multiple of A that EB is of B ; therefore EB is- 

die lame multiple of B that FB-+-B is of B * therefore EB is equal to* 

FB -4- B ; fubtraeft FB from both fides, and "you will have BB—FB* 
= B. QjE. D. 

Case 2. 

Let us now fuppofe the remainder EA — FA to be fome multiple of' 

A i for if A mcafures both EA and FA , it muft meafure EA — FA; ■ 

and £0 EA—FA muft be fome multiple of A ; and for the lame rea- 

fon, the other i^mainder E B— FB muft be fome multiple of B : I lay 

then* 
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then in the next place, that EB — Fit mult be the fame multiple of 

B that EA — FA is of A. If this be denied, let G be the fame multiple 

of B that ~EA — FA is of A-, then fince EA — FA and G are equimul- 
tiples of A and B, and fincc FA and FB are alfo other equimultiples of the 

feme, it follows from the fecond proportion, that the fum EA — FA-FFA 

■will be the fame multiple of A that G -F- FB is of £ : but EA — FA-\- FA 

sszEA-y therefore EA is the fame multiple of A that G FB is of B : 
but EA is the fame multiple of A that EB is of B ; therefore EB is the 

lame multiple of B that G -+- FB is of JB 5 therefore E B is equal to 

G-F-FB-, therefore EB — FB is equal to G : but G was the feme 

multiple of B that EA — FA is of A by the fuppofition; therefore 

EB — FB is the feme multiple of B that EA — FA is of A. ^E. D . 

Scholium. 

As in the fecond definition it was provided that no Ample quantity be 
confidered as a multiple of itfelf, fo in this propofition care is taken that 
no two Ample quantities be confidered as equimultiples of themfelves; 
which indeed is but a confluence of that definition, and is the reafon 
why this propofition refolves itfelf into two cafes. 

For a better underflanding and remembering the ftru&ure of the fix 
foregoing propofioons, it may be obferved, that the two laft propofitions 
are nothing clfe but the two firfi: with their figns changed. In the firft 

propofition it was demonlhated, that the fum EA-FEB is the feme 
multiple of the fum A-f-B that EA is of A, or £5 of B : in the fifth 
propofition it is demonltrated, that the difference EA — EB is the feme 
multiple of the difference A — B that EA is of A or EB of B. Again, 
in the fecond propofition it was demonflrated, that the fum EA-F FA 
is the feme multiple of A that the fum EB-FFB is of B ; and in the 
fixthit is demonftrated that the remainder EA-—FA is the feme mul- 
* tiple of A that the remainder EB-—FB is of B. 

Proposition 7. 

272. If two equal quantities A and B be compared with a third as C, 
I Jay thcriy that both A andB will have the fame proportion to C ■, K and* 
vice verfe, that C will have the fame proportion both to A and to B. x 

For 
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For taking any equimultiples of A and B, fuppofe 3 A and 3 B t and any 
other multiple of C, fuppofe 5C, it is plain that 3 A muft be equal to 
3 B, becaule A is equal to B : but if ^A be equal to 3 B> then it will be 
impofiible for 3 A to be greater than, equal to, or left than 5 C, but 
3 B muft accordingly be greater than, equal to, or lefs than the lame 
5C } therefore we have four quantities A, C, B and C, whereof 3 A and 
3 B reprefent any equimultiples of the hr ft and third, and 5C and 5 C 
any other equimultiples of the fecond and fourth ; and lince the fir ft 
multiple 3 A cannot be greater than, equal to, or lefs than the fecond 5C, 
but the third multiple 3 B muft accordingly be greater than, equal to, or 
lefs than the fourth 5 C, it follows from the fifth definition, that thefc 
four quantities A, C } B and C are proportionable, A to C as B to C. 
E. D. 

Again, lince $A is equal to 3 B, it will be impoflible for 5C to be 
greater than, equal to, or lefs than 3 A, but the fame 5 C muft alfo lx* 
greater than, equal to, or lefs than 3 5; therefore we have four quantities 
C, A, C and B y whereof 5C and 5C reprefent -any equimultiples of the 
firft and third, and and 3 B any other equimultiples of the fecond 
and fourth ; and lince the firft multiple 5C cannot be greater than, equal 
to, or lefs than the fecond 3 A, but the third multiple 5 C muft alfo be 
greater than, equal to, or lefs than the fourth 3 B t it follows from the 
fifth definition, that thefe four quantities C, A, C and B muft be pro- 
portionable, C to A as C to B. ^ E. D. 

Proposition 8, 

2 73. If £ ivo unequal quantities A and B, whereof A is the greater , be 
compared with a third as C, I fay then that A will have a greater 
proportion to C than B hath to C ; but that on the other hand , C will 
have a greater proportion to B than it hath to A. 

For fince by the fuppolition, A is greater than A — B will he the 
excels of A above B ; and by the fifth proportion, if EB be any mul- 
tiple of By EA — E B will be the fame multiple of A — B : multiply 

then thefe two quantities B and A — B alike, till of the equimultiples 
thence arifing, the Ids (hall be greater than C j then will the other be 

much greater; let thefe equimultiples he 3 B and 3 A — 3 B, each being 
greater than C : laltly multiply C till you come to a multiple of it that 
(hall be the next greater titan 3 B, which multiple let be 5C; then it 
is plaia that 3 B cannot be lefs than 4 C j for if it was, then 4C, and ' not 
5 d Would be th^ next multiple of C greater than 3 B, contrary to the 
i^ffpofition. Since then 3 B cannot be lefs tlian 4 C, it follows, that if to 

V 3# 
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3# be added a greater quantity, and to 4C a left, the former fum will * 
be greater than the latter; but 3 A — 3 B is greater than C by the con- 
ltruCtion; add then yA — 3B to 3 B, and C to 4 C, and you will have 
3 A greater than 5C : but 3 B is left than 5C by the conftruCtion ; there- 
fore we have tour quantities A , C, B and C, whereof 3 A and 3 B are 
equimultiples of the firft and third, and 5C and 5 C are other equimulti- 
ples of the fecond and fourth; and iince the fir ft multiple 3 A is greater 
than the fecond 5 C, and at the fame time the third multiple 3.6 is not 
greater than the fourth 5 C, but left, it follows from the feventh defini- 
tion, that of the four quantities A, C, B and C, A hath a greater pro- 
portion to C than B hath to C. ^ E. D. 

Again, fincewehave four quantities C, B, C and A, whereof 5C and 
5C are equimultiples of the firft and third, and 3 B and 3 A are other e- 
quimultiples of tne fecond and fourth ; and fince tire firft multiple 5C 
is greater than the fecond 3 B } and at the lame time the third multiple 
5C is not greater than the fourth 3 A, but left, it follows from the fe- 
venth definition, that of the four quantities C } B, C and A, C hath a 
greater proportion to B than C hath to A. E. D. 

Proposition 9, 

274. If two quantities A and B have both the fame proportion to a third 
as C, or if C hath the fame proportion to both A and B; in either of 
thefe cafes A and B muji be equal to each other. 

For Ihould either of them be greater than the other, lliould A be grea- 
ter than B, then by the laft propofition, A muft have a greater propor- 
tion to C than B hath to C, contrary to the firft fuppofition ; and C muft 
have a greater proportion to B than it hath to A y contrary to the fecond 
fuppofition j therefore A and B muft be equal to each other. ^ E. D. 

Proposition 10. 


£75. If of three quantities A, B and C, A hatha greater proportion 
to C than B hath to C, or if C hath a greater proportion to B than 
it bath to A ; in either of thefe cafes A muji be greater than B. 

For was A equal to, or lefs than J 5, then either A muft have the 
feme proportion to C that B hath to C, as in the feventh propofition, or 
or a left, as in the eighth, both which contradict the firft mppofition : 
and again, was A equal to, or lefs than J9, then either C muft nave die 
feme proportion to A that it hath to B, as in the feventh propofition, 
or a greater as in the eighth, both which contradict the fecond fuppofi- 
tion i therefore A muft be greater than B. D. \ * 

P * V 
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Proposition 11. 

276. If two ratios be the fame with a thirds they mujl be the fame with 
one another : as if the ratio o f A to a and the ratio of C to c be both 
the fame with the ratio of B to b, then the ratio of A to a will be 
the fame with the ratio of C to c : or thus ; If A be to a as B to b, 
anf B to b as C to e ; I fay then that A will be to a as C to c. 

For taking any equimultiples of the antecedents, fuppole 3 si, f ) B l 
3C; and any other equimultiples of the conlequents, fuppole 2 a, zb, 

2 c, let 3 A be greater than 2 a ; then fince by the fuppofition si is to a 
a.s B to b, and 3 A is greater than za, 3B mull be greater than zb bv 
the fifth definition : again, fince B is to b as C to c, and 3 B is greater 
than zb, 3 C mull be greater than zc : thus then we lee that if 3 A be 
greater than 2 a, 3 C mull necellarily be greater than 2 c: and in like 
manner it may be dcmonllrated that if 3 A be equal to, or lefs than za, 
3C will accordingly be equal to, or lefs than 2 c. Since then we have 
four quantities A, a, C and c, whereof 3 A and 3 C reprefent any equi- 
multiples of the firll and third, and 2 a and 2 c any other equimultiples of 
the fecond and fourth ; and fince 3 A cannot be greater than, equal to, 
or Ids than 2 a, but 3C mull accordingly be greater than, equal to, or 
lefs than zc, it follows from the fifth definition that thefe four quanti- 
ties A, a , C and c mull be proportionable, A to a as C to c. ^ E. D. 

Proposition. 12. 1 

277. If ever fo many quantities A, B, C in one Jertes be proportionable 
to as many a, b, c in another , that is , A to a as B to b as C to c ■, 
I fay then, that as any one antecedent is to it’s confequent, fo will the 
fum of all the antecedents be to the fum of all the confequent s ; that is, 

as A is to a fo will A+B-+-C be to a-+-b-+-c : or if we fuppoft 

A-+-B-f-C=S, and a-f-b-+-c=s, I fay then that as A’ is to a fo 
will S be to s. 

For taking any equimultiples of the antecedents, fuppofe 2 A, 3 J 5 , 3(7, 
and any other equimultiples of the confequcnts, fuppole 2 a, zb, zc, let 
2 A be greater than 2 a ; then lince A is to a as B to b , and 2 A is grea- 
ter than za, 3J? mull be greater than zb by the fifth definition : again, 
lince JB is to b as C to c, and 3# is greater tlian zb, 3C mull be greatei 
than 2 C; therefore if 3 A be greater than za, not only $B will be grea- 
ter than zb, but alfo 3 C will be greater th;ui zc, and conlequently the 

k whole fum will be greater than the whole fum za-^-zb-k-zc: 

.jsJSut by the firft propofition, the fum 3-^-h 3 3 C is the fame mul- 

M m m tiple 
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tiple of the fttm ~AA-BA-C or S that 3 A is of A, therefore 3 ^4- 3 £4-3 C ' 

= 36’; and for the fame reafon ~za-+2b-\- 2 ~c = 2 s ; therefore we may 
now fay that if 3 A be greater than ?.a, 3 S will be greater than 2 s : and 
after the fame manner might it be demonftrated, that if 3 A be equal to, 
or lefs than 2 a, 3 S will be equal to, or lefs than 2s. Since then we have 
four quantities A, <7, S and s, whereof 3 A and 3 S reprefent any equi- 
multiples of the hr ft and third, and 2 a and 2 s any others of the fecond 
and fourth; and fince iA cannot be greater than, equal to, or lefs than 
2tf, but 3 5 muft in like manner be greater than, equal to, or lefs than 
2 s, it follows from the fifth definition that thefe four quantities A, a , 

S and s mult be proportionable, A to a as 5 to s. ^ E. D. 

Proposition 13. 

278. If A hath the fame proportion to a that B hath to b, but B hath 
a greater proportion to b than C hath to c ; / fay then that A hath a 
greater proportion to a than C to e. 

For fmce by the fuppofition B is to b in a greater proportion than 
C to c, it follows from the feventh definition that there are equimulti- 
ples of B and C, and others again of b and c, of inch a nature, that 
Bs multiple fhall exceed that of b, and at the fame time Cs multiple 
fhall not exceed that of c: let then 3 B exceed 2 b, and let 3 C not ex- 
ceed 2 c ; then fince A is to a as B to b, and 3 B exceeds zb, \A muft 
nccelfarily exceed 2 a by the fifth definition ; therefore we have four 
quantities A , a , C and c, whereof 3 A and 3 C arc equimultiples of the 
%ft an,d third, and 2 a and 2 c are other equimultiples of the fecond and 
fourth; and fmce yA exceeds 2 a when 3 C does not exceed 2 c, it fol- 
lows from the feventh definition that of thele four quantities A, a, C 
and c, A hath a greater proportion to a than C hath to c. E. D. 

Proposition * A 

279. If four homogeneous quantities ire proportionable, the JirJl to the 
J'econd as the third to the fourth ; J fay then that the fecond will be 
greater than , equal to, or lefs than the fourth, according as the JirJi is 
greater than, equal to, or lefs than the third : as if A be to B as C 
is to D ; 1 fay then that B will be greater than, equal to, or lefs than 
D, according as A is greater than, equal to, or lefs than C. 

Case j. 

Let A be greater than C : I fay then that B will be greater thaiyZX 
For fince A is greater than C, A will have a greater proportion t<X Jf 
than C hath to B by the eighth propofition : again, fmce C is to Df 
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as A to B, and A hath a greater proportion to B than C hath to B, it 
follows from the laft propofition that C is to D in a greater proportion 
than C to B ; therefore by the tenth propofition B is greater than D. 
%E. £>. 

Case 2. 

Let now A be lefs than C : I fay then that B will be lefs than D. 
For if A be lefs than C ; then C will be greater than A : fmce then C 
is to D as A is to B ex hypothef , and C is greater than A, it follows 
from the lull cafe that D will be greater than B ; and therefore B will 
be lefs than D. E. D. 

Case 3. 

Laftly let A lie equal to C : I lay then that B wall be equal to D. 
For fince A is equal to C , A will be to B as C is to B by the leventh 
propofition ; but C is to D as A to B by the luppofition ; therefore C is 
to D as C is to B by the eleventh propofition ; therefore B and D are 
equal by the ninth. ^ E. D. 

Proposition 15. 

280. Parts are in the fame proportion with their rejpcthve equimultiples , 

Let A and a he any two homogeneous quantities , whereof 3 A and 3a 
reprefent any equimultiples rejpeblively ; I Jay then, that A will he to 
a as 3 A to 3 a. "> 

For take B and C both equal to A, and alfo b and c both equal to a ; 
then by the feventh propofition we fliall have A to a as B to b &■> v. LO 

c j therefore by the twelfth propofition we fliall have A to a as A-\-B-\~G 

to a -J— b -4- c : but in this cafe A-+-B~{-C— t,A, and a -\-b •+•<:= yi ; 
therefore A h to a as 3 y/ is to 3 a. ^ E. D. 

Proposition 16. 

281. If four homogeneous quantities be proportionable , the fir ft to the fe- 
cond as the third to the fourth ; I fay then that they will alfo be alter- 
nately proportionable, that is, thefirjl to the third as the jeccnd to the 
fourth : as if A be to B as C to D ; J jay then that A will be to C 

as B to D. 

For taking any equimultiples of A and B, fuppoie 3 A and 3 B, and 
any others of C and D, fuppofe 2 C and 2 D -, fince 3 A is to 3 B as A to 
B by the laft, and A is to B as C to JD by the fuppofition, and C is 
to Jl) as 2 C to fiD by the laft; it follows from the nth propofition 
>hat 3 A is to 3 B as 2 C to 2 D ; therefore by the 14th propofition, $A 
* M m m 2 cannot 
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cannot be greater than, equal to, or let's than 2 C, but at the fame time 
3J 3 muft be greater than, equal to, or lefs than 2 D. Since then we have 
four quantities A, C, B and jD, whereof 3 A and 3B reprelent any e- 
quimultiples of the firft and third, and 2 C and 2 D any other equimul- 
tiples of the fecond and fourth > and fince 3 A cannot be greater than, 
equal to, or lei's than 2 C, but 3 B mull accordingly be greater than, 
equal to, or lefs than 2 D, it follows fiom the fifth definition that thefe 
four quantities A, C, B and D mu ft be proportionable, A to C as B to 
D. %.E.D. 

Note. Alternate proportion can have no place, except where all tire- 
quantities A t B y C and D are of the fame kind : for if JXand B were of 
one kind, and C and D of another, how would it be poflible for the 
quantities A and C, or B and D to have any proportion one to another, 
much lefs the fame t 

Proposition 17. 

282. If four quantities A, B, C and D, whereof A is greater than B. 
and C greater than D, be proportionable, A to B as C to Ds [Jay 

then that A — B will be to B as C — D is to, D, which is called 
proportion by divifion. 

For let 3 Ay 3 B } 3 C and 3 D be any equimultiples of the quantities 

A t By C and JD j then will 3 A — 3 JB and 3 C — 3 D be like multiples of 

A — B and C — O. Again, let 2 B and 2D be any other equimultiples 
of B and X), and let 3 A — 3 J 5 be greater than 2 B j then, if 3B be 
iddcd.to both fidcs, we ihall have 3 A greater than 5 B j and becaufe A' 
is to B as C is to D, we (lull have by the fifth definition, 3 C greater than 

5 D - y take 3 D from both Tides, and you will have 3 C — 3 D greater 

than 2D i therefore if 3 A — 3 B be greater than 2B, 3 C — 3 D muft 
be greater than 2 D ; and by a like-procefs it may be demonftrated, that 

if 3 A — 3 B be equal to, or lefs than 2 B, 3 C — 3/) will be equal to, 

or lefs than 2D. Since then we have four quantities, A- — B, B t C — D 

and D, whereof 3 A — ] B and 3 C — 3 D reprefent any equimultiples of 
the firft ami third, and 2 B and 2 D any other equimultiples of the fe- 
cond and fourth ; and fince 3 A — 3 B cannot be greater than, equal to, 

or ltefs than 2 B, but at the lame time 3 C- — 3 D muft accordingly he 
greater than, equal to, or lefs than 2 D, it follows from the fifth defi- 
nition that thefe four quantities A — B, B, C — D and D muft\be 
proportionable, A—B to B as C~D to D, g^E, D. 

Pro* 
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Proposition 18. 

283.. If four quantities A, B, C and D be proportionable , A to B as C 

D j I Jay then that A-f-B will be to B as C-f-D toD, which is cal- 
led proportion by compofition . 

If this be denied, that A-\-B is to B as C-f-D is to D, it muft then 
be allowed that A~\~B is to B as C-f-D is to fome quantity either 
greater or lefs than D ; fuppofe to a greater, and call it E ; then fince 
E is by the fuppofition greater than D, if C— £ be added to both 

fidcs, we (hall have C greater than C-f-D — £. This being obferved, 
let us begin again, and fuppofe A-\-B to B as C-f-D to E j then we 

fhallhave dividend/) , (that is, by the laft proportion,) A-^-B — B io B as 
C-f-D— £ to £ j but Aa-B — B is equal to A ; therefore A is to B as 
CTD~E is to £ j but A is to B as C is to D by the fuppolition i 
therefore C is to D as C-f- D — £ is to £ ; but of thefe four proporti- 
onals C, D, CnhD — £ and £, it has been proved that the firft is grea- 
ter than the third, that C is greater than C-f-D — £; therefore by 
the fourteenth, the fecond mult be greater than the fourth, that is, D 
muft be greater than £ j therefore £ muft be lefs than D } therefore if 
A-+-B be to B as- C-t-D is to any quantity greater than D, that quanti- 
ty muft alfo be lefs than D, which is impoffiblej therefore it is impo/li- 
ble for A- f- B to be to £ as C-f-D is to any quantify greater than D : 
and by a like procefs it may be demonftrated, that it is as impollible for 
A-i-B to be to B as C-f-D is to any quantitity lefs than D \ thuefh.- 
A- f- B muft be to £ as C-f- D is to D. E. D. 

Proposition 19. 

2 S’ 4. If from two quantities A and B in any proportion be jubtrat'led 0- 
th-y; two C and D in the Jdmc proportion ; I J’ay then that the re- 
mainders A — C and B — D will Jlill be in the Jdmc proportion , that' 
is, that A — C will be to B' — 1 > as A to B or as C to D. 

For lince by the fuppofition A is to B as C is to D, we ftiall liave 
pennutando, (that is, by the fixteenth propofition,) A to C as B to D * andf 
dtvidendo, A — C to C as B — D 1 to D ; and again permutando , A-—C 
to B — D as C is to Di but A is to B as Cisto D; therefore A — C 
is to B — D as A to B. £. D. 

Scholium. 

/£lere Do&or Gregory in his manufeript copy finds a corollary demons 
^ siting that illation called- converfion of proportion j but becaule it is 

difficult 
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difficult to make fenfe of that demonftration, I chufe rather to infert his 
own demondration of the fame propolition, which is as follows. 

If jour quantities A, B, C and D be proportionable , A to B as C to D j 
/ fay then that A is to A — B as C is to C — D, which is called convcr- 
fion of proportion. For fince by the fuppofition A is to B as C is to D, 
\ve (hall have dividends, A — B to B as C — D to D j and invertendo , 

B to A — B as D to C — D ; and cowponendo, B^-A — - B to A — B as 
D-t-C — D to C—D, that is, A to A—B as C to C—D. E. £>. 

As to the foregoing nineteenth propolition I diall further obferve, that 
as in that propolition, by divilion of proportion it was dcmonftratcd, that 
if from two quantities A and B in any proportion, be lubtr acted two 
others C and D in the fame proportion, the remainders A — Cand B — D 
will dill be in the fame proportion w ith A and B ; fo by compofition of 
proportion it may be dcmonftratcd, that if to two quantities A and B in 
any proportion be added two others C and D in the fame proportion, the 
aggregates A-\~C and B-+-D will dill be in the lame proportion with A 
and B ; but this has already been demonftratcd, being a particular cafe 
of the twelfth propolition. 

Proposition 20. 

285. If there be three quantities A, B and C in one feries, and three 0- 
thers D, E and F in another , and if the proportions in one J "erics be 
the fame with the proportions in the other when taken in the fame or- 
der , as if A he to B as D is to E, and B to C as E to F ; I fay then 
that A cannot he greater than , equal to, or lejs than C in one Jeries, 
but accordingly D nrujl be greater than , equal to, or lejs than F in 

"Hoe other. 

Tor let A be greater than C ; then it is plain from the eighth propo- 
lition that A mud have a greater proportion to B than C hath to B 
but A is to B as D to E by the fuppofition, and C is to B as F to E, 
becaufe by the fuppofition B is to C as E to F; therefore D bath a grea- 
ter proportion to E than F hath to E j therefore D is greater than F by 
the tenth propolition ; therefore if A be greater than C, D mud; be grea- 
ter than F : and after the fame manner it may be demondrated, that if 
A be equal to, or lefs than C, D mud accordingly be equal to, or lefs 
than F; therefore A cannot be greater than, equal to, or lefs than C, but 
• accordingly D mud be greater than, equal to, or lefs than F. D. 

Proposition 2t. 

286. If there be three quantities A, B and C in one fries, and three 
others D, E and F in another , and if the proportions in one feriesStt 
the fame with the proportions in the other , but in a \ different order?* 
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as if A be to B as E is to F, and B to C as D is to E j I Jay fill 
that A cannot be greater than , equal to , or lefs than C, but accord- 
ingly D tmtjl be greater than , equal to, or lefs than F. 

For let A be greater than C; then by the eighth proportion A mull 
have a greater proportion to B than C hath to B ; but A is to B as E 
is to F by the fuppofuion, and C is to B as E to D, becaufe by the 
liippofition B is to C as D to E ; therefore E hath a greater proportion 
to F than it hath to D ; therefore D muft be greater than F by the 
tenth proportion ; therefore if A be greater than C, D mull be greater 
than F: and by a like way of realbning, if A be equal to, or lefs than 
C, D will accordingly be equal to, or lefs than F \ therefore A cannot 
be greater than, equal to, or lefs than C, but accordingly D muft lx- 
greater than, equal to, or lefs than F. £. D. 

Proposition 2 2. 

287, Tf there be three quantities A, B and C in one fries, and three u- 
thers D, K ami F in another, and if the proportions in one fries be 
the fame with the proportions in the other when taken in the fame or- 
der ■, / fay then that the extremes in one fries will be in the fame 
proportion with the extremes in the other: as tf A be to B as D is 
to E, and B to C as E to F; I jay then that A will be to C as 
D to F. 

Note. For avoiding a multiplicity of words, this confequtnce is (aid 
to follow ex <equo ordinate, or ex eeqno : fee the cighteeiSh and nineteenth 
definitions. 

Take any eouimultiples of A and /), iuppoie A A and 4 D, and .my 
others of B and E, fuppofe 3 11 and 3 E, and latlly any others of C and 
F, as 2 C and 2 F-, then fince by the liippofition A is to B as D is to 
E, it follows from the fourth proportion that a A will be to 3 B as aD 
to iE : again, lince by the liippofition B is to C as E to F, it follows 
tiom the tame fourth proportion that iB will be to 2 C as 3 E to 2 F: f> 
that we have three quantities, to wit 4 A, $B, 2 C in one ferics, and three 
others, to wit 4 D, 3 E and zF in another •, and it has been Ihewn that 
the proportions in one feries are the lame with the proportions in the o- 
ther when taken in the lame order, that is, 4 A is to 3 B as 4 D to 3E, 
and 3E to 2 C as 3E to 2 F -, therefore by the twentieth propofition, 4 A 
cannot be greater 'than, equal to, or lefs than zC, but 4 D muft accord- 
ingly be greater than, equal to, or lefs than 2 F. Since then we have four 
quantities A, C, D and F, whereof 4 A and 4 D reprelcnt any equimul- 
tiples of the firft and third, and 2 C and zF any other equimultiples of 
lh|/fecond and fourth j and fince 4 A cannot be greater than, equal to, or 
*' left 
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lcfs than 2 C, but accordingly 4 D mud be greater than, equal to, or lefs 
than 2 F, it follows from the fifth definition that thcfe four quantities 
A, C, D and F are proportionable, A to C as D to F. ^ E. D. 

Corollary. 

In like manner if there be ever Jo many quantities A, B, C, G, &c in 
one [erics } and as many others D, E, F, H, &c in another , and if Abe h 
B as D is to E, and B to C as E to F, and C to G as F to H, &c, the 
confluence with refpcB to the extremes will jlill be the fame , that is, A 
will be to G as D to H : tor it has been proved already that A is to C as 
JI to F ; and by the fuppofition C is to G as F to H-, therefore ex eequo, 
A will be to G as D to II,. 

* P » o p o s 1 r f o n 23. 

,288. If there be three quantities A, B and C in one fries, and three 0- 
thers D, E and F in another , and if the proportions in one fries be 
the fame with the proportions in the other , but in a different order j I 
Jay that the extremes in one fries will jlill be in the fame proportion 
with the extremes in the other : as if A be to B as E is to F, and B to 
C as D to E ; J fay Jlill that A will be to C as D to F. 

Note. This confequence is faid to l>e ex tequo perturbate , 

Take any equimultiples of A, B and D , fuppofe 3 A, 3 B and 3 jD, 
and any others g f C, E and F, fuppofe 2 C, 2 E and 2 F t and the rea- 
foning is as follows : 3 A is to 3B as A to B by the fifteenth, and A is 
to B as E to F by the fuppofition, and E is to Fas 2E to 2 F by the 
fifteenth ; therefore ^A is to 3/? as zE to 2F by the eleventh : again, B 
is to C as D to E by the fuppofition ; therefore 3B will be to 2C as 3D 
to 2E by the fourth: fince then we have three quantities, to wit \A, 
3 B and 2 C in one feries, and three others, to wit 3 D, 2 E and zF in 
another, and fince the proportions are the lame in both feriefes, but in a 
different order, that is, fince jA is to 3 B as 2 E to 2 F, and 3 B is to 
2 C as 3 D to 2 £, it follows from the twentyfirft proportion, that 3 A 
cannot be greater than, equal to, or lefs than 2 C, but 3 D muft accord- 
ingly be greater than, equal to, or lefs than 2 F : again, fince we have 
/our quantities A, C, D and F, whereof 3 A and 3D reprefent any e- 
! quimultiples of the firft and third, and 2 C and 2 F any others of the fe- 
cond and fourth, and fince 3 pi cannot be greater than, equal to, or lefs 
than 2 C, but 3 D muft accordingly be greater than, equal to, or lefs than 
2F, h follows from the fifth definition that thefe four quantities A C D 
pnd F are proportionable, A to C as D to F. 4 ^ E. D, * *\ * 

PrV 
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Proposition 24. 

289. If there he fix quantities A, B, C, D, E, F, whereof A is to B 
as C is to D, and E is to B as F to D ; I fay then that A-t-E will 
he to B as C-l-F to D. 

For iinceby the fuppofition E is to B as Fto X), we Avail have in- 
•vertendo, B to E as D to F. Since then A is to B as C is to D by the 
fuppofition, and B is to E as D to F, it follows ex aquo, that A is' to E 
as C to F } whence coniponendo, A-h E will be to E as C-\- P is to T'\ 
a^ain, fincc A 1 : is to E as C-\-F is to F, and E is to B as F to 6 
by the fuppofition, it follows again ex aequo , that A-\~E is to B as CU-E 
to D. E. D. 

Lemma. 

2 V°- Vf (Mr quantities A, B, C and D be proportionable , A to B C 
to 1 ); I Jay then that A cannot pojjibly be greater than , equal to , or lejs 
than B, but that C will accordingly be greater than, equal to, or lets 

That this lemma is lelf-evident according to the common notion of 
proportionality, or even upon the plan of the fifth definition, were Am- 
ple quantities allowed to be confidered as equimultiples of themlelves, is 
what I fuppofe will lcarce be denied: but this the name of multiple and 
equimultiple will by no means admit of, and therefore care has been taken 
to provide againft it, as may be leen in my obiervatid&s on the fecond 
definition, and at the end of th: iixth propofition : therefore as the doc- 
trine of proportion here Hands, this lemma ought certainly to be demon - 
ft rated ; and the author’s taking it for granted in the demoaftration of the 
next propofition following, where he might with fo much eafe have 
avoided it, is not fo much an argument of it’s felf-evidency, as that he 
had demonftrated it lomewhere before in this fifth book, but that it is 
now loft.. Commandine , from the fourteenth of this book, has demon- 
ftrated one particular cafe of this propofition, that is, where the quanti- 
ties A , B, C and F) are all of a kind ; but this propofition is n’o lets 
true when the quantities A and B are of one kind, and C and D of 
another. This Clavius very well obferves, and endeavours to demon- 
ft rate this propofition in this more extended fenle } (lee his fcholium to the 
fourteenth propofition Qf the fifth book j) but whether this demonftration 
of his amounts to any more than proving idem per idem , let them that 
read it judge. The demonfiration I thall here give of it is as follows. 

I am to demonfirate that if A be to B as C is to D then A cannot 
pqlfibly be greater than, equal to, or lels than £, but accordingly C mull 
be greater than, equal to, or lefs than D. 

N n n Case 
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Let A be greater than B ; I fay then that C mull be greater than D. 
For fince A is greater than B, multiply the excefs A — B to a multiple 

greater than B, and let this multiple be 3 A — 3B ; then lince 3 A — 3 B 
Is greater than B, if %B be added to both tides, we (hall have 3 A greater 
than 4 B : again, lince A is to B as C is to D, and 3^ is greater than 
4B, we fliall have by the fifth definition, 3C greater than 4 Z); there- 
fore 3C mull be much greater than 3 D, and C'inuft be greater than D„ 

^ £■ *>• 

C AS E 2. 

Let now A be lefs than B ; 1 fay then that C mufl be lefs than D. 
For lince A is to B as C is to D, we fliall have imrrtendo , B to A as 
D t0 C\ but B is greater than A, becaufe by the iuppofition A is lefs 
than B ; therefore D mull be greater than C by the lall cafe ; therefore 
C mull be lefs than D. E. D. 

Case 3. 

Laftly let A be equal to B ; I fay then that C mull be equal to D. 
For fince C is to D as A is to B, Ihould C be greater or lefs than D, 
A would accordingly be greater or lefs than B by the two lall cafes ; but 
A is neither greater nor lefs than B by the fuppofition ; therefore C is nei- 
ther greater nor Ids than D ; therefore C is equal to D. ^3 E. D. 
ft: 

Proposition 25. 

2Qi. If few quantities A, B, C and D be proportionable, A to B as C 
to D ; I fay then that the fnm of the greatefi and leaf terms pat to- 
gether Ail be greater than tl - fum of the other two. 

Let A be the grcateil of all ; then lince A is to B as C is to D , and 
B is lei's than A, D will be lcls than C by the lemma: again, fince A 
is to B as C is to 1 ), and C is lefs than A, D will be lefs .than B by 
the fourteenth; therefore if A be the grcateil of all, D, which is lefs 
than either A B or C, will he the leall of all, and fo the fum of the 
greatefi and leafl terms added together will be yf-f-D; therefore the fum 
of the other two will be B-pC. We are now then to prove that the fum 
A-+- D is greater than the fum B-+-C, which is thus done: It has been 
demcnflrated in the nineteenth propofition, that if from two quantities 
A and B in any proportion whatever, be lubtradled other two C and D 
in the fame proportion, the remainder A — C will be to the remainder 
B~-D as A to B y but A is greater than B by the fuppofition ; there- 
fore ji C mull be greater than B — D by the lemma ; add CAD tb 

both fides, and you will have A+D greater than B-pC. ^ E. £>.’ * 
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Corollary. 

If three quantities A, B and C be in continual proportion, A to B as B to 
C ; I fay then that the Jum of the extremes will be greater than twice the 
middle term , that A-f-C will be greater than B-+-B or 2B. 

OF THE COMPOSITION AND RESOLUTION 

OF RATIOS. 

TV. B. As numbers are quantities whereof we have more diftind ideas 
than of any other quantities whatever, and as all ratios muft be redu- 
ced to thofe of numbers before we can make any conlidcrable ufe of their 
compoiition and refolution in computing the quantities of time, fpace, 
velocity, motion, force, &c ; I lhall confine myfelf chiefly to this fort 
of ratios in what I have to deliver in the following articles. 

Definition i. 

29a. Tn comparing ratios , that ratio is Jaid to be greater than, equal to, 
or le/s than another , whofe antecedent hath a greater , or an equal , or a leji 
proportion to it's cmfeque'nt than the other's antecedent hath to it's confequent. 
Thus the ratio of 6 to 3 is faid to be greater, and the ratio of 4 to 3 
leis than the ratio of 5 to 3 : thus again, the ratio of 6 to 3 is laid to 
be greater, and the ratio of 6 to 5 lefs than the ratio Q of 6 to 4, &c. 
’Therefore whenever two ratios are to be compared whofe antecedents and con- 
fequents are both different , it will be proper to reduce them to the fame ante- 
cedent or to the fame confequent , before, the comparifon is made. As for in- 
1 lance j fuppofe any one would know which of thefe two ratios is the 
greater, to wit, the ratio of 7 to 5, or the ratio of 4 to 3 : to know 
this, it will be proper to fet off one of the ratios, fuppofe that of 4 to 3, 
from 7 the antecedent of the other, (by which phraie I mean no more 
than finding a number to which 7 hath the fame proportion that 4 hath 

to 3 ;) and this may be done by faying, as 4 is to 3 fo is 7 to ~ or 5^: 

thus then it appears that the proportion of 4 to 3 is the lame with the 
proportion of 7 to 5 \ $ fo that now the quellion turns upon this, which 
of thefe two ratios is the greater, that of 7 to 5, or that of 7 to 5 > ? 
and the anfwer is ready, to wit, that the ratio of 7 to 5 is the greater 
ratio, by the eighth propolition of the fifth book of the elements j there- 
fore the ratio of 7 to 5 is greater than the ratio of 4 to 3. Again, fup- 
pofe. 1 would compare the ratio of 3 to 4 with the ratio of 5 to 7 ; then 
1 would fet off ’the ratio of 3 to 4 from 5, by faying, as 3 is to 4 fo is 

N n n 2 5 
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5 to — or 7 — ; whereby it appears that the ratio of 3 to 4 is the 

lame with the ratio of 5 to 7 — ' r ; but the proportion of 5 to >7 — } is 
greater than the proportion of 5 to 7, as is evident from the eighth pro- 
portion of the fifth book of the elements, and alio from the very nature 
of ratios, the number 5 having more magnitude when compared with 
7— i than it hath when compared with 7 j therefore the ratio of 3 to 
4 is greater than the ratio of 5 to 7. 

There is alfo another way of comparing ratios by turning their terms 
ihto fractions, making the antecedents numerators, and the confequents 
denominators. Thus the ratio of A to B is greater than, equal to, or lefs 

A 

than the ratio of C to D, according as the fradion is greater than, 

C A 

equal to, or lefs tlian the fradion -jj : for the ratio of g to 1 is greater 


than, equal to, or lefs than the ratio of to 1 , according as the frac- 

. A C 

t,on y is greater than, equal to, or lefs than the fradion j this is c- 


A 

vident from what has been laid down already : hut the ratio of — - to 1 

B 

Q 

is the lame witlCthc ratio of A to B, and the ratio of ^ to 1 is the fame 
Avith the ratio of C to D j therefore the ratio of A to H is greater than, 
equal to, or lefs than the ratio of C to D according us the fradion ^ 

Q 

is greater than, equal to, or lefs than the fradion . But this way of 


reprefenting ratios by fradions, though it may feive well enough for 
compring them as to greater and lefs, yet ought it not by any means 
to be admitted in general, becaufe thefe reprefentatives arc not in the fame 
proportion with the ratios reprefcnted by them : thus the fradion - is 
double of the fradion ;, but yet it mull by no means he concluded from 
thence that the ratio of 6 to 2 is double of the ratio of 3 to 2 ; for it 
will be found hereafter that the ratio of 9 to 4 is double of the ratio of 
3 to 2. For my own part, I never was a favourer of reprefenting ratios 
by fradions, or even fradion- wife, as is done by Barrow and others; 
not only for the reafons above given, but alio becaufe that this wjty of 
reprefenting ratios is very apt to millead beginners into f wrong concep- 
tions of their compolitiou and refolution. 


D £ F I- 



Art. 29,3. 


RESOLUTION OF RATIOS. 

Definition 2. 
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293. In a f cries of quantities of any kind wbatfoever increafmg or He - 
creajing from thefirji to the laf , the ratio of the extremes is /aid to he com- 
pounded of' ail the intermediate ratios. Thus if A, B, C, D reprefent any 
number of quantities put down (or imagined to be put 
down) in a feries, the ratio of A to D is faid to be com- A, B, C, D: 
pounded of, or to be refolvable into thefe ratios, to wit,. 48, 40, 30, 1 5. 
the ratio of A to B y the ratio of B to C, and the ratio’ 
of C to D : or thus; If A and D he any two- quantities, and if B, C\ 
&c reprefent any number of other intermediate quantities interpofrd at 
pica Jure between A and D, the ratio of A to D is faid by this interpojition 
to he rejoined into the ratios of A to B, of B to C, and of C to D. 

This is no proportion to be proved, but a definition laid down of what 
Mathematicians commonly mean by the compoiition and refolution of 
ratios, which is certainly no more than what they mean by compoiition 
and refolution in the cafe of any other continuum whatever. As for in- 
ftance ; luppoie the letters A, B, C, D inllead of reprefenting quanti- 
ties, to. reprefent fo many diftindt points placed in a right line one af- 
ter another, whether at equal or unequal didances it matters not r who 
then would fcruple to lay that the whole interval AD confided of the 
intervals AB , BC, CD , as of it’s parts ? Or if the points A and D be the 
extremities of a line, and any number of points B, C, &c be marked at 
pleafure upon it ; who will not lay that the line A Dys by thefe points 
rclblvcd or diftinguifhed into the parts AB, BC, CD, &c ? This is the 
calc in the compoiition and' refolution of lines; and I fee no difference 
when applied to the compoiition and refolution of ratios, except that 
here the whole and all it’s parts are lines, and there the whole and ali it’s 
parts are ratios. 

If A , B, C, D, (sc lignify quantities, the ratio of A to B begins at A 
and terminates in B ; the ratio of B to C begins at B where the for- 
mer left off,, and terminates in C ; and the ratio of C to D begins at C 
and terminates in D : why then lliould not thefe continued 'ratios be 
conceived as parts confii tilting the whole ratio of A to i)? That ratios are 
capable of being compared as to greater and lefs, and that one ratio may 
be greater than, equal to, or lels than another,, we have feen already; 
and if lb, why lliould not ratios be allowed to have quantity as well as 
all other things that are capable of being fo compared? but if ratios have 
quantity, they inuft have parts, and thefe parts mull be of the fame na- 
ture with the whole, becaufe ratios are not capable of being compared 
with any thing but ratios : therefore I do not fee but tliat the idea l 
have here given of the compoiition and refolution of ratios is as juft and 

as 
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as intelligible as it is when applied to any other compofition or refoluti- 
on whatsoever. 

To proceed then, let A, 1 3 , C, D be points in a right line as before ; 
let the line AB be equal to any line Rr, let BC be equal to fome o~ 
ther line Ss, and CD to the line Tt ■, then it will not only be proper to 
fay that the line AD is equal to the three lines *AB, BC, CD, but alfo 
that the fame line AD is equal to the three lines Rr, Ss and T’t put to- 
gether : and the lame confideration is hill applicable to ratios ; for fup- 
poling A, B, C, D again to llgnify quantities, as alfo R, S, T, r, s, t; 
let A be to B as R to r, let B be to C as S to s, and let C be to D as T’ 
to t-, then it is ufual amonglt Mathematicians not only to confidcr the 
ratio of A to D as compounded of the Idler ratios of A to B, of B to C 
and of C to D, but alfo as compounded of the ratios of R to r, of S to 
s, and of to t. All this will be very intelligible, if we attend to the 
feries already deferibed ; for there the ratio of 48 to r 5 was compound- 
ed of the ratio of 48 to 40, of 40 to 30, and of 30 to 15; but 48 is to 
40 as 6 to 5, and 40 is to 30 as 4 to 3, and 30 is to 15 as 2 to 1 j 
therefore it is as proper to confider the ratio of 48 to 15 as compound- 
ed of the ratios of 6 to 5, of 4 to 3, and of 2 to 1, as it is to confider 
it as compounded of the ratios of 48 to 40, of 40 to 30, and of 30 to 1 


Dekinitinon 3. 


294. As when a line is divided into any number of equal parts, the whole 
line is (aid to be Jk:h a multiple of any one of the/e parts as is ex prefed by 
the number of parts into which the whole is J'uppofed to be divided j fo in a 
feries of continual proportionals, where the intermediate ratios are all equal 
to one another , and confequcntly to fome common ratio that indifferently rc~ 
prefents them all, the ratio of the extremes is j aid to be fuch a multiple of 
this common ratio as is expref'ed by the number of ratios from one extreme 
to the other. Thus 9, 6 and 4 are continual proportionals, whofe common 
ratio is that of 3 to 2 j for 9 is to 6 as 3 to 2 , and 6 is to 4 as 3 to 

2 j therefore in this cafe, the ratio of 9 to 4 is faid to be the double of 
the ratio of 3 to 2 j and on the other hand, the ratio of 3 to 2 is faid 
to be the half of the ratio of 9 to 4 * but the common expreflion is, that 
9 is to 4 in a duplicate ratio of 3 to 2, and 3 is to 2 in a fubdupheate 
ratio of 9 to 4. Again, 27, 1 8, 12 and 8 are in continual proportion, 
whofe common ratio is that of 3 to 2 j therefore 27 is to 8 in a tripli- 
cate ratio of 3 to 2, and 3 is to 2 in a fubtriplicate ratio of 27 to 8. 
Laftly 81, 54, 36, 24 and 16 are continual proportionals, whofe common 
tatiois that of 3 to 2j therefore 81 is to 16 in a quadruplicate ratid of 

3 to 2, and 3 is to 2 in a fubquadruplicate ratio 0181 to* 16. By thefe 

inftances 
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inftances wc fee that one ratio may not only be greater or lefs than ano- 
ther, hut a multiple, or an aliquot part of another ; nay there is no pro- 
portion can be afligned which fotne one ratio may not have to another : 
thus the ratio of 8 1 to 16 is found to be to the ratio of 27 to 8, as 4 to 3" 
becaufe the former ratio contains the ratio of 3 to 2 four times and the 
latter three times : thus again, the ratio of 27 to 8 is to the ratio of 9 to 
4, as 3 to 2, becaufe the former contains the ratio of 3 to 2 three times 
and the latter twice ; whereby it appears that proportion is competible 
even to ratios themfelves, as well as to all other continued quantities 
whatever. But though all ratios are in fome certain proportion one to 
another, yet this proportion cannot always be exprefled ; I mean when 
the quantities of ratios are incommenfurable to one another ; for ratios 
may be incommenfurable as well as any other continued quantities of 
what kind foever : thus the ratio of 4 to 3 is incommenfurable to the 
ratio of 3 to 2 ; which is the cafe of moil; ratios, though not of all. If all 
ratios were commenfurable to one another, their logarithms would be 
fo too ; and fo the logarithms of all the natural numbers might be accu- 
rately afligned ; whereas from other principles we know to the contrary, 
as will be feen when we come to treat particularly of logarithms. 

N. B. The belt way of reprefenting the quantities of ratios that I 
know of, is by Gunter's line, where as many of the natural numbers as 
can be placed upon it are difpofed, not at equal diftanccs one from ano- 
ther, but at diftanccs proportionable to the ratios they are in one to 
another.. Thus the diftance between 1 and 2 is eqq$l to the diftance 
between 2 and 4 , becaufe the ratio of 1 to 2 is equal to the ratio of 2 to 
4 : thus again, the diftance between 4 and 9 is double the diftance be- 
tween 2 and 3, becaule the ratio of 4 to 9 is double the ratio of 2 to 3 , 
and fo of the reft. 

Of the addition of ratios. 

295. Since all ratios are quantities, as has been (hewn in the three laft 
articles, it follows, that they alio as well as all other quantities mull be 
capable of addition, fubtradion, multiplication and diviiion : to treat 
then of thefe operations in their order, I lliall begin firft with addition. 

If the ratios to be added be continued ratios , that is, if they lie in a fe- 
rics wherein the antecedent of every J'ubfequent ratio is the fame with the 
confequent of the ratio that went immediately before , their addition is bejl 
performed by throwing out all the intermediate terms : thus the ratios of A 
to B, of B to C and of C to D when added together, make up the 
, ratio of A to D, as was (hewn in the 293d article. 

Therefore if the ratios to be added be discontinued, it will be proper to 

continue 
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continue them from fomc given antecedent, fuppofe from unity, before they 
can be added, thus : let the ratio of A to B, the ratio of Cto D, and the 
ratio of E to F be propofed to be added into one fum : now the ratio of A 

to B fet off from i reaches to becaufe A is to B as i to •, the next 

B BD 

ratio of C to D let off from j reaches to ~ 7 f( > an ^ the kift ratio of E 


-to F let oft* from reaches to > therefore the ratios of ul to B , 
of C to D and of E to F when added together, make the ratio of i to 
— ^v~ , which is the fame with the ratio of ACE to BDF-, whence we 


have the following canon : 

Multiply Jirjl the antecedents of all the ratios propofed together, and then 
their confequents , and the ratio of the produth thence arijing icill he the fum 
of the ratios propofed. 

That the ratios of A to B, of C to D and of £ to F all together 
conftitute the ratio of ACE to BDF may be further con tinned by fett- 
jng them off from ACE and from one another thus: the ratio of A to 
B let off from ACE reaches to BCE ; in the next place the ratio of C 
to D fet off from BCE reaches to BDE and laftly the ratio of E to 
F fet off from BDE reaches to BDF ; therefore all theie ratios together 
.conftitute the ratio of ACE to BDF. An example in numbers take as 
follows : let it be required to add thefc four ratios together, viz. the 
.ratio of 2 to 3, the ratio of 4 to 5, the ratio of 6 to 7 and the ratio of 
8 to 9. Here the prcxlud of the antecedents is 2 X4X 6 x 8 = 384, and 
the produd of the confequents is 3 x c X7 x 9 = 945 j therefore the fum 
of all the ratios propofed is the ratio of 384 to 94 5 j and the proof is eafy : 
for the ratio of 2 to 3 reaches from 384 to 576 ; the ratio of 4 to 5 
reaches from 576 to 720 ; the ratio of 6 to 7 reaches from 720 to 840 ; 
and the ratio of 8 to 9 reaches from 840 to 945 ; therefore the ratios 
of 2 to 3, of 4 to 5, of 6 to 7, and of 8 to 9 reach from 384 to 945. 

From what has here been laid concerning the addition or ratios, may 
eafily be underftood an expreflion fo frequent among Mechanical and 
Philofophical writers ; as wnen they fay that A is to B in a ratio com- 
4 pounded of the ratio of C to D, and of the ratio of E to F ; whereby 
they mean no more than that the ratio of A to B is equal to the fum 
of the ratios of C to D, and of JS to JFj or that A is to B as CE to DF. 

According to the Mathematicians, every ratio is either a ratio majoris 
inaqualitatis, or a ratio cequalitatis, or a ratio minoris inaqualifdatj 
which takes in all forts of ratios : for by a ratio majoris inaqualitatis 

they 
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they mean the ratio that any greater quantity hath to a lefs ; by a ratio 
minoris inaqualitatis they mean the contrary, that is, the ratio of a leffer 
quantity to a greater} and therefore by a ratio eequalitatis they mean the 
ratio (if it may be called fo) that every quantity hath to it’s equal. If vve 
diftinguifh ratios according to the effedts they nave in compolition, then 
every ratio major is inaqualitatis ought to be looked upon as affirmative, 
becaufe fuch ratios always increafe thofe to which they are added } on the 
other hand, the rationes minoris inaqualitatis ought to he conlidered as 
negative, becaufe thefe always diminim the ratios to which they are added} 
therefore the ratio eequalitatis ought to be looked upon as having no 
magnitude at all, ‘becaufe fuch ratios have noeffedt incompofition. Thus 
if to the ratio of 5 to 3 be added the ratio of 3 to 2, the fum will be 
the ratio of 5 to 2, as above } but the ratio of 5 to 2 is greater than the 
ratio of 5 to 3 ; therefore the ratio of 3 to 2 ought to be looked upon 
as affirmative, becaufe it increafes the ratio to which it is added : on the 
other hand, if to the ratio of 5 to 3 be added the ratio of 3 to 4, the fum 
will be the ratio of 5 to 4, which is lefs than the ratio of 5 to 3, and 
therefore the ratio of 3 to 4 is negative : laftly, if to the ratio of 5 to 3 
be added the ratio of 3 to 3, the fum will full be the ratio of 5 to 3 ; 
therefore the ratio of 3 to 3 is nothing. 

'Whenever a ratio is to be refolved into two others by any arbitrary 
interpofition of an intermediate term, it may be thought however that 
this intermediate term fhould be fome intermediate magnitude between 
the terms of the ratio to be refolved ; and fo we-fuppofe® it in the 293 d 
article : but that reftridtion was only fuppofed to prevent unfeafbnable 
objedtions that might otherwife arife about it } for there is no neceffity 
that the intermediate term fhould be of an intermediate magnitude be- 
twixt the extremes if we allow of negative ratios j for the ratio of 5 to 
4 !{for inftance) may be Tefolved into the two ratios of 5 to 3 and of 
3 to 4, though the intermediate term 3 be out of the limits of 5 and 4. 
This I fay is plain ; for though the ratio of 5 to 3 , which is one of the 
puts, be greater than the ratio of 5 to 4, yet the ratio of 3 to 4, which 
is the other part, is negative, and qualifies the other in the compofition, 
fo as to reduce it to the ratio of 5 to 4 : fo 9 may be looked upon as t 
part of 7, provided the other part be — 2. 

'C O a O t L A R Y, 

If there be a fries of .quantities A, B, C, D, whereof A is to B as R te 
r, and B is to C as S to s, and C is to D as T to t ; I fay then that A 
will be to D as RST the product of , all the antecedents , to rst -the pro- 
du£t of all the confequents. For by art. 293 the ratio of A to D is com- 
* O o o poupdi il 
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pounded of the ratios of R to r, of S to r, and of T to / j and thefe ra- 
tios, when thrown into one fum, conftitute the ratio of RSI" to rst-, 
therefore A is to D as RST to rst. 


Of the fubtraBion of ratios. 


296. The fubtraBion of ratios one from another , when both have the. fame 
antecedent, or both the fame conjequent , is obvious enough : this the ratio of 
A to B J'ubtraBcd from the ratio of A to C leaves the ratio of B to C ; and 
the ratio of B to C [ubtraBcd from the ratio of A to C leaves the ratio of 
A to B: this I fay is obvious, becaule (according to art. 293) the ratio 
of A to C contains the ratios of A to B and of B to C j and therefore if 
either part be taken away, there muft remain the other. 

But if the two ratios, whereof one is to be fubtradted from the o- 
ther, have neither the fame antecedent nor the fame confequent, it will 
be proper then to reduce them to the fame antecedent, by fetting off the 
ratio to be fubtra&ed from the antecedent of the other, thus : let it be 
required to fubtradt the ratio of C to D from the ratio of A to B ; now 

A D 

the ratio of C to D fet off from A reaches to —q - ; therefore to fub- 
tradt the ratio of C to D from the ratio of A to B is the fame as to fub- 


AD 


tradt the ratio of A to —q- from the ratio of A to B-, but the ratio of 
AD • 

A to -Q- fubtradfed from the ratio of A to B, a ratio of the fame ante- 


cedent, leaves the ratio of-g- to if, or of AD to BC • therefore the 

ratio of C to D fubtradfed from the ratio of A to B leaves the ratio of 
AD to BC. The rule then is as follows : 

Whenever one ratio is to be JubtraSied from another , change the fign of 
the ratio to be JubtraSied by inverting it’s terms , and then the fum of this 
new ratio added to the other will be the fame with the remainder of the in- 
tended fubtraBion. Thus to i'ubtract the ratio of C to D from the ratio 
of A to B is the fame as to add the ratio of D to C to the ratio of A to 
B •, but the ratio of D to C added to the ratio of A to B gives the ratio 
of AD to B C by the lafl article j therefore the ratio of C to D fub- 
tradted from the ratio of A to B leaves the ratio of AD to BC. For a 
further proof of this we are to take notice, that in all fubtradtion what- 
ever, the remainder and the quantity fubtradted ought both together to 
make the quantity from whence the fubtradlion was made j but in our* 
cafe the remainder was the ratio of AD to BC , and the quantity fob* 

tradled 
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traded was the ratio of C to D, and thefe two added together make the 
ratio of AC Dio BCD, or of A to J 3 , which is the ratio from whence 
the fubtradion was made ; therefore the remainder in this cafe was 
rightly afligned. 

For an example in numbers, let it be required to fubtrad the ratio 
of 4 to 5 from the ratio of 2 to 3 : now the ratio of 5 to 4 added to 
the ratio of 2 to 3 gives the ratio of 10 to 12, or of 5 to '6, by thelail 
article ; therefore the ratio of 4 to 5 fubtraded from the ratio of 2 to 3 
leaves the ratio of 5 to 6, which may be confirmed thus : the ratio of 
2 to 3 is the fame with the ratio of 4 to 6, which contains the ratios of 
4 to 5 and of 5 to 6 j therefore if the ratio of 4 to 5 be taken away, 
there will remain the other part, which is the ratio of 5 to 6. 

Before I conclude this article, I ought to take notice that there is 
another way of conceiving the fubtradion of ratios, which for it’s ufe 
in Phyfics and Mechanics ought not to be paffed by in this place; it is 
thus : the ratio of C to D added to the ratio of A to B conflitutes the 
ratio of AC to B D ; therefore c converfo , the ratio of C to D fubtraded 

A B 

from the ratio of A. to B muft leave the ratio of gr to -jj, becaufe mul- 
tiplication and divifion are as much the reverfe of one another as addition 
and fubtradion ; but this ratio of gr to when reduced to integral 

terms, is the fame with the ratio of AD to BC found before. 

N. B. Wherever it is Jirid that the ratio of A to B is compounded of the 
dire hi ratio of C to D, and of the inverfe or reciprocal ratio of E to F, the 
meaning is, that the ratio of A to B is equal to the excefs of the ratio of C 

C D 

to D above the ratio oflLto F, or that A is to B as -g- to p , or as CF 
to D E. 

Of the multiplication and divifion of ratios* 


297. If the ratio of A to B be added to itfelf, that is, to the ratio of A 
to B, the fum will be the ratio of A 1 to B 1 by the laft article but one ; 
and this being added again to the ratio of A to B gives the ratio of A 1 to 
B\ and fo on ; therefore the ratio of A 1 to B l is double, and the ratio 
of A 1 to B* triple of the ratio of A to B. And univerfally, 'the ratio 
of A" to B" is JUcb a multiple of the ratio of A to B as is exprejjed bp the 
number n. Thus the ratio of A* to B* is four times the ratio of A to 
B, which I prove thus : the ratio of A to B reaches firft from A* to 
A l B, adly from A'B to A'B 1 , 3dly from A l B x to AB\ and 4thly 
from AB l to 2ft 


O o 0 2 


To 
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Tfo give an example in numbers, I fay that five times the ratio of 2. to, 

3 is the ratio of the fifth power of 2 to the fifth power of 3, that is, 
the ratio of 32 to 243 : for the ratio of 2 to 3 reaches ift from 32 
to 48, 2dly from 4 8 to 72, 3dly from 72 to 108, 4thly from 108 
to. 162, and 5thly from 162 to 243. Thus much for multiplication. 

Divifon is the reverjc of multiplication ami therefore as every ratio is 
doubled or tripled or quadrupled by Jquaring or cubing or J'quare-fquaring it's 
terms , Jo every ratio is bifeCled or trifeSied or quadrifetted by extracting 
the j'quare or cube or Jquarc-J'quare roots of it's terms. Thus half the ra- 
tio of 2 to 3 is the ratio of the fquare root of 2 to the fquare root of 3, 
that is, (when reduced according to the firft fcholium in art. 179) the 
ratio of 40 to 49 nearly; which is further proved thus : the ratio of 40 
to 49 is half the ratio of 1600 to 2401, by what was delivered in the 
former part of this article ; but 1 600 is to 2400 as 2 to* 3 } therefore 
1600 is to 2401 as 2 to 3 very near. 

But there is no neceflity of a double extraction of the root in the di- 
vifion of a ratio, provided the ratio propofed be reduced to an equal one 
whofe antecedent is unity. Thus 2 is to 3 as 1 to f, and therefore half 
the ratio of 2 to 3 is. the ratio of 1 to or the ratio of x to ^/i .5. 

From what has been Jaid it appears that one ratio may be commenfurate to 
another , and yet the terms of one incommenj'urate to the terms of the other : 
thus the ratio of 2 to 3 is certainly commenfurate to the ratio of the 
fquare root of 2 to the fquare root of 3, the former being double of the 
latter ; and y em and 3, the terms of the former ratio are incornmenfu- 
tate to v/2 and ^3 the terms of the latter. 

Note. Wherever it is faid that A is to B in a fojquiplicate ratio of C 
to D; the meaning is, that the ratio of A to B is equal to f oj' the ratio of 
C to D : therefore in fuch a cafe, twice the ratio of A to B will be 
equal to three times the ratio of C to D\ but twice the ratio of A to B is 
the ratio of A * to B\ and three times the ratio of C to D is the ratio of O 
to D* ; therefore if A be to B in a lefquiplicate ratio of C to D , A 1 will 
be to B x as C 1 to D'. Thus in the revolutions of the primary planets 
about the Sun, and of the fecondary planets about Jupiter and Saturn, 
their periodic times are laid to be in a lefquiplicate ratio of their middle 
difiances, that is, the fquares of their periodic times are as the cubes of ^ 
their middle diftances. 

Another way of multiplying and dividing /mail ratios , > that is, 

whofe terms are large w comparifon of their difference . 

* 

298. Before I deliver what I have to fay upon this head, I fhall only 
obferve, that If two indeterminate quantities have always the fame j jr 

rente. 
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rente, the greater the quantities are , the nearer will their ratio approach 
towards a ratio of equality : thus the difference betwixt 2 and 1 is the 
fame with the difference betwixt ioo and 99; but the ratio of 2 to 1 
or of 1 00 to 50 is much greater than the ratio of 1 00 to 99. By the 
help of this obfervation, and the following theorem, I (hall endeavour to 
ftiew that fmall ratios may fometimes be doubled,, or tripled, or bifed- 
ed,,or trifeded by more compendious ways than thofe that are taught in 
the” laft article i and whenever they happen to be lb, they, ought to be 
ufed, and frequently are ufed rather than the other,. 

A Theorem. 

If there be two quantities whofc difference is but fmall in comparijhn f 
the quantities them/elves, and if fo much be added to one and' fubtr ailed 
from the other as Jhall make their difference double , or triple , or half or a 
third part of what it was before ; I fay then that the quantities after this 
alteration Jhall be in a duplicate , or a triplicate , or a Jubduplicatt^ or a jub~ 
triplicate ratio of that they were in before any J’uch change was made , nearly . 

1 ft. Let there be two numbers 10 and- 1 1, whole difference 1 ; 
then if i be added, to 11 and fubtraded from 10, we fball have the 
numbers 1 1 * and 9 ' , whofe difference is 2 : I fay now that 1 r \ is to 9^ 
in a duplicate ratio of 1 1 to 10 nearly. For the ratio of 1 1 \ to 9' is re- 
ferable into thefe two ratios, viz. the ratio of 1 1 ' to io~ , and the ra- 
tio of 1 0 i to 9 » : now of thefe two ratios the former, to wit, that of 
1 1 ’ to io', is fomewhat tefs^than the ratio of 1 1 tcyio, by the obfer- 
vation at the beginning of this article ; and the latter, to wit, that of 1 o’, 
to 9 J , is fomewhat greater than the ratio of 1 1 to io, and the excefs in 
this cafe is nearly equal to the defed in the former * therefore the fum 
of both thefe ratios put together, that is, the ratio of 1 1 £ to 9 ! will be 
very nearly equal to twice the ratio of 11 to 10. 

2dly. As the difference between 10 and 11 is 1, add- r to 1 1 and 
fubtrad it from 10, and you will have the numbers iz and 9 whofe 
difference is 3 : 1 fey now that 12 will be to 9, or 4 to 3, in a tripli- 
cate ratio of 1 1 to 10 nearly. For the ratio of 1 2 to 9 is refolvable into 
thefe three ratios-, to wit, tile. ratio of 12 to 1 1, the ratio of 11 to jo, 
and the ratio, of 10 to 9 j and of thefe three ratios, the firft, to wit, 
that of 12 to 11, is fomewhat lefs than the middle ratio of 11 to io, 
and the laft, to wit, that of 10 to 0, is about as much greater y there- 
fore the firft and laft ratios put together will ' make* about twice the mid- 
dle ratio of 11 to 10 ; therefore all thefe three ratios put together, to 
wit, the ratio of 12 to 9, will make three times the ratio or n to 10 
nearly. 
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^dly. And if increaiing the difference incrcafes the ratio proportionally, 
then diminilhing the difference ought to dimmiih the ratio proportional- 
ly, that is, if the difference be reduced to half, or a third part of what 
it was at fir ft, the ratio ought to be l'o reduced : now as the difference 
between io and n is i, add i to 10 and l'ubtradt it from u, and 
you will have the numbers ioi and iojwhofe difference is and toj 
wilt be to i o* in a fubduplicate ratio of i o to 1 1 nearly ; but if ’ be added 
to io and fubtradled from 1 1, you will then have the numbers ioj and 
io| whofe difference is j ; and io j will be to io* in a fnbtriplicate ratio 
of 10 to ii nearly. 

Let us now try how near the ratios here found approach to the truth. 
By the laft article the duplicate ratio of io to 1 1 is the ratio of ioo to 
1 2 1, or of i to i .2100 j and according to the foregoing theorem it is 
the ratio of 9* to 1 1 1, or of 19 to 23, or of 1 to 1 .2105. 

By the laft article the triplicate ratio of 1 o to 1 1 is the ratio of 1 000 
to 1331, or of 1 to 1 .331 ; and according to the foregoing theorem it 
is the ratio of 9 to 12, or of 3 to 4, or of 1 .333. 

By the laft article the fubduplicate ratio of 10 to 11 is the ratio of 
1 'to the fquare root of " , or of 1 to 1 .04881 ; and according to the 
foregoing theorem it is the ratio of 10^ to 10 J, or of 41 to 43, or of 
I to 1.04878. 

By the laft article the fubtriplicate ratio of 10 to 1 1 is the ratio of 1 
to the cube root of • , that is, of r to x .03228 ; and according to the 
foregoing theorerr^it is the ratio of 1 o~ to 10?, or of 31 to 3'2, or of 1 
to 1 .03226. 

Bytf iefe inftances we fee how near thefe ratios come up to the truth, 
even when the difference is no lefs than a tenth or an eleventh part of the 
whole : but if we fuppofe the difference to be the hundredth or the 
thoulandth part of the whole, they will be much more accurate j info- 
much that to multiply or divide the ratio, it will be fuflicient to increafc 
or diminifti one of the numbers only. Thus 1 00 is to 102 in a dupli- 
cate, and to 103 in a triplicate ratio of 100 to 101 ; and 100 is to 
ioo -f-~ in a fubduplicate, and to 100-h j in a fubtriplicate ratio of 100 
to 10 1 nearly: and univerfally, If A -\-z and A~\~y be any two quan- 
tities approaching infinitely near to the quantity A, the ratio o/’A-f-z to A 
will .be to the ratio of A~\-y to A as the infinitely finall difference z is to the 
infinitely finall difference y. 

I /hall draw only one example out of an infinite number that might 
be produced to /hew the ufe of the foregoing propofition. Suppofe then 
| have a clock that gains one minute every day ; how much muft. I 
lengthen the pendulum to let it right ? Let / be the prefentjength of the 
pendulum, let x be the increment to be added to it’s length in order to 

correct 
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corredl it’s motion, and let n be the number of minutes in one day, then 
it is plain that the pendulum / performs the lame number of vibrations 
in the time n — 1 that the pendulum t-\~x is to perform in the time 
Now Monlieur Huygens has demonftrated that the times wherein dif- 
ferent pendulums perform the lame number of vibrations are in a full- 
duplicate ratio of the lengths of thole pendulums j therefore n — 1 mull 
lie to n in a lubduplicate ratio of / to /-+- x y or (which comes to the fame 
thing) /mull he to /+* in a duplicate ratio of a — 1 to n : but by the 
foregoing proportion, the duplicate ratio of n — r to n is the ratio of 
n — j to a 4- [ , or of in — 3 to 2«-4- 1 ; therefore / is to /- f-x as 2 ;<• — 3 
is to 2 n -Jr t , that is, the pendulum mull lie lengthened in the propor- 
tion of in — \ to 2 n -4- 1 : but n the number of minutes in one day is 
1440; and therefore in — 3 is to m -\- t as 2877 is to 288 1, or as 719 
to 720 very near; therefore the pendulum mult be lengthened in the 
proportion of 719 to 720. ^ E. I. 

Had the duplicate ratio of n — 1 to n lieen taken only by diminilh- 
ing n — 1 to v — 2, without meddling with the other number n, the con- 
chilion would Hill have been the tame ; for then / would have been to 
l-\-x as n — 2 to v, as 1438 to 1440, as 719 to 720. 

Having now delivered what I intended concerning the compolition and 
refolution of ratios, it remains that 1 lay fomething further concerning 
the application of this doctrine, and then 1 Ihali make an end of the fubjed'. 


D E F I N I T I O N 4. 


299. If two variable quantities Q jvid R be of Ji/cb a nature , that R 
cannot be inert:: fed or ditninijhed in any proportion , but {\jnnjl neiefarih 
be increafid or diminijhcd in the fame proportion ; as if R cannot be chan- 
ged to any other value r, but Q ^niuji alfo be changed to feme other val. m 
4, and jo changed that Q (hall a krays be to q in the fame proportion a\ R 
to r ; then is Q /aid to be as R JireSi 7v, or /imply as R. Thus h the cir- 
cumference of a circle laid to be as the diameter; becaufe the diameter 
cannot be incrcaled or diminilhed in any pioportion, but the -iir cum tore nee 
mull necelTurily be incrcaled or diminilhed in the fame proportion, Thus 
is the weight of a body laid to be as the quantity of matter it contain^, 
or proportionable to the quantity of matter ; becaulethe quantity ot mat- 
ter cannot be increal'ed or diminilhed in any proportion, but the weight 
mull be incrcaled or diminilhed in the fame proportion. 

Corollary t , 


If Q J>c as R directly , then e converfo, R muji necefl'arily be as Qjf‘~ 
redly. For let <^be changed to any other value y, and at the fame time 
let R be changed to v, then fince^is as R, 4^ will be to q as R to ^ 
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but if i^is to q as R is to r, then vice verfa , R will be to r as f^to q : 
fince then cannot be changed to q, but R muft be changed to r, and 
that in the fame proportion, it follows by this definition that R is as 
diredtly. 

Corollary 2. 

If Qjbe direflly as R, and R be direElly as S, then will Q fe diretth 
as 8. For let She changed to s, and at the fame time R to r, and ^to 
q ; then fince by the fuppofition R is as S t R mu if be to r as . c to s - t 
and fince again ^is as R } ^ will be to q as R to r : fince then ^is 
to q as JR to r, and R is to r as S to s, it follows that i^will he to q as 
,jS.to f, and confequently that J^will be as S. 

Corollary 3. 

If Q J>e as R, and R be as S ; I fay then that Qjwill be as R=i=S, and 
.alfo as the Jquare root of the produfit RS, For changing R, S into 
q y r, s, fince R is as S, we fliall have R to r as S to s ; whence by the 
twelfth and nineteenth of flic fifth book of the Elements R will be to ras 
RtizS is to rdtf; but 5^, is to q as R is to r ex lyypothefi ; therefore 
is to q as Rr±zSls to } therefore by this definition ^ will be as 
R^tzS. Again, fince R is as S, R * will be as RS , and R as ,/ RS ; but^, 
js as R -, therefore by the kit corollary ^will be as </R S. 

c Corollary 4. 

If any variable -quantity as "Qjbe multiplied by any given number as C j 
I fay thc'i that $Qjivi!l be as For it will be impoflible for ^tobe 
increaied or diminiihed in any proportion, but 5^muft be increafed or 
diininiihed in the fame proportion : ' if ^in any one cafe be double of ^ 
in another, then ci^in the former cafe muft be double of 5^,in the lat- 
ter, and fo on ; therefore 5^is as 

Corollary 5. 

If Q Jbe as R, then Qfwill be as R 1 , as R ! , \/R, &c. 

For let R 1 be changed in the proportion of D to jB j then will R be 
changed in the proportion of <fD to <fE ; but |Ms as R ; therefore 
“ will alfo be changed in the proportion of s/D to y/E } therefore 
will be changed in the proportion of D to E : fince then Rb cannot be 
changed in any proportion, fuppofe of D to E, but ^ muft necef&rily 
be changed in the fame proportion, it follows from this definition that 
is as R* : and the reafomng is the fame in all other cafeg. 


Corol- 
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Corollary 6. 

If Q, R and S be three variable quantities , and Q Jbe as the product or 
relhingle RS ; I fay then, that ^~~wili always be as S, and ~^~as R, and 

that fcfw'U be a given quantity , trr (which is chief y meant fa that 

phrafe ) that the quantity j^T will always be the fame, be the values of 

R and S what they will. For fmee ^ is as RS, ^cannot be increased 
or tliminiilied in any proportion, but RS mull be iucreaied or dimi- 

<? 

uiilied in the fame proportion; therefore cannot be increafed or di- 

RS 

minifhed in any proportion, but - ^ or 6' mull be increafed or tliminiilied 

<s>- 9 

in the fame proportion ; theicfore S is as ^ and as S : and by a like 
o $ $ 

proof, R will be as and will be as R : but if 7. ’be as R, then divi- 




jdiivg both tides by R , we final! have as 1 ; but 1 is a quantity that 
neither incrcafes nor diminifhes, but is always the fame; therefore the 

quantity will always be the fame : and for the lame reafon, If Qfc 

O . , , 

fj anv jingle quantity, fnppOj. R, j gfwiU always be the fame, let Q and 
R be what thev will. 


Corollary 


i * 


If there be four variable quantities A, B, C, D, all in numbers, whetef 
A is as B, and C is as D ; J jay then that the produbl AC will be as the 
pr edit hi BD. For fmee A is as B, AC will be as BC, and fince C is as 
D, BC will be as BD ; therefore by the tccond corollary AC will be as 
BD ; that is, AC in one cafe will be to AC in any other as BD in the 
former erfe is to BD in the latter. 

* Definition 5. 

300. Ij' two variable quantities Q jtnd R be of fitch a nature, that R 
cannot be increaj'ed in any proportion whatever , but Qjmuf wcejfarily It 
diminijhed in a contrary proportion, or that R cannot he diminijhed in any 
proportion whatever, but Q jnuf necejfarily be increaj'ed in a contrary pro- 

P p p portion • 


9 
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fortiori \ in a nerd, if R cannot be d an fed in the fropoi lion of D to E, 
but mi ft necefjadly be changed in the proportion of E to D ; then is Q 
j'aid to be as R urcerfth or redfrccady. Thus it a fphencal body be view- 
ed at any conlidciablc ditlnnce, tin* apparent diameter is laid to be reci- 
procally as the didar.ee, bccaofe the greater the ditlanee is, the. lci-> w ill 
be the apparent diameter, and vin i rr/ir. Thus if a glebe be in pooled 
to move uniformly about it’s axis, the periodical time ot this motion r 
fa id ro be reciprocally as the velocity with which the globe circii* ues ; 
(for die quicker the circulation is, the fooner it will be over ;) nnicb is 
at. much as to lay, that the greater the velocity is with which tb- globe cir- 
culate^, the leis will be the periodical time of one revolution, and •vice 
n - !;•. Thus if the numerator of a fraction continues always tire fame 
whiiit the denominator isfupjvded to Vary, that fraflion is laid tube re- 
ciprocally as it's denominatoi , ha .wife the greater the denominator is, 
the Ids will be the value of the faction, -and vice rcc/ii. 

Corollary i. 

tf Q> reciprocal!)' >- R, then e eonverfo R iciil be reciprocally as Q. 
For let df he changed in the pioportion of D to E, and at the fame time 
let R be changed in the proportion of A to B then fmee >;Hs recipro- 
cally as R } i^nnnt be changed in the proportion of B toy/; but 
was changed in the proportion of J) to E therefore B muffc be to A 
as D to E ; therefore inverfely, A mull he to B as E to T) , but R 
was changed in ;dne pre portion of A to B by the ftppolifiort; thtrefote 
R was changed m the proportion of F, to /). Sir.cc then cannot be 
changed in any piopm :’on, fuppofe ot .D to Ji , but R mu A ncecfiarily 
be changed in the contrai p-oporticn of E to 7), it follows from tins 
definition that R mu il be tcciprocally as 'if, 

Corollary 2. 

If Cf be directly as R, and R be reciprocally as S, then Cfnaf be re- 
tip roc rJiy as S. For let S he changed in the propoition of D to E ; then 
fince R is reciprocally as S, R mull be changed in the proportion of E 
to D ; but if is directly as R by the liippolition ; therefore <;? mull alfb 
be changed in the proportion of E to D. Since then .S cannot be chan- 
ged in the proportion of D to E } but if muff neediarily be changed in 
the proportion cf E to D, it follows from this definition that 4>Js re- 
ciprocally as 6'. 

Corollary 3. 

By a like ‘way of reaftming , if Cfbe reciprocally as R, and R be red * 
procaily as S, Qjwill be direfliy as S, * 

* C O R O L« 
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Corollary 4. 

If two variable quantities Q ^jtnd R be of fuch a nature that their pro - 
duft or re£l angle QR is always the fame ; I Jay then that (fwilt be re- 
ciprocally as R. For lince bjR is always the fame, it will be as the num- 
ber 1 which neither mcreaies nor diminiihes ; but if <$R be as one, then 

^Wiif be a^ the fraction ^ by the fixth corollary to the four tit defini- 


tion. Since then ^is di redly as the fraction -^y, and the faction 


1 . 



reciprocally as it’s denominator R by this definition, it follows from the 
.fecond corollary that ^will be reciprocally as R. 


Corollary. 5. 


Every fra ft ion h reciprocally as the jaw? fraction inverted. Thus the 
fraction is reciprocally as the fraction •jy. This is evident from the kit 

R $ 

corollary ; for if the fractions gr and ^ be multiplied together, their pro- 
duct will always be unity, let R and S be what they will. 

Corollary 6. 0 

Tf Q fc reciprocally as R, or reciprocally as , then Qjw/!l be dh eftf 

as For lince i^is reciprocally as — , and ~ is reciprocally as by 
the laft corollary, it follows from the third corollary that j^will be di- 
rectly as For the lame reafon, If QJ>e reciprocally as it will be di- 
re ft ly as R. 

Definition 6, 


301 . If any quantity as Q^dcpends upon fever at others as R, S, T, V, X, 
all independent of one another , Jo that any one oj them may be changed fngly 
without affe Sling the reft j and if none of the quantities R, $, T can bt 
changed fngly , tut Q jttujl be changed in the fame proportion , nor any of 
the quantities V, X, but Q jmujlbe changed in a contrary proportion \ then 
is Q faid to be as R and S and T direftly , and as V and X reciprocal ly 
. RS T 

or irpverfely. Thus the fraction J7jf is faid to be as R and S and T di- 

P p p 2 reCtly, 
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reCtly, and as V and X inverftly, bccaufc none of the factors belonging 
to the numerator can be changed, but the value of the traction muft be 
changed in the fame proportion, and none of the factors belonging to 
the denominator can he changed, but the value ot the fraction mult be 
changed in a contrary proportion. 

N . B. If Q Je as R and S and T dir Ally, icilhut any recipt carls, then 
it is faid to he as R and S arid T conjunct nn, jointly. 

A T II E O R E M. 


■> o 2 . If he as R and S and T dir Ally, and as V and X reciprocally., 
and if the quantities R, S, T, V, X he changed into r, s t, v, x. and Jo Q 
into i j j I jin then that the ratio of Q yo q sei // he equal to the excejs of all 
the dire A ratios taken together above ail the reciprocal ones taken together : 
as if the iatioi of R to r, of S to s, and oj'T to t (ichich I call direct ra- 
tios) rehn added together make the ratio of A to B; and if the ratios ofV 
to v, and of X to x f tohicb I call r eciprocal ratios) ichin added together 
make tie ratio of C to D ; I fay then that the. ratio of Q jto q sc/// he equal 
to the excels of the ratio oy A to B above the ratio oj C to D. 

For fuppoling all but R to continue the liune, let R be changed into 
r ; then will j^be changed from it’s frit value in the ratio of R to r 
by the hxpothejis ; let now r, T”, F, X continue, and let S be changed 
into s ; then will ^ be changed from it’s lafl value iii the ratio of S to s : 
in like manner ’\f 'T be changed into t, cater is paribus , gf will be 
changed from it’s lafl value in the ratio of T to t : therefore if R, S, c f 
be changed into r, s, t, .9, will be changed from one value to anothei in 
a ratio compounded of all » he. direct ratios of R to r, of d' to j. and of 
•f to t that is, £>_.will be changed in the ratio of A to B. This being 
fo, let us now imagine V to be changed, 1 ceteris paribus, into v ; then 
will ^he further changed ir. the ratio of v to V j and if after this we 
imagine X to be changed into x, ^ will be changed in the proportion 
of x to X, and will now be arrived at it’s lall value y : therefore if to 
the ratio of A to B you add the ratios of v to F und of x to X, you 
will have the ratio of £^,to q: but to add the ratio of v to V is the lime 
thing as to fubtraCl the ratio of V to v by art. 296; and lb again, to add 
the ratio of x to X is the fame as to fubtraCl the ratio of X to x ; there- 
fore if from the ratio of A to B you fubtraCl the ratios of V to v and 
of X to x , you will have the ratio of ^to q ; but the ratios of V to v 
and of X to x, when added together, make the ratio of C to D ex by - 
pothejii, therefore if from the ratio of A to B you fubtraCl the ratio of 
€ to D, there will remain the ratio of to q } therefore the ratio of ^ 
to q is the excefs of the ratio of A to B above the ratio of C to D -, or 

(which* 
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(which is the feme thing) ^ is to q in a ratio compounded of the ratio of 
A to B directly, and of the ratio of C to D inverfely. See art. 296. 

This is upon a fuppofition that the quantities R, S, V, V, X were 
changed into r, s, t, v, x one after another in time : but fince the ratio 
of n does not depend upon the intervals of time between the feve- 
val changes, but will be the feme whether thole intervals be greater or 
it follows that the ratio of $Jlo q will be the feme as if all thefe 
chaiues had been made at once. ^ 

Corollary i. 

If the quantities R, S, T, V, X, and confequently A, B, C , D be ex- 
nreH'ed by numbers, as they mull be before they can be of ufe in any com- 
OMtuion then the ratio of A to H will be the ratio of RST to rst, and 
the ratio* of C to D will be the ratio of VX to vx ■, and the exccfs of 

the ratio of A to B above the ratio of C to D will be the ratio of yy 


to r lL . (fee the fecond way of fubtra&ing ratios in art. 296;} there- 

VX RST* 

fore in this cafe, l^will be to 7 as the fraction yy is to the fraction 

RST rst 

r ji' Since t hen the /ration yy cannot be changed into — , but at the 

fame time <XjnuJl be changed into q, and Jo changed that Sfomll be to q as 

I t 0 it Mow from the fourth definition that Qjwill be as the 
VX vx* J J 

frabiion ; and con fquentk that QJn any one cafe will be to Q Jn any 

VX RST , RST. 

other as the frabiion yy in the former cafe is to the frabiion "* 


the latter, 


Corollary 2. 


If there be no reciprocals, then Qjioill be as the produbi oj all the direct 
terms, that is, as the produbi RS if there be two of them , or as the pro- 
dubi RST if there be three of them, &c. 


Scholium. 


In the demonflration of the foregoing proportion as well & 

,ufinitinn it was fiioDofed, that the quantities R , S, T, V, Jfupon which 
^.S^nded. were tlanielves entirely independent of one mother, fo ns dint 
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any of them might he changed iingly without affeding the reft •, and in 
fuch a cafe, if be as i? and S diredly, it may be concluded to be as 
the product RS. But this conclufton muft not be carried further than can 
be ju (lifted by the demonftration : for if in any cafe the quantities R and 
S fhould not be independent, if neither of them can be changed whilft 
the other continues the lame, then though no change can be made either 
in R or S but what av ill make a proportionable change in yet here ^ 
muft not be laid to be as the product RS. As for example, let ^ be an 
arc of a circle fubtending at the d ilia nee R an angle whole quantity is 
represented by S ; then it is plain that neither R nor S can be changed 
lingly, but ^ muft be changed proportionably ; it is plain alfo that ei- 
ther R or kV may be changed lingly whilft the other remains the fame \ 
and therefore in this calc it is lawful to conclude that ^ is as the pro- 
dud: RS. Bui let us now fuppofe to be the circumference of a circle 
whole radius is R, and let ^ be the lide of a regular polygon of any given 
fort in (bribed in that circle ; as for inftance, let S be the lide of an in- 
fcribtd lqnarc : here then it is plain that neither R nor S can be changed 
but ^ mull be changed proportionably ; and yet if we ftiould conclude 
in this cafe that as RS, the illation would be falfe, bccaule R and 
S have here as much dependence upon one another as ^ upon both ; 
for every one knows that the radius of a circle cannot be incrcafcd or di- 
minished in any proportion, but the fide of a fquarc infcribed in that 
circle muft be increafed or diminished in the feme proportion: in this 
cafe it may be concluded that ^ is as R-+-S, or as R — S, or as the 
iquare root of RS by the third corollary in art. 299, but it muft by no 
means be allowed that £Ms as RS ; for lhould ^be as RS, lince in this 
tale S is as R, and confequently RS as R', ^ would be as R 1 by thefe- 
cond corollary in art. 299, which contradids the luppofition that ^ 
is. as R. 

Examples to illujlrate the foregoing theorem^ 'where direSl 
ratios are only concerned, 

303. Ex. 1. If a body moves for any time with any uniform velocity 
through any j face , that J'pace will be as the time and velocity jointly. 
For if wc fuppofe the velocity to be the fame in all cafes, but the time 
to differ, then the fpace described will be greater or lefs in proportion as 
. the time is fo, and therefore will be as die time : on the other hand, 
if we fuppofe the time to be the feme in all cafes, and the velocity to 
differ, tnen the fpace deferibed in thefe equal times will be greater or left 
as the velocity is fo, and confequently will be as the velocity : taftly 
let -us fuppofe both the time and velocity to vary ; then the fpace will 

vary 
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vary upon both thcfe accounts, and therefore will vary in a ratio equal to 
the ratio wherein the time varies, and the ratio wherein the velocity va- 
ries put together } that is, the fpace in any one cafe will be to the fpace 
in any other in a ratio compounded of the ratio of the time in the for- 
mer cale to the time in the latter, and of die velocity in the former 
cafe to the velocity in the latter. This is univerfal j but if we fuppofe 
vjhc time and velocity to be expreffed by numbers, we muft then fay that 
tfib*fpace deferibed is as the product of the number reprefenting the 
time Multiplied into the number reprefenting the velocity, by the fecond 
corolkry in the laft article ; or that the fpace deferibed in any one calc 
is to Vie fpace deferibed in any other as the product of the time and ve- 
locity in tne former cafe is to a like product in the latter. 

Ex. 2. Tbs quantity of matter many body depends upon two things, viz. 
it’s magnitude and denjity , (where by denjity 1 mean the computings orclqfc- 
nejs of tt's matter.) For if two bodies of equal denfitics but of une- 
qual magnitudes be compared, one body muft have more matter 
than the other, or left, according as it’s folid content is greater or lefs, 
that is, according as it’s magnitude is greater or lefs 3 therefore in* 
this cale the quantities of matter in any two bodies thus compared will be 
as their magnitudes : on the other hand, if two bodies of the fame mag- 
nitude but of different denfitics be compared, their quantities of matter 
will be as their denfitics, becaufe the clofer the parts of a body are, fo 
much more matter will be crouded into the lame fpace; therefore if the 
bodies be different both in magnitude and denfity, thq^quantitv of mat- 
ter in one body will be to the quantity of matter in the other in a ratio 
compounded of the ratio of the magnitude of one body to the magnitude 
of the other, end of the ratio of the denfity of the former body to the 
denfity of the latter; and therefore if thcfe quantities be reprefented by 
numbers, the quantity of matter in any body will be as it’s magnitude 
and denfity multiplied together. Thus if D and d be the diameters of 
two globes whofe denfitics are as E to e, the quantity of matter in the 
former globe will be to the quantity of matter in the latter as D' aE is 
to r/’xe ; for the folid contents of all globes are as the cul>es of their 
diameters. 

Ex. 3. The momentum, or force , or impetus with which a body 
moves, and with which it will jlrike any obfiack that lies in it's way 
to oppcje Or flop it, is as the velocity of the motion and the quantity of matter 
in the body joint h. For the fame quantity of matter moving with different 
velocities will Itrike an obftacle with forces proportionable to the veloci- 
ties ; on the other hand, different quantities of matter moving with the 
.fame velocity will ftrike with forces proportionable to their matter ; a 

double 
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double body will llrikc with a double force, &c ; therefore in the cafe 
where the velocity is the fame, the mo/aoitum of a bo ly is as the quan- 
tity of matter it contains; and in the cafe whcic the quantity of matter 
is the fame, the momentum is as the velocity ; therefore if neither the ve- 
locity nor the matter be the fame, the momentum will be as the matter 
and velocity jointly ; and in numbers, as the product of the number ex- 
ptefling the matter multiplied into the number exprefling the velocity " 
"Ex. 4. If a heavy body be JuJpendcd perpendicularly upon a levpfl, (by 
which I mean an inflexible rod moving about a jixt point in the middle,) 
the momentum or efficacy of that body to turn the lever about it's cen- 
ter is, ceteris paribus, as the weight off the body and as the dtftance 
off the point ofl jufpmjion from the center off the lever jointly. For if 
we fuppofe this didance to be the fame, the momentum of the body to 
turn tlie lever mud be greater or lefs according as it’s weight is fo, from 
whence that momentum arifes : on the other hand, if we fuppofe the 
weight to be always the fame, but to be removed, iometimes further 
from, and iometimes nearer to the center, the momentum of the body to 
turn the lever will be greater or lefs in proportion to the didance of the 
point of fuipenfion from the center of the lever, as is demondrated in 
Mechanics, and may ealily be tried by experience : therefore univerfelly, 
the momentum of the body will be as this didance and the weight of the 
body jointly ; and in numbers is as the product of the weight multiplied 
into the didance. 

To illudrate tfcis, I fhall put the following qu eft ion. Let a body weigh- 
ing live pounds lie iiifpended at the didance of fix inches from the center 
of a lever, and let another body of feven pounds be fufpended on the 
fame lide of the center at the diilar.ee of eight inches; then let a third 
body of nine pound weight be fulpended on. the other fide of the center 
at tne difiance of ten inches : Quare whether will tbcle bodies fiidain 
. each other in (equilibria or not ; and if not, on which fide will the lever 
dip, and with what momentum ? 

To refolve this, fince we are at liberty to reprefent any one of thefe 
momenta by what numbers we pleafe, provided the red: be reprefented 
proportioncbly, let us reprefent the momentum of the nine pound body by 
the product of it's weight and diftance multiplied together, that is, by 
9 x 1 0 nr 9 ° > then mult the other momenta be reprefented by like pro- 
ducts, or they would not be reprefented by numbers proportionable to 
them : therefore the momentum of the five pound body will be 5x6 or 30, 
and that of the feven pound body 7x8 or 56 ; and therefore the fom of 
the momenta on this fide the center adting the feme way will be 86 ! whence 
now it plainly appears that the lever will dip on the fide of the nine ‘ 
pound body, becaufe 90, the momentum on that fide, is greater than 86,' 

the 
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the fum of the momenta on the other fide,: and fince the excefs of 90 
above 86 is 4, it follows that 4 will be the difference of die momenta on 
one fide and the other j infomuch that if any one fu (tains this lever im- 
moveable, he will fnftain the fame force as if all the weights now upon 
the lever were taken away, and a fingle pound weight was fuipended at 
the diltance of four inches from the center of the lever : therefore when 
all the weights were upon the lever, if a fingle pound weight had been 
fuipended at four inches dj fiance, and on the lame fide of the center 
with the other two bodies whofe weights were five and (even pounds, the 
whole lyfiem would then have confided in aquilibrio. 

Upon this theorem, tliat the force of a body upon a lever is as it’s 
weight and difiance from the center multiplied together, is founded the 
method of finding the centers of gravity of bodies, or the center of gravity 
of any fyilem of bodies, let their places or pufitions be what they will: 
but I muft not carry this matter any further. 

Ex. 5. If a globe be nude to move uniformly in an uniform fluid, the 
re fiance it will meet with in any given • time by impinging againfl the 
far* ides of the fluid , will be as the denflty bf the fluid , and as the J'quare 
of the diameter of the globe , and as the Jquare of the velocity it moves 
with jointly . 

To determine rightly in this cafe, wc muft here do what wc all along 
have done, and what we always muft do in like cafes ; that is, we muft 
take the whole to pieces, examine every particular circum fiance by itfelf, 
XtCteris paribus , and then put them all together. Firft tljpn let us fuppole 
the fame globe to move with the fame velocity, but fometimes in a den- 
ier fluid, and fometimes in a rarer ; then it is plain that the denfer the 
fluid is, the more particles of it the body will be likely to meet with 
m any given time, and confequently the greater reiiftance it will fuft'er 
from them ; therefore the rcfillance of the body, cateris paribus, will be 
as the denfity of the fluid. In the next place let us fuppofe different 
globes to move In the fame fluid , and with the lame velocity j then 
fince the refinance of thefe globes arifes only from their furfrees, or ra- 
ther from half their furfeces, and fince the fur faces of all globes are as 
the fquares of their diameters, it follows that the reliilaiKse thele globes 
meet with will be as the fquares of their diameters. Lnftly lot us it:p- 
poie the lame globe to move in the fame fluid with different velocities ; 
then it is plain that a globe which moves with a double velocity will 
ftrjke twice as many particles of the fluid in any given time, as it would 
if it was to move with a fingle velocity : but if the body ftrikes twice a* 
many particles, then twice as many-particles will fttike it, whence antes 
. the reiiftance j therefore the reiiftance of a body moving with a double 
velocity is upon* this account double of what it would have been in the 

Q^q q cafe 
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cafe of a fingle velocity : but this is not all ; for it will not only ftrike 
twice as many particles, but it will ftrike every particle with twice the . 
force' in this cafe of what it would in the cafe of a Angle velocity ; and 
therefore, fince action and readion are always equal, and fince it is the 
Tea&ion of the medium that creates the refinance, it follows that a bo- 
dy moving with a double velocity meets with four times the refiftance 
of what it would meet with when moving with a fingle velocity. In like 
manner a body that moves with a triple velocity will adt three times as 
ftrong upon three times the number of particles, and therefore will fuf- 
fer nine times the refiftance of what it would fuller with a fingle velo- 
city; therefore the fame globe moving in the fame medium with different 
velocities will meet with a refiftance proportionable to the fquare of the 
velocity it moves with. Put now all thel'e confiderations together, and 
the refiftance of a globe moving uniformly in an uniform fluid (I mean 
that refiftance which arifes from the globe’s impinging againft the par- 
ticles of the medium) will be as the denlity of die medium, as the fquare 
of the diameter of the globe, and as the fquare of the velocity it moves 
with jointly. Thus if t ,vo globes whofe diameters are D and d move 
with velocities which are to one another as F to v in two fluids whofe 
denfities are as £*to c, the refiftance of the former will be to the re- 
ftftance of the latter as F t xD 1 xE is to v 1 x x e. 

Other examples , •wherein direSl and reciprocal ratios 

are mixt together. 

304. Ex. 6., If a body be put into motion by any force directly up- 
plied, whether this force be a Jingle impulje aSHng at once, or whether, it 
be divided into fever al impulje s aiding fuccejfively ; I fay \ that the Ljt ve- 
locity of this motion will be as the moving force dire flip, and as the quan- 
tity of matter in motion reciprocally . For if different forces be applied 
to the fame quantity of matter, the greater the force is, the greater will 
be the velocity, and vice vcrj'a ; therefore in this cafe the velocity will 
Be as the vis matrix : but if we iuppofe the lame force to be applied to 
different quantities of matter, then the greater the quantity of matter is, 
the lefs will be the velocity, and vice verja, which I thus demonftrate. 
Suppofe the moving force M, when applied to a certain quantity of mat- 
ter as will produce the velocity F \ I fay then that die fame force 
jfcf, applied to a quantity of matter equal to 2^, will only produce a 
velocity equal to \V : for M a&ing upon 2^ will produce the fame ve- 
locity as \M ailing upon ii§Jj but \M acting upon will produce a 
Vfijpdty equal to \F t becaufe by the fuppofition Afa&ing upon ^wili 
produce die velocity Fy therefore M Sdfriig upon 2^wm produce a ve- 

locity 
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locity equal to ~V j and for the fame reafbn, M acting upon 3 4 * will 
produce a velocity equal to &c j therefore if the vis matrix be the 
fame, the velocity of the motion produced will be reciprocally as the 
quantity of matter : therefore univerfally, the velocity will be as the vis 
motrix diredtly, and as the quantity or matter inverfely. As if M be 
changed into m, f^irito q, and fo V into v, the ratio of V to v will be 
equal to the cxcefs of the ratio of M to m above the ratio of ^to q. In. 

,/V/" 

numbers thus ; V will be to v as rr is to — : fee the foil corollary in 

x, ? 

art. 302. Otherwife thus ; the momentum or impetus, with which a body 
moves, is the force with which it will ftrike an objedl that lies in it's way 
to flop it ; therefore, fince a 61 ion and rea&ion are equal, the force ne- 
ceflary to deftroy any motion mufl be equal to the momentum with which 
the body moves : but the force neceflary to deftroy any motion is equal 
to the force that produced it, which we call the vis motrix ij therefore in 
all motion whatever, the vis motrix mu ft be equal to the momentum , and 
mufl be as the quantity of matter in the body. moved multiplied into the 
velocity of the motion, became the momentum is fb; fee the iaft article, 

. • . ' M 

example the 3d: therefore M will always be as and V as -77. 

M 

If M be as then will be a Handing quantity, and therefore tho 

velocity V in this cafe will always be the fame. Thus if the weights of 
all bodies be proportionable to the quantities of matter they contain, they 
will be equally accelerated in equal times ; and vice verfa , if all bo- 
dies, how different fbever in their kinds and quantities of matter be e- 
qually accelerated in equal times, (as by undoubted experiments upon 
pendulums we find they aie, fetting afide the refiftance of the air,) it fol- 
lows that the weights of bodies are proportionable to their- quantities of 
matter only, without depending upon their forms, conftitutions, or any 
thing elfe. 

Ex. 7. 'The velocity of a planet moving uniformly in a circle round 
the Sun is as it's dijlance from the center of the Sun direCfly, and as it's 
periodical time inverfely . For if two planets at different dirtances from 
the Sun perform their revolutions in the fame time, that planet mull 
move with the greateft velocity that lias the greatcif circumference to de- 
feribe 'i therefore in this cafe, where the periodical time is given or al- 
ways the fame, the velocity of the planet mull be as the circumference 
of the circle to he deferibed: but the circumference of every circle i; a» 

, it’s diameter, or femidiameter > therefore if the periodical time be given, 
t the velocity of a planet muft be as it’s diftance from the Sun directly. 
Let us now fuppofe two planets revolving at the fame diftance from the 

d q q 2 Sun, 
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Sun, but in different periodical times ; then it is plain that the fwifter 
planet will perform it’s revolution in lefs time, and vice verfa j and there- 
fore if the diltance be given, the velocity will be reciprocally as the pe- 
riodical time. Put both thefe cafes together, and the velocity of a planet 
moving uniformly round the Sun will be as it’s diftance from the center 
of the Sun diredly, and as it’s periodical time inverfely. Thus the Earth’s 
diftance from the Sun is to that of Jupiter as io to 52 nearly} and the 
Earth’s periodical time is to that of Jupiter as 1 year to 12 years nearly, 
or as 1 to i2j therefore the Earth’s velocity is to Jupiter’s velocity as 

IO . <?2 

— is to — , or as 120 to 52, or as 30 to 13. 

I 1 2 


This way of reaioning is applicable to all bodies moving uniformly in 
circles, let the law of iheir motions be what it will. But if ( as that 
accurate Aftronomer Kepler has demonft rated) the planetary motions be 
fo tempered that their periodical times are in a fefquiplicate ratio of their 
cH dances, or (which is the lame thing by art; 297) that the fquares of 
their periodical times are a* the cubes of their diftances, we Avail then 
have a more Ample way of exprefling the velocity of a planet thus : let 
V be the velocity and D the diftance of any planet from the Sun, and let 
'T be the periodical time } then fince, from what has been (aid, V is as 


D 


D l 

we fhall liave V 1 jts } 


but according to Kepler’s proportion, T * 1 is 


D* . D ‘ t 1 1 

as D\ and ^ or. as jp; therefore V 1 is as -g;, and T as 


that is, in this cafe; the velocity of a planet is reciprocally in a 1 ^dupli- 
cate ratio of it’s diftance from* the Sun. So the velocity of a planet whole 
diftance is D is to the velocity of a planet whofe diftance is d as ,</d is to 


+/ D f or as 1 is to v —j . 


Ex. 8 . If a wheel turns uniformly about it’s axis, the time of one 
refund will be as the diameter of the wheel directly , and as the abfolute 
velocity of every point in the circumference of the wheel inverfely . For 
if the circumference of a great wheel moves with the fame velocity as 
the circumference of a fmall one, the periodical time of the former wheel 
will be as much greater in proportion than the periodical time of the lat- 
ter as the circumference of the former wheel is greater than the circum- 
ference of the latter, of as the diameter of the former is greater than the 
diameter of the latter ; therefore if the velocity of the wheel's circum- 
ference be given, the periodical time will be as the diameter of the wheel 
directly : let us now fuppofe the velocity of the circumference of the » 
feme wheel to be in any cafe incrcafed then will the periodical time be, 

dims- 
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diminifhed in a contrary proportion, and vice verja j therefore if die di- 
ameter of a wheel be given, the periodical time will be reciprocally as 
the velocity of the circumference j therefore if neither the diameter nor 
the velocity of the circumference be given, the periodical time will be 
as the diameter of the wheel dire&ly, and as the abfolute velocity of 
every point in the circumference inverfely. In numbers the periodical 

time will be as ~y. 

Ex. 9. The relative gravity of any fpecies of bodies is as the abfolute 
•weight of any body of that fpecies dtrctf/y, and at it’s magnitude inverfe- 
ly ; where by the magnitude or bulk of a body is. meant the quantity of 
fpace it takes up, and not the quantity of matter it contains. 

All bodies of the feme kind are fuppofed to weigh in proportion to 
their magnitudes ; and therefore if a body of any one kind be compared 
with a body of the fame magnitude of another kind, the proportion of 
their weights will always be the- lame, let their common magnitude be 
what it will ; and hence arifes the comparifon in general of the weight of 
one fpecies of bodies with the weight of another : if a cubic inch of 
gold be 19 times as. heavy as a cubic inch of water, then a cubic foot 
of gold will be 19 times as heavy as a cubic foot of water, t$c ; and fo 
we pronounce in general that gold is 1 9 times as heavy as water, though 
we mean bulk for bulk. In this fenfe therefore may any one fpecies 
of bodies be faid to be heavier or lighter than another, in proportion as 
any one body of the former fpecies is heavier or lighter than a body of 
the fame magnitude of the latter, which is the lame in effedt with the 
fir ft part of my aflertion. Let us now compare bodies of the lame weight, 
but of different magnitudes ; and then it will appear that the fpecific gra* 
vities of thefe bodies, that is, of the feveral lpecies to which they belong, 
will be reciprocally as the magnitudes of the bodies compared : thus if a- 
cubic inch of gold be as heavy as 19 cubic inches of water, then the fpect- 
lic gravity of gold will be to the fpecific gravity of water, not as I to 19, 
but as; 1 9 to x } for if 1 cubic inch of gold be as heavy as 1 9 cubic inches 
of water, then 1 cubic inch of gold will be j 9 times as heavy as 1 cubic 
inch of water; and therefore, from what has been faid in the former cafe, 
the fpecific gravity, of gold will be to the fpecific gravity of water as 1 9 to 
1 . Put both thefe cafes together, and the relative gravity of any fpecies of 
bodies will be as the abfolute weight of any one body of that fpecies di- 
re&ly, and as it’s magnitude inverfely. Thus if in numbers P and p be 
the weights of two globes whofe diameters are D and d 3 the fpecific gravities 

JP p 

nf die metals out of which thefe two gibbet were formed afe t as ^ to 
. . Eifo* 
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Ex. io. If a body as A gravitates toward the center of a planet as B 
at tlx dijlance D ; I fay then that the weight of A will be as the quan- 
tity of matter in A direSlly, and as the quantity of matter in B direblly, 
and as the fquare of the dijlance D invcrfely . For the weight of the 
whole body A towards B arifes, cater is paribus, from the weight of all 
it’s parts; and therefore in fuch a cafe will be as the quantity of matter 
in A. Again, the weight of A towards the whole planet B ariles, cater is 
paribus , from the weight of A to all the parts of B ; and therefore in 
fuch a cafe will be as the quantity of matter in B. LnfHv, if the quanti- 
ties of matter in A and B continue the fame, and the dillance D befup- 
. poled to vary, the great Newton has deroonllrated that the weight of A 
towards B will be reciprocally as the fquare of the dillance D. There- 
fore if neither the quantities of matter in A and B, nor the dillance 1 ) 
be the fame, the weight of A towards B will be as the quantity of mat- 
ter in A diredlly, and as the quantity of matter in B dircdly, and as the 
fquare of the dillance D inverfely. Thus if A and B be numbers repre- 
fenting the quantities of matter in the bodies A and B relpedively, the 

■weight of A towards B at the dillance D will be as -jy , that is, the 


weight of A towards B at the dillance D will fcc to the weight of a 

a 4 P> ab 

.towards b at the dillance d as the fraction is to the fradtion 

•Hence the w^ght of A towards B will be equal to the weight of B 

ylB 

towards A, fuice both will be reprefented by the lame quantity 


Another way of treating the examples in the two lajl 

articles. 

305. If there be ever Jo many quantities , and thefe all . heterogeneous 
to one another , we are at liberty to represent them by what numbers we 
pleaj'e , or even all by unity itjelf provided we take care to reprefent 
all other quantities of like kinds by proportionable numbers. Thus I am 
at liberty to call any quantity of time I pleafe i, or any degree of ve- 
locity r, or any quantity of lpace 1 ; but then I muft take care to call 
a double time, or a double velocity, or a double lpace by the number 
2,. and lo on. This conlideration luggefts to us another way of treating 
the examples in the two laft articles; fomewhat different from the for- 
mer •, which, as it may be explained by a bare in fiance or two, I lhall 
give the learner as follows. 


lli 
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In the firft: example we were taught that the fpace defcribed by a bo- 
dy moving uniformly for any time, and with any velocity, is in num- 
bers as the time and velocity multiplied,together ; which may alio be de- 
monftrated thus : fuppofe that a body moving uniformly in lome known 
time called i, and with fome velocity called i, (hall defcribe a fpace 
which we will alfo call i ; then if in the time i, and with the velocity 
1, there be defcribed the fpace i, it is plain that in the time T, and witn 
the velocity i , there will be defcribed the fpace T ; but if in the time 
T, and with the velocity i , there be defcribed the fpace T t then in the 
time 7 ”, and with the velocity V there will be defcribed the fpace 
and that, let the quantities V and T be what they will 5 and therefore 
in all cafes, the Ipace will be as Tx V. 

Again, in the fixth example it was fhewn that if any moving force 
as M be directly applied to any body whole quantity of matter is £>_, 
M 

the velocity thereby produced will be as : for a further deinonllra- 


tion whereof, let us luppole that fome known force called 1 , when ap- 
plied to fome quantity of matter called 1, will produce the velocity 1 ; 
then will the force 2 applied to the fame quantity of matter 1 produce 
the velocity 2 •, but if the force 2 when applied to the quantity of mat- 
ter 1 p'oduces the velocity 2, then the lame force 2 applied to a quan- 
tity of matter as 3 will produce a velocity equal to a third part of the 
former, to wit \ ; and for the fame realon the force M applied to a 

quantity of matter as 5^ will produce the \ elocity j ^nd therefore dm 


velocity will always be as 


K' 


It is not impoffible but that lome of my Id's judicious readers may tv 
inclined to think I have fpun out this fubjedt to too great a length : but 
I ealily perfwade my fclf that there are none who have thoroughly con- 
fidered the very great ufefulnefs and importance of this dodtrine, cfpeci- 
ally in Mechanical and Natural Philofophy, but will readily acquit me 
of this charge j and the more fo, bccaufe none that I know of have di- 
gefted thefe matters into a fyftem, or have written fo diftindtly upon them - 
as the importance of die fubjedt requires.. 


T H E 
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THE 

ELEMENTS of ALGEBRA 

BOOK VIII. IN TWO PARTS, 

L The application of Algebra to plain Geometry. 

II. Of Prifms, Cylinders, Pyramids, Cones and Spheres. 


PART I. 


Requijites for applying Algebra to Geometry: and how 
numeral exprejfions of geotnetrical magnitudes are to 
be underfood. 


IT 

n 


306. I TH E R T O I have contented njyfelf with treating of 

Algebra as it relates to numbers only : I (hall in the next 
place proceed to apply that art to Geometry, and {hew 
that it is no lefs ufeful in the refolution of geometrical 
than arithmetical problems. Therefore it is now abfolutely needfary 
that the learner before he enters upon this part, becomes tolerably well 
acquainted with the common principles of Geometry, and efpedally 
fuch theorems as are ufually referred to in the refolution of geometrical 
problems ; fuch as the Pytnagoric theorem, which is the 47th propofi- 
tion of the firft book of Euclid ' s dements ; the doftrine of limilar trian- 
gles delivered in the fixth book ; the nature and properties of the circle, 
exhibited in the third book; the nature of proportion, and the feveral 
variations of proportionable quantities, enumerated and explained in the 
fifth book ; and fo on. It is true indeed that here in the matter of pro- 
portion, I thought I fore fa w fome difficulties, or difeouragements at 
leaft, which if not removed, a young beginner would fcarce of himfelf 
be able to get over ; but thefe I have taken care to obviate and clear up 
in the foregoing book in fuch a manner, that it is now to be hoped the* 
fifth book of the Elements, as it is there delivered, willlbe found as eafy 

and 
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and as intelligible as any other part of the Elements whatever, if not 
.more fo ; and therefore I fha.ll now proceed to other matters. 

In reprefenting lines by numbers we are at liberty in any problem to 
reprefcnt what line we pleafe by unity, provided that in that problem all 
other lines be reprefented by proportionable numbers. Thus if an inch 
be reprefented by an unit, a foot muft be reprefented by the number 12 ■, 
if a foot be reprefented by an unit, a yard muft be reprefented by the 
number 3, and fo on ; but it is not neceflary that this ftandard-line re- 
prefented by unity fhould always be exprefled : thus when the three lides 
of a triangle are reprefented by the numbers 3, 4 and 5, thofe fides may 
be 3, 4 and 5 inches, 3, 4 and 5 feet, or 3, 4 and 5 yards. &c, provided 
that all other lines to which thefc are to be compared be proportionably 
reprefented. 

As to furfaces, if any number as 10 reprefents an area, that area muft 
'be looked upon as equivalent to ten equal fquares whofe tides are fuch 
lines as are reprefented by unity. 

Laftly, if any number as 10 reprefents the content of any folid, tha* - 
folid content muft be looked upon as equivalent to ten equal cubes whofe 
tides arc units. Thus then if the number 1 reprefents a line of a foot long, 
the number 10, when it reprefents a line, will lignify a line ten feet 
Jong ; when it reprefents an area, it will lignify ten fquare feet, and when 
it reprefents a folid, it will fignify ten cubic feet. 


Problem i. 

307. It is required having given a and b the two legs of aright-angled 
triangle , whereof a is the greater , to find it's hypotenufe , without the 
fortyfeventh of the firfi Element. 

Solution. ( See Plate I. Fig. 2. ) 

Out of eight triangles, all fimilar and equal to the triangle propoied, 
let four right-angled parallelograms be formed, and diJpoicd as in the 
feheme, to wit, AK, BL t CM and D .\ r ; then from the unifor- 
mity and conftitution of the figure we Avail have three Iquares, to w it, 
ABC D the greateft, EFG H the middlemoft, and KLAfN the lealr. 
It is further evident that the greateft fquare exceeds the middlemoft by 
four of the triangles above mentioned, anti that the middlemoft exceeds 
the leaft by the other four triangles ; and coniequently that the middle- 
moft fquare is an arithmetic mean between the greateft and the l call 
But the fide of the greateft Iquare is AB=- A E~h£Bz=z a -\-b , and 
the fide of theleaft fquare is KL=EL — EK=a — b : therefore the 
. area of the greateft fquare is -4- 2 a b-\- /£*, and the area of the leuft 

* R r r fquare 



498 Geometrical problems. Book viii. 

fquare is a 1 — zab + b 1 , and an arithmetic mean between thefe two areas 
is a'-t-b 1 ; therefore the area of the middle fquare is a x - s c-b l : but the 
middle fquare is the fquare of the hypotenufe of the triangle propofed j, 
therefore If a and b be the legs of any right-angled triangle, the fquare of 

the hypotenufe will be a* -f- b‘, and the hypotenufe itfelf will be -f~ b*. 
Q^E. I. ’ 

Note, that by this problem the relation between the hypotenufe and 
the legs of a right-angled triangle is inveftigated: otherwife, the two legs 
being given, to find the hypotenufe nothing more is required, than to 
draw a right line equal to one of the legs and perpendicular to the other 
at it’s extremity, as j HA perpendicular to AE, and to joyn HE. 

Scholium. (Fig. 3 .) 

Though furds cannot be exprefied in rational numbers, yet by the 
help of the foregoing propofition they may be as cxa&ly exprefied by 
lines as any rational numbers whatever can be. Let the line AB repre- 
fent unitv, and perpendicular to it draw the line B K, upon which jet of 
BC=AB, BD= AC, BE=; AD, B F = A E, BG = AF, and BH 
= AG : I fay then that if AB exprejfes unity, BC will exprefs 1 or </ 1, 
BD v/2> BE ^3, BF v/4, BG v/s, BH y/ts, &c. For firft, AB X = 1, 
BO=zi, therefore AO — 2 ; but BD = AC by the conftru&ion ; 
therefore BD 1 — AO = 2 ; therefore BD—y/2. Secondly, AB l = 1, 
BD 1 — 2 , therefore AD 1 or BE* = 3 ; therefore B E =^3. Thirdly, 
AB 1 — 1, BE 1 — 3, therefore AE 1 or B 2^=4; therefore BFx=y/4 ■, 
and fo of the reft. Since then the lines BD, BE, BF, Cs ? c may be as 
exadtly taken as any other lines reprefenting any rational numbers what- 
ever, it follows that rational and irrational numbers are equally exprefii- 
ble in Geometry. Could Euclid ’ s pojlulata be perfectly and exadtly ex- 
ecuted, the lines BD, BE, & c would exprefs their reipe&ive furds to a 
degree of perfect exadlnefs, which is more than can be done by rational 
numbers : but as thefe pojlulata cannot be exa&ly executed, tnere muft 
be feme errors in the drawing of the lines} and in inch a cafe it is no 
wonder if thefe furds may be more exactly reprefented in numbers than 
in lines, though even here it muft be obierved that there are no errors 
incident to the reprefentation of furds by lines, but what the reprefenta- 
tion of rational numbers by lines is equally liable to. 

Note , that the fcale here deferibed is that referred to in article 202, 
fcholium 1. 

Problem 2. 

308. jind.the area of a triangle whofe three Jides are.given in number /. 

Invest u 
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Investigation, 

i ft. The fum and difference of any two numbers multiplied together 
will give the difference of their fquares, and vice verfa : thus a~k-y<a^y 

zzza 1 — -y 1 ; and thus again r* — d 1 = c-\-d\ c — d. See art. 9th, Ex. 4th. 

2dly. Let the triangle propofed be ABC (Pig. 4,,) whereof let 
AB—a f BC~b t and CA-=.c j and let a-^-b^rC (or the fum of all 
the tides) = 2 jj then if in be fubt railed from both fides, you will have 
— a-\-b-\-c — is — 2a: and lor a like reafon a — b^-c — is — zl\ 
and a-+-b — c= is — 2 c. 

3<Ily. Draw the perpendicular A /), and the two right-angled trian- 
gles ADB and ADC furnifh the two following equations, AD X 4- DB’ 
A B 1 , and AD 1 -+-DC l = AQ-. 

4thly. Make AD=x , Z?D = y, and confequently CD=zb — -v, and 
the two equations in the laft ftep, according to this notation, will ftand 
thus: x 1 -\-y x * *—aa t 

and x z ~^~y l — iby-\-b x —cc. Subtrad the latter 

equation from the former, and you will have 

* * +- 2 by — b t —a % — c % -, whence 2 by=s 

a 1 -j- b x — -c x . 

5thly. Since by the laft ftep 2 by=-a x -M 1 -— c*, we have — 2 by 

= — or — b 1 -^ -c l , and lab — iby or 2 bxa — y= — a'-^-iab — P-i-c* i 
make a — b~d> and you will have a 1 -—iab-\- P =zd t t and — a*-\- lab 

— b 1 — — d 1 , and — aa~\-iab — b l -\~c l =:c x — d % } therefore 2 bxa — y 

=c' T — <7 1 = (by the firft) c — dxc-\-d=c — a-\-bxc -\-a — b~ (by 

the lecond) is — la is is — 2 b~yxs — axs — b ; therefore from firfl 

, lb b 

to laft, ibisa — y = 4Xi — a\i — b , and — x a—y or - x a — ¥=• 

* Am 2r 

r — a xi — b. 

6thly. Again, fince by the fourth ftep, iby'=.a x - 3 rb x —c t i we have 

iab-\~lby or ibysaAry x^a i ’\'iab-\rb % — c l ; make a-t-b=zd t and 
you will nave a x -y-iab -1- b l —d x y and a 1 -+■ lab -f- b l — c 1 = d '~ — 

-c x d~y~ c = a 4~ b — c x a -\~b~\~c =s=-2 s—— 2 c x 2 s = 4 * 

therefore from firft to laft, we have 2^xtf4-.y=4x* — c* s > and - ^ 
//-f-ysasr— tfxr. 

7 till V 


R r r 2 
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7thly. Multiply the, equations found in the two laft fteps together, 
viz. - xrt — y = r — axs — b, and ~x<z-l-y=r — cxj, and you wilt 


have (by the firft) — x<i* — y* = r — tfxi— £xr — rxr; 

4 

8thly. But by the fourth hep a 1 = x 1 and a 1 — y'—x 1 ) there- 

x* — 

tore ■ — =--r — a xr — oxs — c xn. 

4 

b x 

9thiy. Extra# the fquare root of both Tides and you will have — , 
or ADx{BC y or the area fought, equal to the fquare root of the pro- 


dti# s — <rxi — bxs — c x j. In words thus : 

From half t be turn of the Jides J'ubtraB the three fides feverally , and mark 
down the remainders ; then if thefe three remainders and that half fum be 
multiplied together by a continual multiplication , the fquare root of the pro - 
duB will be the area fought. 

Note. If the perpendicular falls without the triangle, (as in Fig. 5,) 
the inveftigation of this theorem will , hill be the lame, only , now the fign 
of y will he changed. 


0 


E X A M f L I r.. 


Let the thre€ fides of the triangle whofe area is fought be 13, 14 and 
f 5, and the fum of thefe lidcs will be 42, and half their him 2 1 ; from 
this half fum 21 fubtra# the three fides 13,44 and 15 leverally, and 
the remainders wiH be 8, 7 and 6 refpedtively.; multiply now thele four 
numbers 21,8, 7 and 6 together by a continual multiplication, and you 
will have 21 x8= 168, 168x7= 1176, and 1 176x6=7056, whofe 
fquare root is 84 ; therefore 84 is the area fought. 

Hence may a perpendicular let fall from any angle be found. For fince 
the perpendicular multiplied into half the bafe gives the area , if on the con- 
trary y x the area be divided by, half the bafe , the quotient will be the Perpen- 
dicular. Thus in the foregoing example, if the tide 14 bfc made the bafe, 
diyide 84 the area by 7 half ‘the bale, and the quotient 12 will • be the 
perpendicular. 

ExAMf-LE.2. 

Let the three fides be 13, 4 and 1 5 ; then wedhall have 

=eci6,.i6 — 15=1, 16 — 13=3, and 16 — 4= 12, and 1x3x12* 
46s® 576, whofe. lquare root 24 isthejirea fought. . 1 


E x A M* 
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Example 3. 

Let the three fides be 7, 8 and 1 5 ; then we fhall have 

2 

” J 5* *5 — iS—Oj' tS — # = 7> and 15 — 7=! 8, and 0x7x8x15=0, 
whofe fquare root is 0 ; therefore the area of this triangle is o : the rea- 
fon whereof is an abfurdity in the iuppoiition ; for we fuppofed a trian- 
gle whbfe two fides 7 and 8 were equal to the third fide 1 5, whereas in 
every triangle any two fides taken together ought to be greater than the 
third. Had we propofed a triangle whereof two fides were lefs than the 
third, the fuppofition would have been frill more abfurd ; and in this 
cafe the area would have been the fquare root of a negative quantity, 
which is impoflible : therefore the problem needed no limitation, fince 
the canon limits itfelf. 

Corollary. 

If 1 be the fide of an equilateral triangle, half the fum of the fides 
will be t, and each remainder will be [ } but { x \ x \ x 1 = £ ; and there- 

fore the area of the triangle will be and it’s perpendicular altitude 

T 

/o 

— - ; therefore The bafe of an equilateral triangle is to it's perpendicular 
2 

altitude as 1 to , as 2 to ^3, or nearly as 2000 to 1732, or- as 15 
2 

to 13 nearly. 

A Le'Mmaticai. Problem. 

300. To find in rational numbers two right-angled- triangles, having Ortf 
teg the fame in both. 


S O L U T I O N. 


By art. 1 2 find any two right-angled triangles exprefied in rational 
numbers : then if the three fides of each triangle be multiplied into ei- 
ther leg of the other, you will have two right-angled triangles fimilar to 
the former, which. will have one leg the fame in both. 

Let the Tides of .the two right-angled triangles found by art. 1 2 be a, 
b, c, and d r e,f, whereof c and / are hypotenufes ; then if the fides a, b 
and -1 oftheiirft triangle be multiplied by d, one of the legs of the lat- 
ter i and if the fides d, e and f of the latter triangle be multiplied by a, 
one of the legs of the former ; there will arife other two triangles, viz. 
ad, i>d, cd, and ad, ae, af Now that thefe are right-angled triangles, and 
fimilar to the former, is evident from art. 224 j and that there is one leg 
fo» fanM» in both, to wit ad, is evident from the operation; 
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If the two legs tli.n ;ue made multiplicators, as in the prefcnt cate a 
and d, be not the lead in their proportion, let a be to d as r to s, and 
let r and > be the Icali in the proportion of a to </: then if inftead of 
multiplying the fill triangle by d, and tire iccoiid by a, the full had been 
multiplied by s, and the lecondby r, we ihould have had thefe two tri- 
angles, more iimple than the former, to wit, as, bs, cs-, dr, er , fr, 
wherein the leg as of one would have been equal to the leg dr of the o- 
ther : for lince a is to d as r to i, as and dr are the products of the ex- 
tremes and means. 

Example. 

Let the triangles found by art. 12 be 3, 4 and 5, and 5, 12 and 13 ; 
then if 4 and 12 be multiplicators, fincc 4 is to 12 as 1 to 3, multiply 
the fir A triangle by 3, and the lecond by 1, and you will have the tri- 
angles 9, 1 2 and 1 5, and 5,12 and 13, having one leg 1 2 the fame in both. 

Problem 3. 

310. To find as many oblique-angled triangles as ixe pleafe u'hofe fides and 
areas are all cxprejjiblc by rational numbers. 

Solution. (Fig. 4, $.) 

Find by the laft: article two right-angled triangles ADB and ADC 
having one leg AD in common : then if by means of this common leg, 
the triangle ADB be added to the triangle ADC , as in the former 
lcheme (Fig. 4 ,) or fubtra&ed from it, as in the latter ( Fig. 5J we 
fhall have in botl^. cafes a triangle as ABC whofe fides and area are all 
exprefied in rational numbers. For firft, the fides AB and AC will be 
the hypotenufes of the conflituent right-angled triangles; and fecondly, 
the bale BC will be either the fum or difference of the bafes of tbofe 
triangles ; and laffly the area, which is half the product of BC multi- 
plied into AD, rauft be exprefied in rational numbers, becaufe the fee- 
tors B C and A D are fo. 

Example. 

Let the right-angled triangles found by the laft article be 12, 5 and 
13, and 12, 9 and 15, whofe hypotenufes are 13 and 1 5: then, lince 
the lum of the bafes p^and 5 is 14, and their difference 4, we lhall have 
two oblique-angled triangles, whofe fides and areas, are all in rational 
numbers; to wit, the acute-angled triangle 13, 14 and 15, and theob- 
tufe-angled triangle 13, 4 and 15, as in the two firft examples in the 
laft article but one. 

Problem 4. 

3 1 1 . Having given the three fides of any triangle in numbers, to find the 
jemidiameter of an inferibed circle. * 

Sol v- 
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SoLUTJ O N. (Fig. 6J 

Let ABC be the triangle whole three tides are given, and let DBF 
be the inscribed circle touching the three fides AB, BC, CA in tlte three 

{ joints D, E, F relpedtivcly. From G the center of the circle draw the 
ines GAy GB, GC, GDyGE,GF, and the three laft lines GD, G’E, 
G F will be perpendiculars to the three tangent Tides, by the 1 8th pro- 
pofition of the third book of the Elements. By this means the triangle 
ABC is divided into the Idler triangles GAB, GBC , GCA, having 
equal perpendicular altitudes GD, GE, GF: the area of the triangle 
GAB will be \AB x Cr D; the area of the triangle GBC will be \BC 
xQE or GD-, and the area of the triangle GCA will be \CA*GF or 

GD ; and all thefe areas put together will be \AB-t-\BC-\-\CA*.GD •, 
or if we put s for the fum of all the three ikies of the great triangle 
ABC, the areas of the three Idler ones added into one fum will be 
GD*'-* -, but thefe areas put together conftitute the area of the great 
triangle ABC: Find therefore by art. 308 the area of the triangle ABC, 
® ' 2q 

and call it q, and you will have CDxis=q, and GD — ~: if there- 
fore twice the area of any triangle be divided by the fum of the fides, the 
quotient will be the jimidiameter of an inferibed circle. ^ E. I. 

Corollary r. 

Since twice the area of any triangle may be found by multiplying the 
bafe into the perpendicular altitude, it follows, that aPtbe fum of all the 
three fides is to the bafe alone, fo is the perpendicular altitude to the radius 

of an inferibed circle. -\ 

Corollary 2. 


Hence in an equilateral triangle, the radius of an inferibed circle is one 
third of the perpendicular altitude . And if the fide be called a, and 
confequently the perpendicular altitude \ar.fi by the corollary in art. 

we (hall have, in an equilateral triangle, GD—[a\ and 


ioS, 


QD l z=z--aay.~ s=r-~ aa, and GD'=V~: therefore If the j'quare f 

the fide of an equilateral triangle be divided by \2, the fquare root of the 
quotient will be the radius of an inferibed circle. 

Corollary 3 

From the demonflration -of this fourth problem it plainly?appear.% that 
*tbe area of am polygon circtmfcribed about a circle is equal to the radius 
" j multi- 
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multiplied into half the perimeter of the polygon ; and confequently that the 
area of fitch a polygon i . s equal to that of a triangle , ivhofe bafe is the peri- 
meter of the polygon , and ivhofe perpendicular altitude i r the radius of the in - 
fcribcJ circle. 

Corollary 4. 


Since the properties delcribed in the lafl: corollary do not at all depend 
on the number of tides of the polygon, it follows that thefe properties 
muft fubfift even when the number of tides is infinite: but a polygon of 
an infinite number of tides circu-mfcribed about a circle differs nothing 
from the circle itfelf ; therefore Every circle is equal to a triangle wfjo/e 
bafe is a right line equal to the circumference , and ivhofe perpendicular al- 
titude is the radius : and the area of every circle is had by multiplying the 
radius into half the circumference. 

C O R O L L A R V 5. 


If an equilateral polygon be incribed in a circle , Juch a polygon will be 
equal to a triangle ivhofe bafe is half it's perimeter , and iShoje perpendicu- 
lar altitude is equal to a line drawn from the center of the circle perpendicu- 
lar to any one fide of the polygon : for they are all equal, the polygon being 
fuppofed equilateral. 

Problem 5. 

312. Having given the three fidesof any triangle in numbers, to find the 
diameter of* a circumj'cribing circle. 

Solution. ( Fig, 7.) 


Let the inferibed triangle be ABC, whofe fidcs are all given in num- 
bers^ and let AD be the diameter of the circumfcribing circle ; join BD, 
and let AE be perpendicular to BC j and you will have two fimilar tri- 
angles, AEC and ABD j for the angle AEC is a right one by conftruc- 
tion, and the angle ABD is a right one as being in a lemicircle, and 
moreover the angles C and JD are equal, as infilling upon the feme arc 
AB ; therefore as AE is to AC in one triangle, fo is AB to AD in the 
other; therefore by multiplying extremes and mean? we have AExAD 

y/ J3 x AC 

sszABxAC, and AD=z — — j multiply both , numerator and de- 


nominator of this laft fraction by BC, and you will have ADs= 
ABxACxBC 

" AE x B C — : ^ ut AB xAC-x.BC is the product of all the three fides 
of the triangle multiplied together by a continual multiplication; and 


AE-xBC * 
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SfEx.BC is twice the area of the triangle ; therefore If the product of 
all the three fides of any triangle multiplied together by a continual multipli- 
cation be divided by twice the area , the quotient will be the diameter of a 
circumfcribing circle. Q^JE. I. 

Corollary. 


If a be the fide of an equilateral triangle, the product of a continual 
multiplication of all the tides will be a\ and twice the area of the trian- 

gle will be by the corollary in art. 308; therefore the produd 

A 


divided by this double area will be 


therefore the diameter of a cir- 


cutnieribinc circle will be — r- and the radius —7 whole fquare is — 

. . v 7 3 , . y 3. \ 3 

therefore If the fquare of the fide of an equilateral triangle be divided by 3, 
the fquare 1 oot of the quotient -will be the radius of a circle circumjcribed 
about 1!. 

Whence the radius of a circle circumjcribed about an equilateral triangle 
rcill be double the radius of a circle inferibed: for the fquare of the radius 
of the former circle will be to the lquare of the radius of the latter as 

“is to — by the 2d corollary in art. 311, that is, as 4 to 1 ; there* 
fore the radii themfelves will be as 2 to 1 . 'S> 


A Lemma. 


313. If in a triangle a line be drawn from any angle to the oppofite bafe , 
it will divide all lines parallel to the bafe in the fame proportion as it di- 
vides the bafe it/elf. (Fig. $.) 

From the angle A of the triangle ABC draw the' line AD cutting 
the bafe B C in D, and the line E G parallel to the bale in F: I lay then 
that EF will be to FG as B D to DC. For by fimilar triangles, EF 
will be to BD as AF to AD but AF is to AD as FG is to DC > 
therefore by the nth of the fifth book of Euclid , E F is to BD as FG 
to DC, and permutdndo, EF is to FG as B D is to DC. E. D. 

f 

Problem 6. 


314. 7i 7 find the center of gravity of any given triangle ; ttfzt is, to find 
a point in the plane of a given triangle as being Jufiatrtefi upon the 
• _./ point of a pin, or otherwifi , the whole figure Jhall be in awjdpibrio. 


S f f 


/ 


Sot u* 
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Solution. ( Fig . 9 .) 

Let the triangle he ABC, and from any angle at A draw the line AD 
hi fitting the oppojite fide in D ; then if from the point A towards D be Jet 
off' A£ equal to two thirds of the line AD, the point E will he the center 
of gravity required. 

For firft, as the line AD bifeds the bafe B C, it will bifed all other 
lines parallel to it, by the lemma foregoing : therefore if we imagine 
this whole figure to be made up of an infinite number of infinitely fmall 
phyfic.il lines or wires, all parallel to the bafe B C, whereof the greateft 
is the bale B C, and all the red fhorten by degrees till they vanilh at A\ 
if, I fay, we imagine this figure to be fo conflitutcd, the" line AD will 
pafs through the middle of all thefe wires, anil therefore all the elemen- 
tary wires will be in cequilibrio with refped to the line AD ; therefore 
the center of gravity of the figure muff be fomewhcrc in that line AD. 
In like manner, if from the angle B the line BF be drawn, bifeding 
the oppofite fide AC in F, the center of gravity muff be fomewhere in 
the line BF, therefore if the point E be the interfedion of the two lines 
AD and BF, the center of gravity muft be in the point E-, for other- 
wife it could not tie in both thole lines. Join FD and becaufe the 
line FD cuts the fides AC and BC proportionably, it muft be parallel 
to A B ; and fo the triangles FCD and AC B will be fimilar, as alfo the 
triangles ED F and EAB -, therefore AE is to ED as AB is to FD, 
or as BC to CB\ or as 2 to 1 : fince then AE is to ED as 2 to 1, it 
follows by compofition of proportion that AD is to ED as 3 to 1 ; 
therefore E D is one third, and AE two thirds of the whole line AD. 
E. D . 

Scholium. 

By the help of this propofition may the centers of gravity of all other 
right-lined figures be found , and by a way of realoning not unlike to 
this, may alfo be found the center of gravity of any triangular pyramid, 
and conl'cquently of any other pyramid or cone wlutfoever. But I am 
too much out of my way already. 

Problem 7. ( Fig . 4, 5O 

, 3 1 <. ft is required, having given the bafe BC of any triangle, together 
.'*■ with tie adjacent angles B and C, to jind it's perpendicular altitude. 

N. B. 'Tnis problem is eafily refolved geometrically, if frora*&amd 
C the twj^nds of the given bate be drawn the lines BA and CA in t^e, 
angles g& n, by the 23d propofition of the firft Element} for therf 

' ABC 
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ABC will be the triangle proposed, and AD will be the perpendicular 
fought. But I {hall give the arithmetical folution of this problem, after 
having firft advertifcd the reader, that an angle as ABD is laid to be 
given, when (if a point as A be alfumed in one of the legs, and a line 
as AD be drawn perpendicular to the other) the proportion of AB to 
BD, or of AB to AD, or of AD to DB is given; for any of thcfe 
proportions being given, the angle B will be found in degrees and mi- 
nutes by the help of trigonometrical tables ; and vice verja , if the angle 
B be given in degrees and minutes, any of the foregoing proportions 
will calily be had from the fame tables. 

Solution. 


Call the given bafe BC, b\ let A D lie to D B as r to p , and more- 
over let AD be to DC as r toy; then if the unknown altitude AD 

be called x, the fegment BD will be arid the fegment CD a,K l 


i) X } Q X 

(Fig. 4) the fum of the fegments will be - — — : but the fegment* 

BD and CD both together make the whole bale BC~b ; therefore 

px-\~qx . . , * hr 

— —b : whence A D or x = — — . 

r />- 4 -y 

Since AD is to BD as r to p, it follows that if r continues the fame, 
the nearer the point D approaches to the point B, caferis paribus , the 
lefs will be the quantity /•; if JD coincides with B, as is the cafe when 
the angle ABC is a right one, we lhall have p — o ; therefore when D 
lies on the other fide of B in the line CB produced, (as in Jig. 5,) that 
is, when the angle ABC it obtufe, the quantity p will then be negative, 

b r 

and we (hall have the perpendicular AD— - — -. 


Problem 8. (Fig. 10.) 


316. Let ACDB, AEFB and AGHB be three given right-angled 
parallelograms , aV fituate upon the fame baje A B, and all the fame 
way, Juppojtng ti$ red angle AGHB to be the greatejl, and the rect- 
angle ACDB to be the leaf : It is required to draw the line K L M N 
parallel to AG or BH, and cutting the lines GH in K, EE E, 
CD in M, and A B in N j Jo that the fum of the redangles AK and 
J 3 M may be equal to the middle redangle A F. * 

S f f 2 r Sol u- 
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Call AB p, AG q, AE r, and AC s ; call alfo the unknown part 
AN x, and confequently BN p — x, and the redangle A K or AG* AN 
will be qx, and the rectangle B M or BD* BN or AC* BN will be 
ps — sx, and ladly the redangle AF or AB*AE will be pr- t and we 
(hall have the following equation, to wit, qx-t-ps — sx —pr ; whence 


fi p - p 5 

q x—sx—pr — ps, and x — — J~ > whence we have the following 

proportion; as y — s is to r—s fo is p to x : but q — s is- AG — AC 
or CG, and r — s is AE — AC or CE, and p is AB, and x is AN ; 
therefore as CG is to CE fo is A B to A N : thus is the point N, and 
confequently the politico of the line KLMN determined. But for a 
more elegant conftrudion of this problem; fince CG is to CE as AB 
to AN, it follows drciderulo, that CG — CE or E G is to CE as AB 
*—AN or B N is to AN, and inverfely, that CE is to EG as AN to 
NB ; therefore the line AB is divided in N or EE in L in the fame 
proportion as CG is divided in E : whence it follows, that if the line CH 


be drawn, it will cut the line EF in L ; for the fimilar triangles ELC 
and FLH will give EL to LF as CE to PH, that is, as CE to EG. 
E. I 

Otherwife thus : draw' the line CH cutting EF in O, and the triangle^ 
CG H, CEO will be fimilar, and CG will be to CE a§ G FI to £0 ; 


but CG is to CjX as AB to AN, that is, as G II to EE,; therefore EE 
is equal to EO { therefore the line KN drawn through the point L or 
0 , parallel to AG will determine the point N in the line AB ; and A.K 
ynd BM will be the redangles fought. 

Now if we oa ft about for a fynthetical demonftration of this con- 


flrudion, we (hall calily find it. For in the redangle CGHD the two 
complements EK and DL are equal, by the 43d propofition of the firlt 
book of the Elements ; and if to thele equal complements we add the . 
two redangles AL and BM, we lhall have the three redangles AL, 
EK and BM equal to the three redangles AL, BM and DL: but 
the tw r o redangles AL and EK make AK on one fide, and the. two 
redangles BM and DL make BL on the other lide ; therefor? the fum 
of the two. redangles A K and BM is equal to the\fum of the two red- 
angles AL and BL, that i% to the redangle AF. ^ E. D. 

• , . jV, B. By the folution of this problem it is eafy to fee, that we may 
often trace out analytically the conftrudion of a problem, and- then by 
this conftrudion be directed to a fynthetical • demonftrationof tjw^me. 
which bkhout the conftrudion firft obtained, would fcarce have we a 
thought 1 *^ 



P & 0* 



Art. j 17* 


Geometrical fkoheks. 5 o^ 

Problem 9. 

-517. In a triangle whofe bafe and perpendicular are given, to infer the a 
right-angled parallelogram whofe bafe Jhall be part of, or coincident 
with the bafe of the triangle , and whofe tivo contiguous Jides Jhall be to 
each other in a given ratio . 

As in the triangle ABC (Fig, 1 1 J whofe bale BC and perpendicular 
AD are given, let it be required to find a point as 7 in the line AD 
through which a line as E F being drawn parallel to the bale of the tri- 
angle, and terminated by it’s legs, and the right-angled parallelogram 
EFGH being complcated, the fide EF may be to the fide F G in a 
piven ratio. But here it mull be obferved, that as every triangle has at 
lealt two acute angles, that the parallelogram EFGH may fall wholly 
within the triangle, the angles B and C mufit both be acute, or rather, 
neither of them mull be obtufe. 

Solution. 


Call AD p, BC q, and let the given ratio of E F to FG be that of r 
to s ; where p , q, r and s are fuppofed to be given lines, whether com- 
menfurable or incommenfurable it matters not : call alfo A I x, and con- 


fequently ID p — x and by fimiiar triangles we lhall have the follow- 
ing proportions, to wit, AD to A 1 as BD to El, and alfo as DC to 
IF, and confequently as BC to EF: lincc then AD ot p is to AI of x 

ax ^ 

as BC or q to EF, we {hall have E F— , or a fourth proportional 


line to the three lines p, x and q : but EF is to be to FG as r tor; 


iherefore we have the following proportion, to wit, — is to p — x as * 
to s. Now what we have often obferved before in numbers is equally 


true in lines, to wit, that if four lines be proportionable, a right-angled 
parallelogram, whole two contiguous lides are the two extremes, will be 
equal to another right-angled parallelogram, whole two contiguous lides 
are the two middle terms > or as we ufually exprefs it in Ihort, the 
redangle of the extremes is equal to the redangle of the means or mid- 
dle terms: this is the 1 6th propofition of the lixth book of the Elements. 
And it may not be amifs to oblerve, that by the redangle of two lines 
in Geometry mud always be underftood a right-angled parallelogram 
whole bale is one of the lines, and height the other j. and when we 
jfoesrieof the line A multiplied into the line B, we mean ho more than 
&e area of fuch a redangle whofe. contiguous lides are A aim* B. Since 

then 
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, 9 * . 

then — is to p- 

P 


• x as r to s, we (hall have =.pr — rx , and qsx 


u y r 

—ppr — prx , an d prx- 4 -q sx z=zppr y and x—j-^-j-^ N9W had the 

quantities/*, 7, r, s been given in numbers, the quantity x might have 
been determined without any further proceis by computing the quantity 

i but as the quantities /, 7, r, s are lines, and perhaps lines in- 

commenfurable, this problem is purely geometrical, and mult be folved 
like all others that arc Jb, to wit, by a nicer drawing of lines without 
any computation, which is not allowed in matters purely geometrical. 
As the cafe now ltands, pr -f- qs is to pp as r is to x, that is, x is a fourth 
proportional to two planes and a line j for the rectangles pr and qs are 
what we call planes, or plain forfacesj whence their fum pr~\~qs will 
be a plane, as is alfo the fquare pp : therefore to reduce the proportion 
of thele planes, fo that x may be found at lalt a fourth proportional to 
three lines, one of the rectangles pr or qs, l'uppole qs, mult be fo tranl- 
formed as to have one of it’s lides the lame with one of the tides of the 
other redtangle pr , which may be done thus : make r to s as 7 is to t, 
that is, find the line t a fourth proportional to the three given bnes r, s 
and 7, which may be done by a meet* drawing of lines, without any 
.computation, by the 12 th propolition of the lixth book of the Elements ; 
and then, fince r is to s as 7 is to /, ' we (hall have rt—qs : fubltitute 
now rt inltead oi q s in the exprelTion of x, that is, in the expreffion 

ppr , ppr 

— — , and you will have x = or dropping r, you will liave 

pp 

» t ^ lat * s > y ou vv ^ have p-V-t to p as p is to x } therefore x 

is a third proportional to the two Hnes p~\~t and/, and may be found 
by the 1 ith propofition of the fixth book of Euclid. This lull ftep fur- 
nifhes the following con (t ruCtion. 

Produce AD from D to K below the triangle , fo that BC may be to 
DK in the given ratio of x to s : then if you make w AK to AD_y6 AD 
to A I, that is, if you take AK, AD and A I continual proportionals , you 
will have I the point through which one fide EF of the parallelogram EFGH 
' is to pajs : and this fide EF being once determined, the other fides FG and 
EH will eujfiy be determined by drawing perpendiculars to BC. QjJE, I. 

without Algebra thus: having produced the line AD 
t&Kj fo that EC may be to DK as r to s, as above $ through JCdf&nr 
LM parallel to BC, and meeting the Tides AB and Reproduced in L 
$od M relpcCtively ; let fall CN and BO perpendiculars to LM, and you 

will 
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will have a right-angled parallelogram BCNO fimilar to the parallelo- 
gram fought, fince BC is to CN as r to s: but the triangles ALAI 
and ABC , wherein thefe fimilar parallelograms are inferibed, are alfo 
fimilar; therefore the parallelograms EFGH and B C NO are fimilar 
parts of fimilar triangles ; therefore all fimilar lines in thele figures will 
be proportionable ; therefore AK the altitude of the triangle ALAS, 
will be to AD it’s cxccfs above the altitude of the parallelogram intcri- 
bed in that triangle, as AD the altitude of the triangle ABC, is to A I 
it’s excefs above the altitude of the parallelogram iimilarly inferibed in 
that triangle; therefore AK, AD, A I me continual proportionals. 
^ E. I. 

A lynthetical demonftration of the foregoing conftruftion may be that 
which follows. We are to demonftrate that if the lines AK, AD, si l 
betaken in continual proportion, the parallelogram EFGH will be fuch 
that E F will be to FG as r to s ; which may be done thus : 

Since by hypothefis AK is to AD as' ADis to A I, it follows by 
converfion of proportion that AK is to KD as AD is to DI, and by 
permutation that AK is to AD as KD to DI; but AK is to AD as 
AD to A I by the fuppofition, or as BC to EF-, therefore BC is to EF 
as KD to DI ; and again by permutation 5 C is to KD as EF to ID ; 
but BC is to KD as r to s by the conftrudtion ; therefore E F is to ID 
or FG as r to s. ^ E. D. 

N. B. If the parallelogram EFGH is intended to be a fquare, E F 
mail then be equal to FG, and conlequently r to s, BC to D K. 


Scholium. 

For the better underftanding of the foregoing, and many other geo- 
metrical problems, it muft be obferved, that In Geometry three dijiinSl 
forts of magnitudes are ccnfulered, to wit, lines , which have length only , and 
are f aid to have but one dimenjion ; Jurfaces , which have length and breadth 
only, and therefore are (aid to have two dimenfions ; and fohds, which have 
length, breadth and thicknefs, and fo are J aid to have three dimenfions . Thus 
the ends of lines are points, the edges oj jurfaces are lines, and the outfides 
of J'olids are jurfaces. 

Should we abate-aver fo little of the rigour of thefe definitions, thefe 
different forts of magnitudes, how didindt foever they may otherwife 
feem to be, would immediately be confounded one with another: fhould 
wc allow ever fo little length to our points, or breadth to our lines, or 
thicknefs to our furfaces, wherein would a point differ from a fhort line, 
or, a line from a narrow furface, or a furface from a thin folid ? But by 
> being confidere<J as above, they are not only kept didindt one from ano- 
ther, but even rendered heterogeneous one to another, fo as to be inca- 
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paUe of any comparifon one with another hy way of proportion. A line 
may be compared with a line, or a furface with a furface, or a folid 
with a folid ; but a line mu ft by no means be compared with a furface 
or with a folid, any more than a furface with a folid; bccaule propor- 
tion is an affe&ion of homogeneous quantities only, as is evident from 
the ;d and 4th definitions of the fifth book of Euclid : fo that to afk 
what proportion a foot in length bears to a fquarc foot, or a l'quarc foot 
to a cubic foot would be altogether as abfurd as to aik what proportion 
a foot in length bears to an hour in time, or an hour in time to a pound 
in weight. Therefore whenever four quantities are proportionable, they 
muft either be all homogeneous quantities, or at leafl the two laft terms, 
though heterogeneous to the two former, muft however be homogene- 
ous one to the other: if the third term be a line, the fourth muft be a 
line ; if the third be a furface, the fourth muft be a furface j if the third 
be a folid, the fourth muft be a folid, and fo on. 

It muft be further obierved, that if thefe letters A> B , C, Z), £, j F, G 
reprefent fb many dillind lines, any two of them, as AB, {landing to- 
gether .like two fadors reprelcnting a produd in Arithmetic, are in Geo- 
metry ufed to reprefent the area of a right-angled parallelogram whofe 
two fides are A and B , as was hinted above, and lo conftitute what is 
called a plane : any three of them, as ABC, reprefent the folid con- 
tent of a parallelepiped whofe three dimenfions are A , B and C, and fo 
conftitute what is called a folid. But if any one of thefe letters as A, 
expreffes not a %2, but a number, then ABC reprefents not a quanti- 
ty of three, but of two dimenfions ; for it fignifies the area BC multi- 
plied by the number A \ or taken as often as the number ^ expreffes. 
But thefe geometrical quantities are fometimes alfo reprefented fradion- 
wife ; and in fuch cafes the quantity reprefented muft be efteemed a line, 
plane, or folid, according as the numerator contains one, two, or three 

A, ' - ^ g 

dimenfions more than the denominator. Thus -g- fignifies a line j for 


properly peaking, in Geometry fignifies a fourth proportional to 

the three lines C, B and A : fince then the line C ify to the line B as the 

line A is to ~pr, and fince the third term A is a line, the fourth —yr 

muff be fo too, otherwife the fourth term would not be homogeneous 
to the third, as (from what has been laid) it ought to be. Again, the 
ABC 

quantity %ufies a line ; for as the plane BE is to the plane BC, 

lb 
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r . , ABC M ABCD r 

10 is the line y? to the line Laltly, ~ jFp ~ Q ~ ugmnes a line ; 

for as the folid EFG is to the folid BCD , fo i» the line ^ to the 

line -~£~pQ~‘ ^ numerator contains two dimenfions more than 

ABC 

the denominator, the quantity reprefented is a plane : thus is a 

plane ; for as the line D is to the -line C, fo is the plane AB to the plane 
ABC . ABCD 

—jj~ : thus again — JTp~ ngnmes a plane j for as the plane h? is to 

ABCD 

the plane CD, fo is the plane AB to the plane — If the nume- 
rator contains three dimenfions more than the denominator, the quanti- 

ABCD 

ty reprefented is a folid : thus — — fignifies a* folid ; for as the line 2 S 

ABCD 

is to the line D, fo is the folid ABC to the folid — ~g — : thus again, 

a jn njT) j? 

- — — fignifies a folid ; for as the plane FG is to the plane DE, fo 

ABCDE 

sp'x$jr* 


is the folid ABC to the folid r -> 


FG 


# U i /V 

he lines, as in the fcheme annexed, ( Fig, 12,) the quantity — 

will be a folid ; for as the line is to the line fo will the folid 

S P* x 9 7* 

S P 1 x%Tbc to the folid — — . See Newton ' s Principin , /n?/. 6. 

c$r. lib, ' 

If the numerator and denominator contain an equal number of dimen- 
fions, the quantity thus reprefented will be a number, and no geometri- 

A f ’ AB A ABC 

cal quantity : thus p fignifies a number, as doth q-q and ^Tgp > tor 

(to inftance in this laft cafe) as the folid DEF is to the folid ABC fo 

” ABC 

is the number 1 to the number ~£yv~p- 


If the number of dimenfions in the numerator exceeds the numlx*r 
of dimenfions in the denominator by more than three, or if the deno- 
minator hath in it more dimenfions than the numerator, Geometry, pro* 
-pevly fpeaking, has no names for filch quantities. But yet if the nume- 
rator contains four dimenfions more than the denominator, fuch a quen~ 

T t t tily 
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tity muft always be looked upon as homogeneous to any other of four 
dimenfions j and lb of the reft. 

Thefe confiderations will be often found of great ule in dete&ing er- 
rors in a calculation : for if a quantity which in conclufion ought to 
come out a line, be found to be a plane, a folid, or a quantity of any 
other dimenlions ; or if in any part of the operation a quantity be found 
reprefented by a line, and another of the lame kind reprefented by a 
plane, a folia, a number, &c, it is an infallible argument that eitner 
fome mifreprefentation was made at the beginning, or fome miflake in 
the procefs of. the calculation. But if a line be reprefented by unity, (as 
is fometimes done to render a calculation lefs perplexed,) all this order 
and uniformity vanilhes at once ; and it will not be uncommon to fee one 
and* the lame fpecies reprefenting fometimes a number, fometimes a line, 
fometimes a plane, and fometimes a folid, as the coinparifon requires : 
thus if A lignifies properly a line, it may be made to lignify a number 
by imagining the line reprefented by unity Handing under it ; or it may 
be ufed to lignify a plane whofe altitude is A , and whofe bale is the 
line reprefented by unity ; or laftly, it may be ufed to lignify a folid 
whofe altitude is A, and whofe bale is the fquare of the line reprefent- 
ed by unity. Neither will it be uncommon in fuch cafes to find quanti- 
ties lcemingly heterogeneous equated to each other : as if xx Ihould be 
found equal to $x r it muft not in Geometry be underftood as if the area 
of the lquare whofe fide is x was equal to 5 times the length of the line 
x, but that the fquare of x is equal to 5 times the area of a parallelo- 
gram whofe altitude is x, and whofe bafe is the line reprefented by unity; 
or (which is the fame thing) that the fquare of x is equal to the area of 
the parallelogram whofe altitude is x y and whofe bafe is the line 5 ; for 
IF an unit reprefents any line, the number 5 will reprefent another equal 
to 5 times the former. 

This way of reprefenting quantities of one fort by thofe of another 
is not at all amifs, provided that the reprefentative quantities be always 
taken in the feme proportion to each other as thofe they reprefent, I mean 
in the feme computation : fo that in the folution of any problem we are 
abfolutely at liberty to reprefent any one quantity of any one fort what- 
ever by any other quantity of any other fort whatever, let it’s real mag- 
nitude be what it will, provided that all other quantities of the feme 
kind be proportionably reprefented. Thus in Mechanics and mechani- 
cal Philofophy, what is more common than to find times reprefented by 
proportionable lines, and even redtilinear fpaces by proportionable planes? 
The rcafon whereof is, that numbers and geometrical magnitudes are 
very often more eafy to be compared than are the quantities reprefented * 
by them : and thus we find the proportions of time, fpaces, forces, mo*. 

tions. 
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tions, velocities, Gfc, which otherwife would not be lo ealily difco- 
vered. 

Problem io. (Fig. 13.) 


318. Let AB and CD be two turrets, and BD a horizontal line paf- 
fing from the foot of one to the foot of the other : It is required, ha- 
ving given in numbers the heights and horizontal difianc* of thefi two 
turrets , to find a place as E in the line BD, upon which the foot of 
a ladder being fixed, the ladder may equally fierce to reach the top of 
each turret j or (which amounts to the fame thing ) let it he required 
to find a point as E in the line B D, from whence the lines E A and 
EC being drawn, Jhall be equal one to the other. 

The geometrical effedtion of this problem is very eaiy : for if AC be 
bifedted in F, and the line FE be drawn perpendicular to AC, that line 
Hull meet the line BD in the point E required. For the triangles E FA 
und EFC will have two lides and the angle between them in one, equal 
to two lides and the angle between them in the other ; the tide E F will 
be common to both triangles, the fides FA and FC are equal by con- 
Erudtion, and the angles E FA and E FC are both right ones ; and 
therefore the hypotenufes EA and EC will be equal. But as in this 
problem the heights AB and CD are given in numbers, as alfo the ho- 
rizontal diftance BD, it is expedted that the two fegments BE and E D 
be determined in numbers. 

Solution. ^ 

Call AB p, CD q, BDr, BE x, and ED r — x ; and you will 
have, ift A B l -i- B E % = AE 1 by the 47th of the firft book of the E- 
lementsj that is, pp -f- xx—AE 1 . 2dly you will have ED l -i-DC i 
= £ 0 *, that is, rr — 2rx-\-xx-+- qq = EC* j but EA 1 and EC 1 are 
equal ex hypothefi therefore you will have pp-+-xx=.rr : — zrx-\~xx 

rr + QQ—pp 

whence x or 2JJ£ = — — — 3 lubtrad: this value of BE 

<2* f* 


from r, the value of B D, and you will have ED — 


rr — qq-Epp 


1 

, both 


which exprelllons are included in the following canon. 

Lb ihe fquare of the given horizontal difiance add tkp fquare of the height 
of one turret, and JubtraSt the fquare of the height of the other ; divide 
the remainder by twice the horizontal difiance, and the quotient mil be the 
dtfiance of the point fought from the foot* of that tower the fquare of whof'e 
height was fubtratfed. Q. E. I. 

, As for example 1 let AB or f, the height of the higher tower be 39 
yards, and let CD or q, the height of the lower, be 25 yards, and let 

T t t 2 BD 
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BD or r, the horizontal diftance, be 112 yards: then will BE. or 

~~~~ 77 ~~~~ he 52 yards ; whence the other fegment ED will be 60 ' 

yard*, and the conditions of the problem will be anfwcredj for we /hall 
have stB'+BE' or Ah 1 — 1521 -4*2:704 or 4225, and CD 1 4- DE l 
or CE 1 — 625 4- 3600 or 4225: therefore AE 1 — CE\ and AE = 
GE—b$, 

Scholium. 

If in this fcheme the line Cl) vani flies, that is,, if <? coincides with 
D, wc fliall have q = o, and the problem will be reduced to this, viz. 
Having given one leg of a right-angled triangle , together with the fum of 
the other kg and the hypotenuf , to find that other leg and the hypotenuf fe- 
parately. For in this cafe we llvall only have given AB and BD, wnere- 
of A B is one leg of the right-angled triangle ABE , and BD is the 
fum of BE and ED or BE and EA, that is, the fum of the other leg 

rr — pp 

and the hypotenufe; whereof BE, vvill.be — — — , and AE will be 

rr-y-pp 
2 r ' 

Problem ii. (Fig. 14 .); 

319. It is required, having given in numbers the radius of. any circle, to- 
gether with, the tangent of any arc thereof that is lefs than half a qua- 
drant, (the neceflity of which limitation will be fliewn hereafter,) 
to find the tangent of twice that arc. 

Let A be the center of any circle BCD, tv hereof let BC. be any arc 
lefs than half a quadrant, and let BCD be the double of that arc ; let 
B JEFbe a tangent to the circle in the point B, and join AB, ACE, 
and ADF j and BE in Trigonometry is called the tangent, and AE 
the fecant of the arc JSC , as is BF the tangent and AF the lecant of 
the arc BD. Let it be required then, having given in numbers the 
radius AB and the tangent BE of the arc BC, to find BF the tangent 
of twice that arc. 

N. B, If the line BF was only required, nothing would be more eafy 
than a geometrical conitrudion of this problem: it. is only taking the 
angle EAF equal to the angle EJB by the 23d of the firft book of 
the Elements, and the line B F will be determined as to it's geometrical 
quantity. But what is here required is to determine the line BF in 
prts 01 the radius, and confequently in numbers, as all other tangents 
in trigonometrical tables are exprdfed. 


Sour. 
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GEOMETRICAL PROBLE M'S. 

Solution. 


5*7 


Call AB, the given radius r, BE , the given tangent t, and B F the 
unknown tangent x ■, tlien will EF be x — t, and AF, the hypotenufe 

of the right-angled triangle ABF, will be s/t^+x 1 . Now fince the 
line AE bife&s the angle BAF-, the two fegments of the bafe, to wit 
BE and EF, will be in the fame proportion to each other as the adja- 
cent legs AB and AF, by the 3d of the iixth book of the Elements j 
that is, BE will be to EF as AB to AF ; whence, by art. 16 para- 
graph 6, BE 1 will be to EF 1 as AB 1 to- AF 1 , that is, according 
to our notation, tt will be to xx — 2 tx 4- tt as rr to rr-\-xx-, multi- 
ply the means and extremes of thcfe four proportionable numbers, and 
you will have r x x l — 2? i tx-+~r 1 t 1 =x:r i t % -4-t t x t ', throw away r l t l from 
both fides, and tranfpofe t l x\ and you will have r* x 3 ~f"x l -—2r l tn 

^2 r x t 

= 03. whence x or J3 F= — t — — ; therefore A B is to B F as r Is to 

2 y 1 f' 2 Vt 

, or as 1 is to — 7,, or as r* — t l Is to 2rt \ which, is as much 

as to fay, that If in any circle whofe radius is r, t be the tangent of any 
arc , the tangent of twice that arc may be found by faying, as rr — t r is 

2 r* t 

to 2rt, fo is r the radius of the circle, to. — — — the tangent (ought. If 

die proportion of AB to AF, that is, of the radius to^stjie fecant of twice 
the arc be required, that will be the fame with the proportion of B E- 

2 -r*t 

to EF, as above: but J 3 E = /, and EF=x — t— ~r — t-=z 

r* t * 4 “ . r 1 1 •f* 

— — “ j therefore A B is to AF, or BE to E F as t is to ~rg~r > 

r 1 -f- t x 

or as 1 to ~ , or as r* — t l is to r*-+-t l : but r*4-F=^fB s -h BE 1 

=zAE* equal to the fquare of the fecant of the arc BC: call this fecant 
s, and then AB will be to AF as r l — E is to s 1 but it was found be- 
fore that AB was to B F as r* — t l was to irt 3 therefore If t and s be 
the tangent and fecant of any arc of a circle whoje radius is r, the radius, 
tangent and fecant of twice the arc will be as r 1 — 1% 2rt and ss, er- 
as rr — tt, 2rt and rr-f-tt rcjpeblively. Q^_Es I. 

The Moderns have enlarged this theorem very much, lo as to expreis 
the proportion of the radius , tangent and fecant of 3 tunes, 4 times, 5 
times the original arc, &c. Bat it will be impofliblcfbr tholt&mer to 

fee 
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Ae the beauty of that theorem till he underfrands the method of refol- 
ding the powers of a binomial ; of which more in another place. 

SCHOLIUM, 

'The reaibn of the limitation preferibed in the foregoing problem, to 
wit, that the arc liC mu ft be lefs than half a quadrant, is obvious j for 
ihould the arc BC be fuppofed half a quadrant, it’s double BD would 
be a quadrant, and the angle BAD would be a right angle: but the an- 
gle ABE , which the tangent makes with a radius palling through the 
point of contact, is a right angle by the fixteenth of the third book of 
the Elements ; therefore in this cale, the two internal angles ABE and 
BAD are equal to two right ones; whence the lines AD and BE are 
parallel to each other, and confequently can never meet, how far foever 
they may be produced ; therefore the tangent of a quadrantal arc is infi- 
nite. If the arc BD be taken Ids than a quadrant, it is certain that the 
lines AD and BE will, if produced far enough, meet in 1‘ome point as F, 
and that it is this point of concourfe F that determines the line BF to be 
the tangent of the arc BD. It is certain too that the nearer the arc BD 
approaches to a quadrant, the further muft the lines AD and BE be pro- 
duced before they can meet, and the greater will be the tangent BF t 
therefore when BD becomes a quadrant, and confequently AD parallel 
to BE, the point F may now be fuppofed to have gone off ad infinitum, 
and the tangent BF, as well as the iecant AF to become infinite. This 
is* the reafon why in trigonometrical tables the tangent and. fecant of a 
quadrantal arc of ninety degrees are not exprefled like the reft in num- 
bers, but by the word infinite. 

It is not improbable but that my reader may lie fomewhat ftaitled at 
this word infinite : nor can it be denied but that there are feme diffi- 
culties attending the iuppofition of infinite quantities, which if not remo- 
ved, are apt very much to perplex and confound narrow minds; but of 
thefe I (hall fpcak more at large upon a more«proper occaiion : at prefent 
I jhall only enter lb far into the notion of infinity as it relates to a cer- 
tain dodtrine of another kind I am here going to advance, and which, I 
fear, my reader will find harder of digeftion than any thing lie has hi- 
therto met with, unlefs he will fuller himfelf to be perfwaded, as 'well 
upon this, as upon almoft all other occalions, when he is reading the 
- Words and fenfe of another, to apply himfelf wholly to them, to view 
every thing in the light it is placed in, and not to form a judgement of 
thing? from his own narrow conceits and little prejudices on one hand, 
or from high flown, metaphyfical, and perhaps chimerical notions on the 
Other, which ferve but to bewilder his undemanding, and to draw off 
jvs thoughts from the main fubjaft, which ought to takd up his whole 

atten* 
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attention. Geometrical truths are plain fimple truths, and whoever would 
fee them in the cleared light,, ought to view them in the fimpleft : for it 
is here as in Optics, where all light let in upon an object beiides what is 
proper to give a dillinsSt view of it, is not only fuperfluous, but tends 
rather to obfcurc than to illuftrate the objedt. But to come to the 
, point. 

The pofttion I am here going to advance is, that 'there are two pafjfa- 
ges from affirmation to negation, to wit, through nothing and through infi- 
nity : the former is obvious to almofi every one, whilfi: the latter is open 
but to few, except fuch as are converfant in the fublimer parts of Geo- 
metry and Mathematics : but I hope, taking occaiion from the foregoing 
problem, to make good even this part of my artertion to the meaneft pro- 
ficient, provided he will not be wanting to himfelf, but affift with his 
attention. ( See Fig. 1 5.) 

Let then A be the center of the circle BGHK , divided into four 
equal quadrants EG, GH, HK, KB by the two eroding diameters B H 
and GK, and let BL be a tangent infinitely produced both ways from B, 
the points L and G being both fuppofed on the lame fide of the diame- 
ter RH: let D be a moveable point in the circutpferencej and as it 
moves, let it be (uppofed always to carry the infinite or indefinite line ADF 
along with it ; which line is fuppofed, during it’s motion, to turn upon 
the center A, and to meet the tangent in F. Let now the point D be 
fuppofed firfi of all to be in the quadrant BG, moving from B towards 
Gj then it is manifefl that the nearer D approaches G, the great- 
er will be the di fiance BF between the fixed point of contact B and the 
moveable interfe&ion F, When D coincides with G, the .diftance BF 
will be infinite, as was (hewn before in this article, the line AD being, 
parallel to the tangent B L. Let us now fuppofe the point D to pa’fs 
through G into the quadrant GH ; then it is plain that the two lines AD 
and BL will be fb far from meeting on that tide, that they will . actually 
diverge j but it appears however from this divergency, that if the line 
AD be indefinitely produced the other way from A, it will then meet 
the tangent again in fome point as F, and that the point of conCourfe F 
will now have changed fides with refpeCt to the fixed point B, fo that if 
BF was confidered as affirmative whilfi the point F fell on the fame fide 
of B with the point L , the di fiance BF ought now to be looked upon as 
negative when F tails on the contrary fide ; therefore whilfi the point D 
moved out of the quadrant BG through the point G into the quadrant 
GH, thedlftance BF palled from an affirmative through infinity into a 
negative ; and the nearer the Mint Z> approaches the point H, the lefs 
* will be the negative diftance BF. When D coincides with H, tire nega- 
tive diftance Bt will vanifli, of become equal to nothing j and when D 

has 
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has paffed through Hinto the quadrant HK, the point F will now again 
change fides, and fall on the feme fide of B with the point L : therefore 
■the diftance J 5 F will now again become affirmative, to wit, by puffing 
from a negative through nothing into an affirmative. Let the point D 
continue it’s motion from H to K ; and when D arrives at K, the dift- 
ance BF will again become infinite ; and when D has puffed through K, 
the point F will again fall on the negative fide of the point B, and the 
diftance BF will be negative, having puffed into that ftate from an affir- 
mative through infinity. Thus will B F continue negative till D has 
paffed through B again into the firft quadrant BG ; for in that time BF 
will have paffed from a negative through nothing h)$o it's firft ftate of 
affirmation. 

Here then we have a pregnant inftance of both tranfitfons in the tangent 
BF, having changed it’s lign no lels than four times during one revolu- 
tion of the point D, to wit, twice by paffing through nothing, and twice 
by paffmg through infinity. 

Let us enquire in the next place what changes the fecant AF paffes 
through in the feme time. In the firft place then we are to take notice 
that the fecant AF never vaniffics or paffes into a ftate of nothingnefs, as 
doth the tangent BF : for the fecant AF, when it is leaft, is ftill equal 
to the radius AB, as in the cafes when D exifts in B and in H-, mother 
cafes it is greater; and when D paffes through G or K, the fecant AF 
paffes through infinity, and changes it’s ftate from an affirmative to a ne- 
gative, and vice ifrfa, becaufe then the point F changes fides with re- 
fpe<ft to the fixed point A in the line AF. If therefore the fecant AF be 
confidered as affirmative whilft the point I) pafles through the femicircle 
KBG, it mull be looked upon as negative whilft the feme point D paffes 
through the oppolite femicircle GHK : therefore the fecant AF changes 
it's fign twice during one revolution of the point D, and both tiroes by 
paffing through infinity. 

From what has been demonftrated concerning the tangent BF and the 
fecant AF we may obferve 

i ft, That when a quantity paffes from a ftate of affirmation through 
jwthing into a ftate of negation, it paffes from an infinitely fmali affirma^||| 
ttve to an infinitely fmali negative, and it’s negation increafes afterwards:* 

. but when a quantity paffes from a ftate of affirmation through infinity 
into a ftate of negation, it pafles then from an infinitely great affirmative 
to an infinitely great negative, and it’s negation diminiihes afterwards. 

adiy. We may obferve that a quantity infinitely great is as ambigu- 
. oas with refpeft to it’s ftate of affirmation or negation, as is a quantify’ 
evalncfcent or nothing. When the point D coincided with the point G> * 
.the lines AD and BL were parallel, and consequently could have no ■ 

more 
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more inclination to meet on one fide than on the other ; therefore though 
it was very proper to lay that in this cafe FF was infinite, yet no one 
could undertake to fay whether it was affirmative or negative •, no reafon 
could be given for one fide of the queftion that might not as well be 
alledged for the other. Therefore the tranfition from an infinitely great 
affirmative to an infinitely great negative ceaies now to be a myftery, 
fince it is no tranfition j for at the fame inftant of time that fuch a quan- 
tity is an infinite affirmative, it is alfo an infinite negative, without any 
fucceffion of time or motion. 

3dly, It may be obferved,' that if in the cafe of an arc lefs than a 
quadrant, the tangent and fecant be both affirmative, (and lb they are 
always confidered,) in an arc greater than a quadrant and lefs than two 
quadrants, they will both be negative ; in an arc greater than two qua- 
drants and lefs than three, the tangent will be affirmative and the fecant 
negative ; and kftly in an arc greater than three quadrants and lefs than 
four, the fecant will be affirmative and the. tangent negative : thus by 
a companion of the figns of the tangent and fecant of any arc whatever, 
may the affection of that arc be determined. This, if duly confidered 
and underflood, will take off the limitation the foregoing problem lay 
under: for fuppofe now the arc BC in the lchcme thereunto belong- 
ing (Fig. 14 J ffiould be taken equal to, or greater than half a qua- 
drant, all the confequcnce will be that the tangent of twice that arc will 
be found infinite or negative; bccaule twice the arc will be equal to, or 
greater than -a quadrant. % 

4 thly, We may obferve, that as the demon ft ration of what is here de- 
livered depended chieiiy upon making the lines AF and BF pafs through 
all poffible degrees of magnitude, fo many other properties and relations 
of flowing quantities may be difeovered this way, which would fcarce 
liave been perceived, had thofe quantities been fuppoled to continue fixed 
and determinate : and upon this variation of quantities from- one degree 
of magnitude to .another, is founded one of the findt inventions in all 
the modern Analyjh, I mean the doitrine of Fluxions, But it is high 
time to proceed to another fiiort inftance or two for a further confirma- 
tion of the doctrine here advanced. 

For that purpofe, let BCD (Fig. 16) be an arc of a circle whole 
middle point is C, and let A be the center of curvature ; that is, if the 
Arc BCD was compleated into an entire cirde, let A be the center of 
* that circle ; and through the points A and C let the line AC be drawn, 
and indefinitely produced both ways. This done, without changing ei- 
ther the place of the middle point C, or the length of the arc BCD , 
let that arc be fiippofed to unbend itfelf a little, lb as to become a part ol 
a larger circle if compleated, than before: then it is plain that the ccn- 
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ter A w ill recede further from the point C, and the length of the line 
CA will be greater than before, as being the fuppofed radius of a greater 
circle. Let us iuppofe the arc B CD flill to unbend itfclf more and more 
by degrees till it becomes a llreight line, and the di [lance CA growing 
by this means greater and greater, will at laft become infinite ; for a 
llreight line cannot be confidered as an arc of any circle but an infinite 
one : the greater the radius of any circle is, the leis will be the curvature 
of any particular arc of that circle, and vice verfa ; and therefore when 
the length of the radius becomes infinite, that is, greater than any af~ 
fignable length whatever, the curvature of the arc will be infinitely unall, 
that k, lefs than any afiignable curvature whatever ; and therefore fuch 
an arc in fuch a cafe will differ nothing from a llreight line of the lame 
length. Let us now iuppofe the arc BCD, having thus unbent itfelf 
by degrees into a llreight line, to bend itfelf the other way, which is 
but a continuation of our former fuppofition, and the center of curva- 
ture A mull now neceffarily he found on the other fide the. point C ; and 
therefore if the diftance CA in the former cafes was affirmative, it will 
now be negative, the point A having changed fides with refpedt to the 
fixed point C. It is further evident all'o, th.it this Hate of negation was 
attained by a pallage through infinity; and that this diftance or radius 
when infinite, had an equal right to be filled affirmative or negative : 
and. this is all I wanted to illullratc by this inftancc. 

Before I proceed to my next in fiance, which iliall be the laft I lliall 
trouble my readgf- with of this kind, it will be proper to preinife the 
following lemma, to wit, 

That be any fraBion whofi numerator is i or any ether futile num- 
ber whatever, and whof'e denominator v is an infinitely (mall firaB ion ex - 
prejjcd after the manner of a whole niimber ; I fay then that fuch a f rail ion 

will exprefs a number infinitely great. For whilft the numerator l 
continues the lame, the lefs the denominator v is, the greater will be 

the fraction : if v be i, or — , or — -- , or , (sc, — will be i, or 

to, or loo, or iooo, (s’c ; therefore if the denominator v be infinitely 
final*,, the fradiion ~ will be infinitely great. E. Z>. 

Or thus : Every fradiion is equal to the quotient arifing from dividing 
the numerator by die denominator ; and every quotient ihews bow of- 
ten the divifor is contained in the dividend ; therefore fvery, improper * 
fradiion Ihews how often the denominator k contained in the numerator, - 

- Thus 
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Thus the improper fradion y or 4 fhevvs that the denominator 3 is 4 

times contained in the numerator 1 2 : whence it follows that if the de- 
nominator of a fraction be infinitely final! whilft the numerator is finite, 
the fraction muft be infinitely great, becaufe an infinitely finall quan- 
tity is contained in a finite one an infinite number of times. ^ E. D. 

Or thus : As v is to 1 fo is 1 to — j therefore e corner fo — will be to 

V J V 

i as 1 is to v j but 1 is infinitely greater than v, becaufe v is infinitely 
fmall ; therefore ~ will be infinitely greater than 1, or (which is the 

fame thing) the fraction ~ will reprefent a number infinitely great, 

o. E. D. 

This being allowed, let — reprefent any fraction whofe numerator 1 

is always the fame, but whofe denominator v is a variable quantity : 
then it is plain that fo long as the denominator v is finite and affirmative, 

the fraction ~ will be fo too. Let us now fuppofe the denominator v 
to diminifh by degrees till it becomes equal to nothing j and from what 
has been faid, the fradion -* will increafe by degrees tiH^t becomes infi- 
nite. Let the denominator v be funk lower flill, fo as now to become 
lefs than nothing or negative, and the fraction — will alfo become nega- 
tive, fince . the quotient of an affirmative quantity divided by a negative 

one is negative : thus if v be or 7^* or To~* or — 1 ’ 

fradion ~ will be — 1000, or — 100, — - 10, or — 1. It is plain ulfo 


that the fradion ~ attained this negative ftate by having paffed through 

infinity : whence it follows that thefe two tranfitions, through nothing 
and through infinity, are lb for from being inconfiftent with, or contra- 
didory to one another, that they are necenarily confequent of, and adu- 
aHy depend upon one another ; and that the ambiguou s. ftate of an ’infi- 
nite quantity m refped to it’s affirmation or negation is fo fat^ from 
being a rnyfeerv, that it is a nccef&ry confequence of the ambiguous 
• T ' • • y v v 2 feat® 
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ftatc of nothingnefs in a like refpedt It follows alfo from what has been 
kid, that to be lefs than nothing, or to be greater than infinite, are but 
two different appellations of the fame thing, that is, of a negative quan- 
tity • or that if there be any difference, it lies only in our manner of 
conception : for if a negative quantity has gained that ftate from it*s- ha- 
ving palled through nothing, we fay it is lei's than nothing ; but if it 
has got it’s negation by pafling through infinity, vve then lay it is greater 
©r more, than infinite. 

But there are fome quantities which cannot defeend lower than no- 
thing, or afeend higher than infinity : thus the quantity w can never 

be lefs than nothing, though v may j and — can never be greater titan 


infinite, though - may. 

If this lafl: inftance be well underflood, it will enable us to look back 
and to examine fomewhat more narrowly into the canon for folving the 
lafl problem, which is this; that if r be the radius of any circle, and t 


be the tangent of any arc, the tangent of twice that arc will be ~ — - . 

Now if this canon be juft, the tangent of a quadrantal arc ought to be in- 
finite, and the tangent of ah arc greater than a quadrant and lefs than 
two quadrants will be negative. Let us fee how this follows from the 
canon : in order whereto, let BC, in the fcheme of the eleventh problem 
(Fig. 14J be hm a quadrant, and the angle BAE will be half a right 
one, and conlequently the other angle BE A will be fotoo; therefore the 
angles BAE and BE A will be equal, as will their oppofite fldes BAznd 
BE-, therefore if BC be half u quadrant, it’s tangent t will be equal to r 
the radius ; fubftitute therefore r inftead of t in the foregoing canon, and 

you will have the tangent of a quadrantal arc equal to — - — • — = — . . 


2r* 

but — exprdTes an infinite quantity by the lafl inftance, and therefore 

the tangent of a quadrantal arc is infinite. If t be the tangent of an arc 
greater than half a quadrant, t will be greater than r, and rr — tt will 

zrrt 

be negative ; and therefore — — — , the tangent of an arc greater than a 

quadrant will be negative : and after the fame manner may the other 
odes be purfued. .^/ 

TThefe confiderations point out to us, in feme meafure, the ufeof the 
titering ^peculations. There are few theorems or problems but what 
admit of divers cafes j and for an author or a mafter to run over all thefe 

* cafes. 
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cafes, and to furniffi rules and demonftrations for thejh all, would be ve- 
ry troublefome to a learner, and burdenfome'to his memory ; whereas by 
the help of the foregoing principles, if one extreme cafe of any propo- 
rtion be known, all the reft are eafily maftered without the forma lit y 
of geometrical demonftrations, only by obferving how in palling from 
one cafe to another, the quantities therein concerned pafs mom affirma- 
tion to negation, and vicept^fa. Thus in Catoptrics and Dioptrics, if the 
properties of a convex furlace be once known, thofe of a plain and con- 
cave fur face will eafily be obtained by incrcafing die radius of curvature 
to an infinite, or to a more than infinite length. Thus in Conic Sections, 
if the properties of die ellipfis be well known, thofe of the parabola will 
eafily be deduced from them ; and even thofe of the hyperbola that have 
any affinity with the properties of the ellipfis y only by retaining one’ ver- 
tex and the nearer focus, and fuppofing the reft to run off ad infinitum 
m the cafe of the parabola , or to a diftance more than infinite in the cafe 
of the hyperbola, provided that in this Taft cafe the conjugate axis be made 
poffible by changing the fign of it’s fouare. When Mathematicians, I lay, 
of any experience have made themfelves mafters of thefe extreme cafes, 
they rarely give themfelves any trouble concernfng the reft-, as welt know- 
ing that they have them in their power* whenever they lhall fee occafion 
to examine into them : but then for luch not to acquaint their pupils, 
as foon as poffible, with this fecret, is (I think) laying burdens upon the 
necks of uieir dilciples which they themfelves are Icarce able to bear. 
For my own part, I never fee. young beginners fweqdng and fretting; 
about arithmetical complements in logarithms, or about the falling of 
perpendiculars in the resolution of fome cafes of fpherical triangles* mat- 
ters wherein little more than bare numbers are concerned, but I am in 
pain for them ; and cannot think it would be loft labour for fuch Gen- 
tlemen to acquaint themfelves with the nature of affirmative and nega- 
tive quantities as they ftand in oppofition to each other, even though they 
may not' find themfelves at Icifure to enter into the more abftrufe parts 
of Algebra.. 

Problem 12, 


320. To divide a given line into two fuch parts, that the reSldngk there — 
of may be equal, if poffible, to a given jquare. 

So lu T 1 o n. 

\^Let <r be the line to be divided, let b be the fide of the given fquare, 
and let x and *«— x be the two fegmftnts fought ; and we {hall have this 
* equation. ax—%xxss=-bb, or changing all the figns, , xx~~*xsss~~ Hi 
. ' . whence,. 
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whence, filling up the Square, we have x x • — -s=— -- ■ bb, and 

T T 

ar*— itf=ss±i V— — ££ j therefore a? ss'.tfrfcV—- : whence we 
* 4 t 4 

have the following geometrical conftrudion. (Fig. ij.) 

Take AB equal to a the line to be divided, and bifeding it in C, draw 
CD perpendicular to AB by the i ith of the firft book of the Elements, 
and equal to h the fide of the given fquare : then if in the right angle 
DC A be inscribed the line DE equal to AC, the point E will divide 
the line AB into the two fegments AE and EB required. E. I. 


For in this conftrudion it is plain that AC=t 


[a, that CJB 3=3 V ~ * bb , 


and confequcntly that AE is one of the values of x, and E B the other, 
N. B. To infcribe a line as DE equal to AC in the angle DC A, is 
nothing elfc but to open the compafles to the length of the fine AC, and 
thfen fetting one foot ini D as on a center, to make the other cut the 
line AB in the point E, on the fide of the angle DC A. 


Afynthetical demottf ration of the foregoing confiruBion. 


By the 5th of the fecond book of the Elements, AEB, that is 
AExEB, together with the fquare of CE, is e^qal to the fquare of AC; 
but the fquare oZjAC is equal to the fquare of D E v Sv conftrudion, and 
the fquare of D*E is equal to the fquare of CD together with the fquare 
of CIS by the 47th of the firft book of the Elements ; therefore the red:-, 
angle AEB, with the fquare of CE, is equal to the fquare of CD with 
the fquare of CE j throw away the fquare of CE from both fides, and 
you will have the redangle AEB equal to the fquare of CD. £>. E. D. 

From the foregoing conftrudion it appears, that CD the fide of the 
given fquare mu ft be lefs than half AB or than AC, fince otherwife it 
would be impofiible in the right angle DCA to infcribe the line DE e- 
qual to AC. 

Probum 13. 


£2i. To divide a given Une into two fucb parts, that the fum of their 
Jijuares may be equal to a given fquare. 






Art. $ 21 . GlOM'BTIUCAl p K ftBL *JTl, 

and xx — <*x =. — — — ' j add the fquare of half the coefficient to both 

aa bb—aa aa bb aa 
Tides, and you will have wx*— ax+~£ w» - h ~ = ~ s 

* ,/B , a '\F* ... 

whence x— - = =±= v — — - , andx=- =fa V « j, which ca- 
non gives the following conftruifion. (Fig- i8.j 

Let the line to be divided be AB> which bifoft in C, and from C fet 
off, towards A or JB, CD equal to half the fide of the given fquare * ereft 
CH perpendicular to AB, out of which take CE equal to CD , and CF 
~CA, and draw JDE : I fay then that if in eithcr'bf the angles FC A 
or t'CB be inferibed the line FG equal to JDE, AG and GB will be the 

two fegments fought. For FC=.~a ex hypotheji, that is, FC*=~ a 

bb . „„ bb aa */bb aa 

and FG 1 or DE‘ =~ j therefore CG*= •*-, and CG—\ — — 

2 Z q. 24 

A fynthtical dmonftration of this conftruEHon. 


By the ninth of the fccond book of the Elements, AG'-hBG^= 
2 ^C* 4 - 2 CG* =72^0*14- 2 CG* = 2 FG*^ 2 jD£*= 4 C£)‘ equal to 
the given fquare. E/ D. 

From the foregoni'g conftru&ion it appears, that the g&en fquare muft 
be greater than half the fquare of the given line to be divided, and lefs 
than the whole fquare. For firft, as the line FG is inferibed within the 
right angle FCA or FCB t tnat line FG muft be greater than FC, tliat 
is, JDE muft be greater than AC, and DE'~ mult be greater than AC 1 i 

but D E l equals 2 CD\ and AC'~—- -- ; therefore 2CD* muft be grea- - 

*T 


ter than 
AB 


AB * 


, and 4 CD*, or the given fquare, muft be greater than' 
4 

^E.D. 

Again, as the problem requires that A G and BG fhaU.be fegments of 
AB } it; is plain tliat G muft lie between A and £; 

?A) FG muft be lefs thap FA j therefore - 

gut, CpE and CAP are firmlar triangles, becaufe CD k' 

S t6 CF j therefore if DET be left than AF, CD 
* fa& it CP t tht.fide of th<i gtveh jTquare, mhft be left than 
ibrethe given fquare muft be lefs than me fquare of AB, & D* ! 
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Problem 14. 

322. j to divide a given line in extreme and mean proportion. 

N. B. A line is faid to be divided according to extreme and mean pro - 
portion, when the line and it’s two Jegments are tn continual proportion ; that 
is, when the whole line is to it's greater fegment as that greater fegment is 
to the left. 

Solution. 

Let a be the given line to be divided, whereof let x be the greater 
fegment and a — a* the lei's } then by the foregoing definition a will be 
to x as x is to a — x\ and we fhall have xx—aa — ax, and xx-\-ax=^aa, 

. aa c aa , a \/S aa 

and xx -f- rfx -7 = — — , and x - 1 - — — =±= V — — - , and x — — ~ ~ 

44 z 4 2 

; but i s a negative root, and all negative fegments 

4 24 

ojtaa 

arc excluded by the nature of the problem; therefore V- — 

4 


■u » 

which laft ftep furniihes the following conftru&ion, (Fig. 19 J 

Let AB be the line to be divided, and at riejht angles to it draw AC 
equal to half the line AB, and join BC ; then fe\off, from A towards B, 
AD equal to tl^excefs of BC above AC, and tKeiine AB will be di- 
vided according to extreme and mean proportion in the point D. 

For fince AB=a, and AC=t-~a, we fhall have JSC= V — 
whence B C — AC\ or A D=- ‘\i ~~~ — or x. 


Euclid'* fynthetical demonjlration of the foregoing conjlruc- 
tion , tn the eleventh of the fecond booh of the Elements . 

Produce the line AC both ways, to wit, from C to E, and from A 
to F, v fo that AE may be equal to AB, and AF to AD j compleat the 

r . _ i M St n If. in I > . < ' M » ' ST 


e the rectangle ErxrA, together with the fquare oi equal^fo 
%tare of CF by thefixth of the fecond book of the Elcm$fi$ ; but . 
redangle EFxFA is nothing elfe bit the parallelogram EX}’.} tbere- 

7 Vfbre 
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Jon? the parallelogram EGwith the fquare of AC will be equal 'to the 
fquare of CF: but as AF equals AD, if to both be added AC, we (hall 
have CF equal to AD -+- AC equal to BC, hccaufe AD—B C — AC , 
therefore tne parallelogram EG with the Iquare of AC, is equal to the 
Iquare of BC: but the fquare of B C is equal to the fquare of AB and 
theMquare of AC put together, by the forty feventh of the firft book of 
the Elements ; that is, to the Iquare AH with the fquare of AC ; there- 
fore the parallelogram EG with the fquare of AC, is equal to the fquare 
AH with the fquare of AC', negled on both fidesthe fquare of AC, 
and you will have die ^parallelogram EG equal to the fquare AH:, fub- 
tradt from both the common parallelogram DE, and you will have left 
the fquare AG equal to the parallelogram IB: therefore by the feven- 
teenth of the fixth book of the Elements, BH or AB will bie to AD as 
AF or AD is to BD. ^ E. D. 

The two fegments of a line divided in extreme and mean proportion 
are incommensurable to the whole and to one another, as was proved in 
art. 203, example 2 : whence it follows that no number can be divi- 
ded in extreme and mean proportion, hecaufe all numbers whether in- 
tegral or fractional, • are commenfurable. 

Problem 15. 

323. To find, tty.ee liner in continual proportion, 

Jim and the Jum cj' tfjeir /quart's. 

Solution. 


having given both their 




Let a be the given Turn of the lines, and let h be another line of fuch 
a length, that the redlangle ab may be equal to the fum of the fquares 
given : then muft the line b be found by applying the fum of the iquares 
given to the given line a, according to the forty fifth of the firft Element. 
This application of a given furface to a given line is a common phrafe in 
Geometry , and fignifies no more than finding die perpendicular altitude 
oLa right-angled parallelogram, which having the given line for it’s bajis, 
is equal in area to the furface given: it anfwcrsin Arithmetic to dividing 
the number reprefenting the furface by the number reprefenting the line; 
and therefore applicare ad, , when interpreted arithmetically, fignifies no 
more than to divide by. But to return. 

This problem was folved in art. 163, where the middle term was 

found to be - — - , and the fum of the extremes ; but for variety’s 

fake, I (hall here add another folution of the fame problem as follows. 

X x x • 'Since 
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Since the three lines fought are to he continual proportionals, let their 

yy 

names be a*, y and — , and we (hall have the following equations : 
oc 

Equ. i ft, xx-b-xy -f -yy=ax t 
2d, -f -x t y t +-y*=zabx*. 

Divide the fecond equation by the firft, that is, divide x 4 -f -x*y*-^y by 
x 1 -4- X V -+-) 1 *, and the quotient will be x l — xy+y 1 ; divide al (oabx 1 by 
ax, and the quotient will be bx t and we fliall now have 
Equ. 3d, xx — xy-F-yy=zbx, 

Subtradt the third equation from the firft, and you will have 
Equ. 4th, 2 xy — ax — bx , and. 

„ a — b 

5th, yz=z~. 

Hence, of the three lines fought, the mean y is difcovered ; and lincc 
the fquare of this mean is equal, to the redtangle of the extremes, it fbl ■ 
lows that the redtangle of the extremes will be equal to yy, or to the 
a — b 

fquare of — - — : but tire fum of the extremes is alfo known j for iince 

the fum of all the three lines is a, if from this fum be fubtradted the 

. a " b t a 4* b 

middle line y or , there will remain for the fum of the ex- 

tremes. Therefore this problem is now reduced to thfe twelfth, fee art. 

• , . 1 » d " * ] ' " 

320 ; for it coqffts now in dividing a given line, as , into two fuch 

parts that the redtangle of thofe parts may be equal to the fquare of y, or 

the fquare of—— : therefore the conftrudtion of this problem will be 

the liunc, mutatis mutandis, with the conftrudtion of the twelfth, thus ; 
(Fig. 20.) 

Draw the line ABC, fo that AB may be equal to ~, and B C to ~ , 

fit J} 

and confequently AC to • ; and you will have AC equal to the fum 

2 

©f the extremes. Bifedt A C in D, and draw the perpendicular DE =y 
a — b 

or — or AB — BC j and DE 1 will be equal to the redtangle of the 

extremes. In either of the angles EDA or EDC inferibe the line Ej^ 
equal to AD, and AFmb FC will be the extremes fought. But becaufe 

the re^angle ABC ts equal to b, or \.o-ab, thift is, to a fourth. 

pait 
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part of the film of the fquares given; this conftru&ion may be better ex- 
plained from the original data of the problem thus : 

Draw the line ABC, Co that AB may be half the fum of the lines 
fought, and that the redtangle ABC may be a fourth part of the fum of 
their fquares : bifecl AC in D, and draw DE perpendicular to AC, and 
equ& to AB — BC : then if in either of the angles EDA or E DC be in- 
fer ibed the line EFzssAD, the lines AB, DE and FC will be the three 
lines fought. E. I. 

A fynthetical demon jlration of the foregoing conJiruSHott . 

Here we are to demonftrate three things; ift, that the lines AF, DE 
and FC are in continual proportion ; 2dly, that their fum is equal to 2 AB ; 
and laftly that the fum of their fquares is equal to 4 ABC, that is, to four 
times the rectangle A B x BC. 

Firft then, upon the center D, and with the radius DA or DC fweep 
the femicircle AGC, cutting in G the line FG perpendicular to AC, and 
join AG, CG, DG ; and we fliall have by the Pythagoric theorem 
DE x -hDF t =EF'., and DF* -f- FG* = DG* ; but EF'~DG' t 
becaufe DG and DA ( = EF) are radii of the fame circle ; therefore 
DE l -hDF*=zDF 1 -+-FG l ; take away DF' from bothfides, and you 
will have DE'=zFG', 'and DE — FG. Again, the triangle AGC is 
a right-angled triangle, as being inforibed in a femicircle ; therefore the 
triangles FGA and FGC are fimilar triangles by the eighth of the fixth 
Element -, therefore AF is to FG in one triangle, as FG is to FC in the 
other; that is, AF, FG and FC are continual proportionals: but DE 
has been proved equal to FG ; therefore the three lines AF, DE and 
FC are in continual proportion. E. D. 

adly, AF~\-FCz=zAB-+-BC, and DE=AB — BC by the con- 
ftru&ion ; add equals to equals, and you will have AF-t-DE-\~ FC 
= zAB. ^E.D, 

3dly, from B towards A upon the line BA fet off BH equal to BC, 
and then DE, which is equal to AB — BC, will be equal to AB — BH, 
that is, to AH. Moreover, fince AFA-FC=zAH-hHC, die iquare 
of the former fum will be equal to the fquare of the latter ; that is, 
AF'-h zAFC'-t-FC* will be equal to AH'-DzAHC-D HC ' : but 
DE has been proved a mean proportional between AF and FC ; and 
therefore DE' will be equal to the redtangle AFC, and 2DE 1 to 2 AFC . 
ftibftitute therefore 2 D 23 1 inftead of zA F C, and you will have AF'~\~ 
zliE 1 *¥-pC % sstAH*-\“ 2 AHC~\r HQ '• but DE has already beer 1 
proved equal to < 4 H, and consequently DE' equals AID -, lubtradt there- 
fore equals from equals* that is* DE' from one fide, and AH' from 
' " X x x 2 tlw 
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the other, and you will have AF i -\~DE 1 '-i-FC t =2AHC-1r 110=2 

2 AjF+HC kHC~z AHTTHB *HC=z2AB*HC—2AB* 
zBC^ABC-, that is , AF'+DE'-t-FO is equal to four times the 

rettangk ABC. E. D. 

Problem 16 . 

3^4. "to find four lines in continual proportion , whereof both the Jim of 
the extremes and the J'um of 1 he middle terms are given. 

This problem was propofed and folved algebraically in art. 164, put- 
ting a for the fum of the extremes, and: b for the fum of the middle 
terms. There it was found, that the greater of the two middle terms 


t A s/a — A A s/a—b. 

was. equal to - xi .+ and the lefs equal to — x 1 — - . 

n 2 2 v ** ' 

Nothing here then remains to be done, but to furnilh out a geometrical 
eonftrudion of this problem. But before that can be done, this quantity 


s/a — b 


= mull be more didindtly exprelfed .thus : multiply both the nu- 


s/aA-^b 

merator and- denominator of that fraction by s/a — A, and the numera- 
tor will then become a — A, and the denominator Ax s/a — b. 

Find by the 13th of the fixth book of the Elements, a mean proportio- 
nal between a^-xb and a- — A, and call it m and you will have m l =z 

<*-+-3 Axa— -A!T and m: 


CTadtion. 


s/ a — b 


s/a+ ibx.s/a — A*., whence the foregoing 


a. 


■b 


s/a-^^b 


will noW become : whence the greater of the 

m ** 


u 

two middle terms wilt be equal' to — x 1 


aj—b 

m 


, and* the lefs equal to 


•b 


— x 1 
2 - 


m 


and. from thefe two expreflionsthc following conllruc- 
tion naturally Hows. (Fig- 21.) 

Draw the line jSD'equal to the given lum of the two -middle terms j 
biledt it in H, and then- from H towards B" or from H towards D let 
off H C, found by the 12th of the fixth book of the Elements thus: 
As a mean proportional between a- 4-3 A and <7— A is to a—b lo make 
. 11 B to H C, and the two fcgments BC and CD will be the two middle 
terms fought. Whence 1 the extremes will eafily be had thus : let the 
line BD be continued both ways', to wit, from B towards A, and frontX) 
towards B ; then by the 1 ith of the fixth book of the Elements, make" 
’ as JSC to CD fo CD i<±DE > make alio as DC to* CB fcr CB to BA, and 

AH 
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AB and DE will be the extremes fought. So that the four K'nes foueht 
will be AB, BC, CD, DE. t^E.I. B 

BUt here it mufl be obferved, that b, the fum of the middle terms 

mull always be lels than a , the fum of the extremes ; for otherwife a* b 

»t»ight be nothing or negative, in which cafes it would be impoffible to 
find 3 mean proportional between a-\«\b and <z- — b. This is alfo fur- 
ther evident from the 25th of the fifth book of the Elements, or by 
art. 291. 

The compofition of this problem has been fufficiently demonftrated in 
art. 164 j and to give any other demonftration. of it here would create 
us more trouble. than it is worth.. 

A L E M M' Ai 

325. In every relit linear figure , all the angles taken together are equal 
to twice as many right ones, except four, as the figure has files . Thus in 
a hexagon, where the number of fides is 6, twice that number is 1 2, 
from which fubtra&ing 4, there remains 8 ; therefore all the angles of 
any hexagon put together are equal to 8 right ones. Thus again, all the 
angles of a quadrilateral figure put together are equivalent to four right 
ones, &c. 

This is the firll of the two theorems ufually annexed to the 3 2d pro- 
position of the firll book of the Elements. See Barrcnv, Commandine, 
C/avius and others. 

Problem 17. (Fig. 22.)^ 

3.26. In a given fquare to inferibe a kfier j'quare of a given aria.' 

Let A BCD be the given fquare, upon whofd fides, beginning; with 
AB, fet off AE,BF, CG, DH all equal, and inclofe tfie figure EFGH. 
Now fince in every quadrilateral figure all the angles taken together are 
equal to four right ones, as in the foregoing lemma, and lincein the fi- 
gure EFGH no realbn can be given why one angle- Ihould be greater 
or lefs than another, or one fide greater or lels than another, it follows 
that all-it’-s angles will be right ones, and all it’s fides equal, and confe- 
quently that the figure EFGH will be a lquare infer ibed in the greater 
iquare ABCJX What the problem requires then is to- allign the point 
E in the fide AB, and confequently all the reft, fo that the fquare 
EFGH may have a given area. 

Solution; 

Since the area -of the fquare EFGH is given, tire fide' EF will be 
given,, that is* the hypotenufc of the right-angled triangle EBF will be 
given, and we Ihalhhave BF i ~\~BE l —EF\ or AD-hEB'^EF? 
therefore we have now- reduced this- problem to- the 13th -in art, 321, 

which* 
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which was, to divide a given line AB into two fuch parts AE and EB, 
that the fum of their fquares may he equal to a given fquare EG. 

N. B. From the limitation given to the 13th problem it appears, 
that the fquare EG mu ft not be lefs than half the fquare AC. 

Problem. 1 8. 

.327. It is required, having given the difference between the hypftenufi 
of a right-angled triangle and each leg feparately, to find the triangle . 

Solution. 

Let the two given differences be a and b, and put x for the hypote- 
nufe i then will the legs be x — a and * — b, and their fquares xx — 2 ax 
4- aa and xx — 2 bx~\-bb, and the fum of their fquares 2xx — 2 ax 

— 2bx-+-aa-{-bb=z:xx : make a-\-b=c, and you will have aa-\- 2 ab 
-\~bb=zcc, and aa-\-bb—cc — 2 ab. Subftitute therefore cc — 2 ab 
inftead of a a -\-bb in the former equation, and alfo — zcx inftead of 
— -2ax — 2 bx, and the equation will then be 2xx — 2 cx-\-cc — 2 ab 

— xx, which being refolved gives x=c=i= > /2ab ) or a-\-b-±=i^/2ab : 
one of thefe roots, to wit a — s /2ab-\~b I rejedi, for a rcafon which 
wilt be given hereafter > the other root, to wit a-\-s/ 2 ab-\-b I retain, 
which, confidering that ^/z a b is a mean proportional between a and 2 b, 
or between b and 2a, gives the following conftrudlion. (j Fig. 23J 

Draw the line AFj out of which take, firft AB equal to either 
of the given differences, fecondly B C equal to a mean proportional between 
that difference and twice the other, and thirdly CD equal to the other 
difference. Thik done, by the 2 2d of the firft book of the Elements, 
fet upon the bafe AD tne triangle AED , making AE—AC, and 
DExsDBy and the triangle AED will be the triangle required. 

A fynthetical demonjlration . 

For 1 ft, that the lines AD, AC and DB are capable of conftituting 
a triangle is plain, becaufe every two of them are greater than the third : 
and 2dly, that the triangle AED is a right-angled triangle I thus de- 
monftrate : by the 4th of the fecond book of the Elements, AD^AC' 
4 - 2ACD-+- CD' —AC 1 4- zAB-xCD-F zBCx CD+ CD x —AC l -\- BC l 
4- 2 BCD-s r CD i —jK>-\-BD l =AE 1 - l rED 1 : therefore the triangle AED 
is a right-angled triangle. 

3<lly, that the right-angled triangle AED is fuch a one as the pro- 
blem requires is alio evident ; for the difference between AE and AD, 
pr between AC and AD is CD, which was one of the differences gi- 
ven j and the difference between DB and DA, or DB and DA is 
AB, which was the other difference. ^ E. D. 

$ C H O- 
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SCHffLllfM. 

In the foregoing folution we rejeded one of the values of the hypote- 
nufe, to wit, a — ^/zab^rb, and our reafon for fo doing is, that if 
thcffiypotenufe was made equal to a — ab-\-b, it would be impoffi- 
ble fo/ both the legs to come out affirmative: for upon this fuppolition, 
one of the legs would be*r — ^/zab, and the other would be’ b — </zab. 
Let us now fuppofe the leg a — s/ia b to be affirmative ; then a mult 
be greater than l/zab, and a a greater than Tab, and a muft be greater 
than zb. In like manner, if we fuopole the other leg b — </zab affir- 
mative, b mult be greater than 2 a : but it is impoffible that both a fhould 
be greater than zb, and b greater than 2 a ; therefore if the hypotenufe 
of the triangle be made equal to a-—^/zab-\-b, it will be impoffible for 
both the legs to be affirmative. <j>. E. D. 

If it be objeded that negative legs of a right-angled triangle may be 
made affirmative without deflxoyirig the nature of i'uch a triangle, it is 
allowed ; but if our triangle fhould be fo changed, it would not be I’uch- 
a one as the problem requires. 

A Lemma. 

328. If four right lint’s A, B, C, D be proportionable , and four others 
E, P, G, H be aljo proportionable , fo that A is to B as C is to D, and 
alfo E is to F as G is to H ; I fay then that the reft angle AE will be to 
the rectangle BF as the rectangle CG is to the rebiangle DH. 

For by the 23d of the fixtn book of the Elements,, the redanglc AE 
is to the redangle -BF in a ratio compounded of the ratio of A to B, 
and of the ratio of E to F, Again, the redangle CG is to the redangle 
DH in a ratio compounded of the ratio of C to D, and of the ratio of 
G to H : but tile ratio of C to D is equal to the ratio of A to B by the 
fuppolition,. and the ratio of G to II is eqyal to the ratio of E to F. 
Since then the component ratios are equal, the ratios compounded of 
them muft be fo too; that is, the ratio of the redangle AE to the red- 
angle B F muft be equal to the ratio of the redangle CG to the red- 
. angle DH. 

Or thus: Since ^fis to B as C is to D, AE will be to BE as CG is 
to DG; and again, lince E is to F as G is to H, BE will be to BF 
as DG is to DH: therefore the three redangles AE, BE, BF are 
proportionable to the three redangles CG, DG, DH ; that is, AE is 
to BE as CG is to DG, and BE is to BF as DG to DH j there- 
* fore by the 2*d of the fifth book of the Elements, or art. 287, AE is to 
BF as CG to Z>H. ^E.D. 

P n o- 




CSb o M I *rn I’C'At. r R o b l E’M'S. . Bodk vm. 


Problem 19. 

329. If is required, having given the hypotenufe of a right -angled tri- 
. angle and it's area, to find the triangle. 

Solution. * ' 


-Call the given hypotenufe a , and by the 45th of the firft book of the 
Elements find another line b of fuch a magnitude, that the redangle a b 
may be equal to twice the area given ; then will that rectangle ab alfo 
be equal to the rectangle of the two legs of the triangle fought ; and 

therefore if x.be put for one of the legs, will be the ether, and the 


a x b l 

fum of their fquares will be - ~ a 1 ; whence x*-+-a 1 b i =:a t jc- J 

a* 

and a x b', and x* — a* x 1 — a 1 b\ and x 4 — a x x*-{ 

4 

a * a a 

a l b\ Let c be a mean proportional between - -\-b and- — b , 

4 2 z 

if a* 

that is, let ~ — b l — c\ and we fliall.have - a x b x — c? and the e- 
4 4 

quation will now^be x x — a l x x ~{- — = a x c 1 -, wlrence by extradion- of 

j** 4 


the fquare root, x 1 ■ 


aa a ' a 

— =c±=^c, and a , 1 = — = =i=c: 

2 * 2 2 


therefore \ is a mean proportional between a and ~ =t= c ; that is , the' 

greater leg of the triangle fought will be a mean proportional-between a 
a 

and ~ -W, and the lefs leg will he a mean proportional between a and 


“ — c } whence we have the following conftrudion. (Sig. 24 J 

Draw the line AB equal to the hypotenufe given, and bifed it in C : 
then by the fortyfifth of the firft book of the Elements, find a line CD 
fuch, that the redangle A Bx CD may be equal to twice the area given, 
and let off that line CD from C towards A, or from C towards B : find 
CE a mean proportional between AD and DB by the 13 th of the fixth 
book of the Elements, and fet that off alfo from C towards A or B. This 
done, by the twcntyfecond of the firft book of the Elementsi’deforibe the tri- 
angle' 
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Ani^e AFB,Jb that ^ J7 may be a mean proportional between and 
and BFa. mean proportional between A B and BE, ami the trian- 
gle A FB will be fuel) a one as the problem requires. 

This eonftrudion naturally flows from the foregoing amlyfis: for here 
ABz~a, AC^ia, CD = b, AD~\a + b, BDs=ia^b-, there- 
fore^ E, which is a mean proportional between AD and DB, equals 
d whence AE—\a=^c, and EB~\a^zc-, therefore AF, which is 
a mean proportional between AB and AE; will lie a mean proportional 
between a and \a-±=.c\ and for the fame reafon BF will be a mean pro- 
portional between a and c. This con !lr notion then is what the fore- 
going analyjls diredly leads to : but by tile demonilration annexed it 
will appear, that F the vertex of the triangle AFB will bell be found by 
deferibing a femicircle upon the diameter AB which will meet the line 
EF perpendicular to AB in F the point required. 


A fynthetical demojijl ration. 

ifl. That the triangle AFB l s right-angled at F is evident from it's 
being in a femicircle. 

2dly. Therefore the triangles AEF and AFB are fimilar, and con- 
fequently A E will be to A F in one triangle, as AF is to AB in the 
-other; that is, A F will be a mean proportional between AE and AB. 

3dly. In like manner, from the fimilitude of the two triangles BEF 
and B FA, we fhall have BE to BF as B F to BA. 

4thly. Since then we have two fets of proportion^ to wit, A E to 
A F as AF to AB, and BE to BF as BF to BA, it follows from the 
lafl article, that the redangle AEB will be to the rectangle AFB as 
that redangle AFB is to the fquare of AB : but by the fifth of the le- 
cond book of the Elements, the redangle A F]B with the fquare of 
CE is equal to the fquare of AC, and io alfo is the redangle ADB 
with the fquare of CD -, therefore AEB~\~CE X ~ ADB -f- C £)* ; fab- 
trad CE’ from one fide, and the redangle ADB from the other, (for 
as CE is a mean proportional between AD and DB, CE * will be equal 
to ADxD B,) and you will have the redangle AEB equal to the 
fquare of CD : fubflitute therefore the fquare of CD inftead of the red- 
angle AEB in the lafl proportion, and you will have CD 1 to AFvFB 
as AFxFB is to AB'. Let m be a mean proportional between Ah 
and FB, that is, let m % be equal to AFxFB , and you wilt Itave Q D' 
to mm as mm is to AB* j therefore by the latter part of the 2 id of the 
fixth book of the Elements, CD will be to m as m is to AB ; there- 
fore mmsszABxCD: but ABxCD is double the given area of the 
triangle fought; therefore AFxFJB is alfo double the area of the tri- 
angle fought ; therefore A FB is the triangle fought. E. D. 
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will be the locus of all the right angles that can pofiibly be fubtended by 
AB\ that is, the vertex of every right-angled triangle on that fide, having 
AB for it’s hypotenufe, will be in the arc AEFB’, therefore the ver- 
* tex of the triangle fought muft have a place fomewhere in the arc AEFB : 
but it cannot be both in the arc AEFB and in the right line DEFC 
unlefs it be in E or F one of the points of interaction ; therefore AEB 
or AFB will be the triangle fought, thofe two triangles differing from 
one another in fituation only. 

If AD or BC, the breadth of the given parallelogram, be equal to 
[A B or the radius , the points J 5 and F now coinciding, the line CD 
will become a tangent to the middle of the arc, and the problem will be 
barely pofiible : but if the breadth of the parallelogram be greater than 
\AB, then the line CD and the arc can never meet, and the problem 
will become impoflible when it's conftrudtion is fo. 

This is as clear an inftance as can be given to illuftrate the nature of 
thefe geometrical places we have above dqfcribed : as to the reft we ftiaH 
(peak more hereafter. 

A Lemma. 


330. If four quantities A, B, C and D are proportionable , fo that A is 
to B as C is to D / Jay then that as A -f-B is to A. Jo is C-f-D to C. 

For in the firft place we have three quantities A-+-B, B, and A ; in 
the next place we have three other quantities C+.D, D, and C: of 
thefe it is plain that A~\~B is to B in the firft rank, as C-\~D is to D 
in the fecond, by the 1 8th of the fifth book of th« Elements, or art. 
283 : it is plain alfo that B is to A in the firft rank* as D is to C in 
the fecond by the fuppofition and inverlion ; therefore by the 2 2d of the 
fifth book of the Elements, or art. 287, A-\~B is to A as C~\~D is to 
C. E. D. 

After the fame manner might it be demonftrated that A — B is to A as 
C — D to C. 

A Lemma. (Fig. 26, zy.) 


331. If ABC be a triangle whofe bafe is AB, and whoje vertical angle 
C is equal to any given acute angle DEF, or to it's complement to tua 
right ones ; and if Jr om any point as D in the line E D be drawn D F per- 
pendicular to EF j I fay then, that as DK is to EF ,Jo will 2 A C B, the 
doufak reBangle under the legs of the propofed triangle , be to AC* -f-B C’ 
--AB% or to A B**— A O — BO, the difference between the Jqian e 0) 
the bafe and the Jim of the Jquares of' the legs : the former safe happens 
when the vertical angle ACB is equal to the acute angle DEF, and the 
latter happenspwhen the vertical angle ACB is equal to the compliant >J 
the angle DErF to two right om, 

Y y v 2 I fo 
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I fay likcwife e converfo, that i/D EF be any acute angle whatever, 
where DF is perpendicular to EF, and if DE be to EF as 2ACB is to 
AC+BC-AB*, or to AB* — AC 1 — BC l ; then the vertical angle 
A C B 'will be equal to the angle D E F in the former cafe , or to it's corn - 
plcmcnt to two right ones in the latter. 

For drawing the perpendicular AG to the fide B C , or B C produced, 1 
the triangle ACG will be fimilar to the triangle DEF > the angles at 
F and G being right, and the angles DEF and ACG being equal by 
the iuppofition ; therefore DE is to E F as A C is to CG : multiply the 
two lall terms by zBC, and you will have DE to E F as 2ACB is to 
2BCG : but 2BCG is equal to AC 1 BC 1 — -AB 1 , if the angle ACB 
be acute, or to AB 1 — AC 1 — BC\ if the angle ACB be obtufe, by 
the 13th -and 12 th of the fecond book of the Elements $ therefore in 
both cafes we fhall have DE to E F as the double rcdtangle of the legs 
A C and CB is to the difference between the fquare of- the bafe and the 
fum of the fquares- of the legs. 

It remains now that we demonflrate the converfe of this propofition; 
to wit, that i i DE be to EF as the double redtangle of the legs AC 
end CB is to the difference between the fquare of the bafe and the fum 
of the fquares of the legs j then the vertical angle ACB will be equal 
to the angle DEF, or to it’s complement to two right ones, according 
as that vertical angle happens to be acute or obtufe. 

Since then by the fuppofition DE is to EF as the double rectangle of 
the legs AC. and C ^5 is to the difference between the fquare of the bafe 
and the fum of the fquares of the legs ; and fince this laft difference will 
always be equal to twice the redangle BCG, whether the angle ACB 
be acute or obtufe, it follows that in both cafes, DE will be to EF 
as 2 ACB is to 2 BCG, that is, as AC is to CG: but if AC be to CG 
as DE to EF, fince the angles at Fand G are right, and confequently 
equal, the triangle ylCG will be fimilar to the triangle DEF by the 
yth of the fixth book of the Elements, and fo the angle ACG is equal 
to the angle DEF: but the angle ACG is the vertical angle ACB, 
provided that vertical angle be acute, otherwife it is it r s complement to 
two right ones ; therefore the vertical angle ACB mull, if acute, be 
equal to the angle DEF, and if obtufe, to the complement of that an- 
gle DEF to two right ones. E. D. 


Problem 20. 



332. It is required, having given the bafe % the fum of , the legs, and the 
angle oppojite to the bafe of any triangle , to Jmd the triangle. 

-S' 
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- Solution. ( Fig . 28,29./ 

Let the vertical angle be equal tp any given acute angle as DEF (Fig, 
SyJ where DF is perpendicular to EF, and call the fum of the legs 2 a, 
the bale zb, and the difference of the legs zz (this way of notation be- 
ing belt for folving this problem,) and you will have; the lefs leg equal 
to a~~z, the greater equal to a~\~z, and the redangle of the legs equal 
to a ' — -»*, and the double redangle equal to 2 a 1 — zz' ; you will alfo 
have the fum of the fquares of the legs equal to za'-\-zz', and the ex- 
cels of this fum above the Iquare of the bafe equal to za'~\~zz' — 4 b l : 
whence, and by the laft article, we have this proportion, DE is to E F 
as 2 a' — zz l is to Za'-Gzz' — 4 A 1 ; halve the two laft terms, and you 
will have DE to EF as a 1 — z‘ is to «*-+-&* — zb ' ; therefore by art. 
33 c, the fum of the firft and fecond terms will be to the firft as the fum 
of the third and fourth is to the third, that is, DE-^-EF is to DE as 
2aa — 2 bb is to aa — zz ; double the confcquents, and you will have 
DE-\~EF to 2 DE as 2 aa — zbb is to zaa — zzz i or DE-+-EF to zDE 
as aa — bb is to aa — zz. 

On the center E and with the radius ED deferibe the circle GDH t 
cutting the line EF both ways produced in G and H, to wit in G on 
the fide of E, and in II on the fide of F, and join GD, DH: then 
we {hall have GF~D E -H E F, and G H=zDE, apd the proportion 
will now bo tlut G F is to G II as an — bb is to a a — zz-, multiply the 
two firft terms by G II, and the redangle FGII will be to GIF as 
a a — bb is to^ am — zz: but the triangle GDI! is a ri^ht-angled tri- 
angle, as being in a femidrde, and will therefore be fimtlar to the tri- 
angle GFD -, therefore FG will be to GD as GjD is to G H ; there- 
fore the redangle FG II will be equal to G D* : fubftitutc the latter in- 
ftead of the forn ter in the laft proportion, and it will- Hand thus; GJD* 
is to G IF as a a — bb is to a a — zz. Take now AB (Fig. z$.) e- 
qual to zb the given bale of the triangle, and bifeding it in /, draw IN 
perpendicular to AB, and in the right angle AIN inicribe the line AK 
equal to a the femifum of tlic legs, and you will have a a — •bb=zAX i 
— sIF — IK 1 , and the proportion will now ftand thus; GD * is to GIF 
as IK 1 is to aa~—zz. In the line IN take II. of lbdi a length, that 
IK may be to IL as GD to G II, and you will have IK 1 to IL 1 as 
GD 1 tp ■ GIF : but as GD' is to G IF fo was IK 1 to a a — zz ; there - 
for^iiC* is to IL 1 as IK 1 is to aa — zz ; therefore^— zzsszIL*. In 
-the angle AIL inferibe the line LAf equal to AK, and you will have IL 1 
= LM 1 — IM' j therefore aa — zzz=z LM l — IFF j but asstLM by 
the conftrudioin; therefore z^IM ; therefore the difference of the 
two legs fought Will will be zIM. If therefore upon the bale AB be 

conftruded 
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conftructed a triangle ACB fuch, that the lefs leg AC (hall be equal 
to LM — MI, and the greater leg BC (ball be equal to LM-+-MI ‘ the , 

. triangle ACB will be fuch a one as the problem requires. S^B. I. 

A fynthetical demmjiration. 

Since AC^LM—MI, and BC—LM-hMI , the fum of the legs AC 
and BC will be zLM or 2 AK, as required : moreover, the redtangle 

•of the two legs, to wit LM — MIxLM-{-MI, will be LM — Ml 1 — 
IL 1 , and the double redtangle of the legs will be 2 IL 1 . Again, we have 
already fhewn that the fum of the legs AC+CB is equal to 2 AK, and 
therefore fquaringboth fides, we (hall ha veAC l -k- 2 ACB-+-CB t —^AK 1 i 
bat '^AK* is equal to ^AI'-h^IK 1 ; therefore AC l -{- 2 ACB-\~ CB 1 = 
q.AL-i-q.IK 1 : fubtradt 2 ACB from one fide, and 2 IL 1 from the other, 

( fince we have proved them equal, ) and you will have AC'-^-BC 1 — 
\AL-\-\IK 1 — 2IL 1 : fubtradt AB 1 from one fide, and 4 AI 1 from the 
other, and you will have AO-\-BC — AB x z=^IK 1 — 2 IL 1 j that is, 

4 IK* — 2 IL* is the excels of the fum of the fquares of the legs above 
the fquare of the bale. This being allowed, the reft of the demonftra- 
tion runs in a chain thus : GH is to GD as IL is to IK by the con- 
ftrudtionj therefore GH 1 is to GD 1 as IL 1 is to IK 1 , or as 4LL 1 to 4 IK 1 -. 
but it has been ftjewn already that GD* is equal to the redtangle FGH - y 
therefore GH 1 is to GD* as GH* is to FGH, that is, as GH is to GF, 
or as zDB is tonDE-+-EF ; therefore zDE is to DE-\-EF as 4 IL 1 is 
to 4 IK 1 : halVfe the antecedents, and you will have DE to DE-hEF 
as 2 IL* is to 4/Jf 1 j therefore by the proportion of the 330th article in- 
verted j the firft term will be to the excels of the fecond above the firft 
as the third is to the excefs of the fourth above the third ; that is, DE 
will be to EF as 2 IL 1 is to 4/K* — 2IL 1 : but 2 IL* is equal to 2 ACB,' 
the double redtangle of the legs, as hath been fhewn already, and 4 IK 1 
—2 IL 1 was fliewn to be the excefs of the fum of the fquares of the legs 
above the fquare of the bafe, to wit, AC 1 -\-BC 1 — AB 1 therefore DE 
is to EF as 2 ACB is to AO-+-BC — AB 1 ; therefore by the laft lemma, 
the vertical angle ACB is equal to the acute angle DEF. ^ E. D. 

By a like procefs it will be found, that if the line IL be fo taken as 
to have the fame proportion to IK that the diameter GH hath to the 
lefler chord DH, the angle ACB will be obtufe, and equal to thq^angle 
DEG ; but if the angle DEF or DEG be fo given that IL happdn$to 
fee greater than AK or LM, the problem will be impoflible, becaufeiF 
will then be impoflible to infcribe the line LM m the angle AIL‘. whence 
it follows, that if this problem be poffible, the given vertical angle ACB ~ 
muft not be greater than AKB, whetherthat angle happens to be acute, 

right. 
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right, or obtufe ; and that the triangle AKB will be the ultimate pofi- 
, tion of the triangle ACB before it becomes irapofftble. 


Scholium. (Fig, 28, 29, 30.^ 

Let AB (Fig, .30) be the bafis of the foregoing triangle, and bife£L 
ing it in K, draw the line HIKL perpendicular to AB 5 make the angle 
BAI equal to the angle D in the triangle DEF (Fig. 29 J and upon the 
center /, and with the radius IA or IB , deferibe the circle AHBL, 
which will be divided into two (egments by the chord AB : I fay then 
that the greater arc AHB will be the locus of all angles which (landing 
upon AB, can be equal to the angle DEF ; and that the Idler arc ALB 
will be the locus of all the angles which having the fame fubtenfe AB 
can be equal to the angle DEG. 

For joining AH, BH ; AT, BI-, AL y BL, the triangle AIK will be 
limilar to the triangle DEF, becaufe the angles at K and Fare right angles, 
and the angle KAI was taken equal to the angle FDE by conllru&ion 9 , 
therefore the angle AIK is equal to the angle DEF: but the angle AIK 
at the center, (landing but upon half an arc, is equal to the angle AHB at 
the circumference, (landing upon the whole arc; therefore the angle AHB 
and confequently all others in that fegment, by the 21ft of the third book 
of the Elements, will be equal to the angle DEF-, therefore all the angles 
ALB in the oppolite fegment will be equal to the angle DEG, by the 22d 
of the third book of the Elements; therefore the vertex C of the triangle 
ACB (Fig. 28 J mull be foinewherc in the arc AHB or ALB (Fig. 30 J 
according as the vertical angle ACB is acute or obtufe.® 

Again, there is fcarce any one that is ever fo little converfant in Conic 
Sections, but knows that if from any point, wherever it be taken in the pe- 
rimeter of an ellipfs, be drawn two lines to the two foci, the fum of thefe 
two lines taken together will always he equal to the tranlverfe axis: there- 
fore, if upon the foci A and B, and upon a tranfverfc axis equal to the turn 
of the legs given in. the foregoing problem, be ddcribed an cllitfis, the 
perimeter of this ellipjis will he the locus of ail points from whence lines 
drawn to A and B ihall both together be equal to the fum of the legs 
given ; therefore the vertex of the triangle fought mull be fome where in 
the perimeter of this ellipjis : but it was before (hewn to be lbmewhere 
in the circumference of die circle above delcribed; therefor e cither of the 
two points where either arc of the circle meets die eUipfis, if they do meet, 
will be the vertex fought ; for each arc AHB or ALB may cut the cl- 
lipjis in two points.. But if the arc wherein the vertex lies only touches 
the ellipjis, tne two interfedlions wilt run into one, and fo there will be 
^ but one point that can. be made die vertex of the triangle fought. If 
the curves neithef touch nor cut, die problem will be impoflible. 

This 
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This conftruftion is obvious enough : but the laws of Geometry will 
never admit that a Conic Seftion be introduced into the conftruftion of > 
any problem which can be effected by the help of a right line and a 
circle: I fay by the help of a right line and a circle ; for infer ibing the 
line LM in the angle AIL in the 28th figure, in order to find the point 
M on one fide or other of the point 7, was little lefs than deferrbing a 
circle upon the center L and with a radius equal to slK, in order to 
find either of the interfeftions M wherein that circle would cut the 
line AB. Therefore whenever the conditions of a problem are conftruc- 
ted apart, if one of the loci happens to be a Conic Seftion, it will be 
raoft advifeable for the Analyft to falpend his acceptance of that con- 
ftruftion, till (by extermination or otherwife) he has reduced the whole 
to f&ie equation : then if that equation can be conflr lifted by the help of 
a right line and a circle, or by the help of two circles, which is the 
cafe of all quadratics, and of all. inch as are reducible to quadratics, this 
Jaft conftruftion muft be admitted rather than the former; but if it hap- 
pens otherwife, the former conftruftion may be allowed. 

Problem 21. 

338 * ft required, having given two Jides of any triangle , together 
with it's area , to find the third fide . 

Solution. (Fig. 31 .) 

t 

The fhorteft and moil direft way of folving this problem will be to 
conftruft the locus of each condition apart, that the interfeftion of thefe 
loci may point out the triangle fought. Take then the line AB equal 
to one of the given tides of the triangle, and to the line AB apply a 
right-angled parallelogram ARCD whofe area fhall be double of the 
given area of the triangle, by the 45th of the firll book of the Elements. 
Again, upon the center A, and with a radius equal to the other given 
fide, deferibe a circle cutting the line CD in E and F; then joining AE, 
BE ; AF, BF, I fey that either of the triangles AEB or AFB will 
anfwer the conditions of the problem, fo that BE will be the third fide 
of one triangle, and BF the third fide of the other. 

For by the 41ft of the firft book of the Elements, the area of each 
triangle will be half the area of the parallelogram A BCD, as it ought ; 
and each triangle will have tw o fides, to wily AB arid AE, or AB and 
AF equal to the tyro, fides given in the problem. ^ E/D. ! - 
v If the third fid® BE or BP be required in numbers, imagine EG to 
•be drawn perpendicular to AB : then inthc right-angfedtmngfe AGE 
the hypotenufe AJE wiknown, and Jfe idfe is the leg EG, becaufe|yf j 5 

. x£G, 
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xEG, or the area of the triangle, was given in the problem ; therefore 
AG will eafily be obtained, and confcquently BG, tmccABh known: 
fince then in tne right-angled triangle EGB, the legs EG and GB are 
known, the hypotenufe EB will alfo be known, which is the third fide 
of the triangle fought. 

A Lemma. (Fig. 32.) 

334 ; If from two given points A and B be drawn two lines A C and 
BD, ana if tbefe lines , being infinitely continued beyond the points C and 
D, be juppofed not to concur but at an infinite difiance -, I fay thi n , that ary 
finite parts as AC and BD of thefe infinite lines , ought to be taken J or 
parallels , that is, they will have all the properties of parallel lines , fb far 
as thofe properties can be cxpreffed in finite terms. 

For joining AB, draw at any diftance the line CDE parallel to Alt, 
and BE parallel to AC: and firft let us fuppofe the lines AC and BD 
to meet in thepoint F, at a finite di fiance from AB, and the triangles 
EBD and AFB will be fimilar ; for the angle DBE will be equal to 
it’s alternate AFB , and the angle BDE to it’s alternate ABF } there- 
fore DE will be to EB as AB is to AF: this is nniverfally true, what- 
ever be the diftance of the interfedtion F from the line AB. Let us now 
fuppofe the point of interfedlion F to move off along the fixed line AF 
ad infinitum, and let the' line BF be fuppofed to turn upon the fixed 
point B, fb as always to pafs through the moveable point F, and fuppo- 
ling the figure ACE B to continue as before, it is novg evident that the 
line AB being finite will be infinitely lefs than the line AF which 
is infinite : but DE is to EB as AB to AF, and therefore in this cafe, 
the line DE is infinitely lefs than the finite line EB j therefore the line 
DE is lefs than can poflibly be exprefted in any finite terms, be they 
ever fo finall. Since then the fides BD and BE of the triangle BDE 
are finite lines, and the bafe DE is infinitely fmall, the angle DBE 
muft be lefs than any finite angle whatever, as eafily follows from the 
25th of the firft book of the Elements : but the angle DBE is the dif- 
ference of the two angles ABD and ABE j therefore the angle ABD , 
as far as it can be exprefied in finite terms, is equal to the angle ABE : 
but the two angles ABE and BAC ate equal to two right ones, becaufc 
by the fuppofition A C and B E are parallel j therefore the two angles 
ABD and BAC, as far as they can be cxpreffed in finite terms, are e- 
qualt® two right ones, and the Janes AC andBD ought to be taken 
for parallel lines. ^ E. D. 

Hence it follows, that all that can be demonftrated concerning tu ■> 
lines AC and &D, with an infinitely fmall allowance upon account ot 
thdr concurrence at an infinite diftance, will be ftridtiy and accurately 

Z % at fue 



546 Geometrical problems. Boofe viii. 

true of them without any allowance at all, when they become a&ually 
parallel. And thus may the properties of concurrent lines be carried on 
through this medium to parallels, an example whereof we have in the 
following problem. 

Problem 22. 

335 . To divide a given triangle in any proportion by a line faffing through . 
a given point. 

Case i. (Fig. 33.; 

Preparation. 

Let AB C be the triangle to be divided, and let D be the given point, 
and without the triangle, through which the dividing line is to pafs. 
Now it if. evident from a bare contemplation of the figures (33, 34, &t\) 
that in what fituation focver the point D appears (either without the tri- 
angle, or in one of it's fid**?,) there can be but one angle of the triangle 
ABC , to which a line drawn from D fhall pafs through the triangle, 
either before it arrives at that angle, or afterwards when produced be- 
yond it : let C be that angle, which we fhall therefore call the principal 
angle , and let the line DC, when drawn, pafs through the triangle be- 
fore it arrives at the angle C, cutting the oppolite lide AB in E : divide 
aifb the fide AB'm F, fb that the fegments* AF and FB may have 
the fame proportion one to the other as the two parts into which the 
triangle ABC i%to be divided, and join CF. Then it is plain that the 
two parts fought muft be the fame in quantity with the two parts ACF 
and BCF, fince by the firfl of the lixth book of the Elements, the tri- 
angle ACF is to the triangle BCF as A F is to FB: therefore if the 
line CF when produced paffes through D, the bufinefs is done, and the 
two parts fought will be the two triangles ACF and BCF. But if the 
line CF does not pafs through D, as the line CE doth, then AE muft 
either be greater or lefs than AF: let AE be greater than AF, and 
the triangle ACE will' be greater than the triangle ACF, and confe- 
quently the other triangle BCE will be lefs than the triangle BCF: 
whence it follows, that to draw a line from D, fo as to divide the tri- 
angle AG B into two parts equal to the parts ACF and BCF, the divi- 
ding line muft decline from the line D C towards A cutting off on the 
fide of A a triangle equal, to the triangle ACF, and’ confequently on 
the fide of B a trapezium equal to the triangle BCF ; and fo AB and 
AC will be the two tides cut by the dividing line* After the fame man- 
lier it may be demonftrated that if A E be lefe than AF, the dividing line 
muff decline from JDC towards B, cutting off on the *fide of B a tri- 
angle equal to the triangle BCF, and confequently mi the fide of 4 

a tra- 
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a trapezium equal to the triangle ACF ; in which cafe AB and BC will 
be the two fides cut bv the dividing line. Let the former cafe obtain 
here, that is, let the fiaes AB and AC be cut by the dividing line, and 
for that reafon be called the principal Jidei : draw DG parallel to AB, 
the fide oppofite to the principal angle, and meeting the other principal 
*fide CA produced in G, Vjd thte preparation will now be over, provi- 
ded tfie problem is to be folv&d geometrically. But if the lines that arc 
given, are given in numbers, Vnd it be propofed to folve the problem 
arithmetically, the line AB, in \rder to know whether it be greater or 
lefs than AF, mu ft be computes! by the help of the fimilar triangles 
CGD and CAE, where CG is |o OD as CA is to AE : but CA is gi- 
ven, becaufe the triangle ABCth given, and CG and GD are given, 
becaufe the fituation of the poinq^D with refped to the triangle is given ; 
therefore tlic line AE is alio gi\ 

This preparation being made, tHe^'bqfinefs. of this problem will be to 
find a point as K in the line AC, througfi 'whKh and the point D a 
line as DHK being drawn, fiiall cu t off a triangle as A HK equal to 
the triangle ACF. 

S o l u T ION. 


Call AC a, AF b, AG c, DG d, and AK x ; and fince the triangle 
AHK is to be equal to the triangle ACF, they will have their fides 
about the common angle A reciprocally proportionable by the 1 5th of 
the fixth book of the Elements; that is, AK a fide of tne former tri- 
angle will be to AC a fide of the latter, as AF the otnev fide of the lat- 
ter is back again, to AH the other fide of the former; or according to 

ab ab 

our notation, x will be to a as b is to ; therefore AH~ — . Again 

w by fimilar triangles, GK will be to GD as AK to AH, that is, x-+-c 

d x h x 

will be to d as x is to —7- j therefore AH=. — r— . Thus we have 
two values of AH, to wit, - — — and 


x+c 


x 


which therefore rauil be* e- 
dx ab 


qual to one another, and give us the following equation, x 

dxx 

multiply both fides by ac, and you will have ~£~ c 


sxab i again, multi- 

• abx 


ply by and you w2l fawe dxxsssabx+abc, and dxx* 

sssabe, an4 .##— ? to contrad thefe exprdfions, make 

, * ■■ ■ ab 

Zzz 2 "i 


Zzu 
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a b be 

-j- = e, and = f that is-, make DG to AF as AC to e y and DG to 
AF as AG to f and the equation will now ftand thus, xx — ex=zaf $ 
whence we flrall have AK or x=z\e-±zy/\ee-+ -af: but of thefe two 
roots or values of AK, one, to wit \e — </ is negative j forjifi- 

. . •£ “17 

s/\ e€ be equal' to \c, then y/\ee-\- af y ill be greater than £<*, apd'this 
value of AK will be negative} that is, /ne point K found according to 
this value, will lie in tlie line CA produced beyond A, and confequent- 
ly on a contrary fide of A with refpedj to the point C } and though the 
line DK , when drawn and produced through D till it cuts the fide AB, 
will cut off an area equal in quantity *0 the area propofed, yet lying 
without the triangle, it will not be the^rea propofed} therefore* there is 

but one value of AK that will fol vs 'itie problem, to wit, {e-\-s//e-Faf. 
Let g be the hypoten'ufo-c.f -a Jght-angled triangle, one of whofe legs is 
and the other is s/af, and you will have AK equal to s^*4-g. Join 
DA, and parallel to it draw FL meeting the fide AC in L, and the 
triangles DGA and FAL will be limilar} for the angles DGA and 
FAL are equal, this laft as being an external angle, and the former as 
being the internal and.oppofite angle on the fame fide} and the angles 
DAG and FLA yvill alfo be equal for the fame reafon; therefore DG 
is to AF as AG fe to AL ; but DG is to AF as AG is to*yby the 
eonftruaion} the^fore f—AL, and s/af is a mean proportional be- 
tween AC and AL } whence we have the following conflrudfcion of- the 
problem. 

Suppofmg all things as in the foregoing preparation,, make DGtoA F 
as AC is to e, and joining DA, draw FL parallel to it, and find g the 
hypotenufe of a right-angled triangle one of whofe legs is [e, and the o~ - 
ther is a mean proportional between AC and AL. This done, if AK 
be taken equal to \e -t-r, and fet off from A towards C, you will have 
the point K, through which and the point D the line DHK being drawn 
lhalf cut off the triangle AHK equal to the.triangle ^/CF, andconfc- 
quently the trapezium BHK C equal to the triangle BCF: and thus 
the triangle ABC will be divided in the proportion required by a line 
as HK, palling through the given point D. Q.E.F. 

This might alfo be demonftrated fynthetically : but there are a great 
many other cafcs belonging to this problem, as the reader wilf prefently 
fee } and to give fynthetical demonllrations of them all, v would be endlcfe 
and tedious. 1 /hall now therefore proceed to thofe other gi fa 
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Case 2. (Fig. 34./ 

Let us then in the next place fuppofe the given point D to be in the 
fide AB, and a more fimple conftra&iow will arife ; for then the line 
DG will coincide with the line DA, and the point G with the point A, 
ia ^vhich cafe the line A&^or c will vanifh : therefore in this cafe, the 
- . be , abc 

quantity ~j or /, and the quantity —j or af will vanifh, and the alge- 
braic canon for finding AK w'll now be reduced to this, viz, AK 

ac , 

as { ? +\/i wss i f +stef r therefore when the point D lies 

in the fide A B , the point K> w ^.1 be found only by drawing FK paral- 
lel to DC} for in this cafe AD will be to AF as AC to AK, and 

_ , ACxAF \t$ 

AK will be equal to — 

Case 3, (Fig. 35.; 

Let us now imagine the point Dto pafs through the fide AB into 
the triangle, and all diftindlion of principal angles now ceafing, any two 
Tides may be made principal Tides* and the calculation will eafily deter- 
mine whether the fuppofition be juft* or not. But it xyill not be difficult 
for the artift himfelf to judge what lihes are moft proper for his purpofe*, 
as alio which part to make the triangle, and which tnt trapezium* only 
by laying a ruler upon every angle, and upon the point jD, and obferv- 
ing in what proportion it cuts the oppofite fides. This (I fay), will not 
be difficult; especially if he takes along with him the following COnfidera- 
tion, which is in a manner fclf- evident, to wit, that if a ruler, as HDK 
be made to turn upon a fixed point jD ’ within a triangle,, the area cut 
off by it, whether it be a triangle or a trapezium, wilr always increafe 
on that fide from which the longer part of the ruler is made to move; 
Thus if the part DK be longer than DH, the area of d>e triangle AH& 
will increafe, if the ruler be made fb to turn upon the point D ’as that 
the point K (ball recede further' and further from the point A, though 
at the fame time the point ^approaches nearer to it. 

This premifed, let AB * ana AC be the two fides cut by the line 
HDK as before ; and thawing DG parallel to one of them, fuppofe to 
AB, cutting the other fide AC in the point* G, join DA, and draw FL 
jpftralldl to It, cuttingthe fide CA produced in X : and then jt is plain 
thatrthe point L having now change d fides with refpeft to the poSnt ^, 
the lmo>AL ot f muft be reputed negative : the fame is alio* further 
.evident from thef point G*$ havj|ig_£hangtd fides with refpe& to the feme 

point 
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point A, upon which account the line AG or c will be negative; whence 
C & fa c 

it follows that or /, and -j- or af will be negative. Hence the al- 

gebraic canon for the refolution of this cafe will ftand thus : 


AK or J 

1 fay sfa becaufe now both the values of/.fK will be affirmative, ^nce 
lefs than \e. The conftrud$fon therefore derived frdfn this 
•canon is as follows. / 

Let £ be one leg of a right-angled triangle, whofe other leg is a mean 
proportional between AC and AL cokfidered as affirmative, and whofe 
hypotenufe is \e j then fetting off, frolp A towards C the line AK e- 
qual to you will have the point K, through which the line KDH 
being drawn, will cut off the triangl pAHK equal to the triangle ACF. 

From this conftrutftion it follo^«r, 'that if the values of AK bepoffible, 
flic mean proportioned* 4>etwodi A C and AL muft not be greater than 
If ; for that would be to fuppofe a right-angled triangle having one of 
the legs greater than the hypotenufe, which is abfura. But notwith- 
ftanding the foregoing conftru&ion, I muft take notice to die reader, 
that there is a private article in this problem which neither was, nor could 
be included in the equation from which the foregoing canon and con- 
ftru&ion were derived ; which is this. It is fuppofed in the problem that 
the line HK lies wholly within the triangle ABC , whereas that condi- 
tion was not taken notice of in the equation : the equation was only 
founded upon this ; that the area of the triangle AHK muft be equal to 
that of the triangle ACF ; which may happen even when AK comes out 
greater than AC, or AH greater than AB, though in neither of thefe 
cafes will the line HK lie wholly' within the triangle. In order there- 
fore to Judge, without the formality of a conftrudtion, whether the va* 
lues of AK, and confequently of AH, be poffible or not ; and if poffi- 
ble, whether they will lie within proper limits, that is, whether AK 
will be jlefs than AC, and AH be lefs than AB, take the following 
fymptoms. 

i ft. If the. produB ab be not lefs than the produB 4 cd, the values of 
AK. mu be pojfible, otberwife not ; and if the products be equal \ the two 
■values of AK will unite into one , as is vfual in fucb cafes. 

adly. Jf the two values of AK be poffible, and a be lefs than e— f, on* 
fa cm of tbofe values will be lefs than AC. 

. ;$dly. Jf& be greater than e — f, then both the values of AK wiU be left 
thm AG, ermit^efthems according as a is grater or^hfk thanks. 

... bcingwitbout mucbdiffieulty deduced frdmthe canon a* 

hove laid down, to wit, that AK is equal to {e^/^e^-af, I Khali leave* 

■'? the 
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the invcftigation of them to the ingenious reader, rather than be thought 
to infill too long upon them. I fiiall only add, that after a proper value 
of AK is found, the line AH will eafily be obtained, either by draw- 
ing the line KDH, or arithmetically by the proportion given in the re- 
folution of the firft cafe of this problem, to wit, that AK is to AC aa 
AtF to AH : and if, as A(C is left than AC, AH be found left than AB, 
-tfie^problem will be refolved by making AB and AC principal fidesj if 
not, other fides AB and BC, dr AC and BC mu ft be tried. 


Case ‘,4. (Fig. 36.; 

Let us now carry the point D into the angle C ; and then the points 
C, D and K being united into 01 e, if we make alfo the point H to co- 
incide with the point F, the trjhpgle AHK will be equal to the triangle 
AFC, and lb the problem in thi; cafe will be refolved. But this is not 
all : my main defign in this problem was tq (hew how from a canon ap- 
propriated to the firft cafe only, all the other cafes may be refolved, and 
to inftrudt the learner how to conduit himfelf through fuchlike tranfi- 
tions. Therefore we do nothing, unlels we demonftrate from the canon 
itfclf, that in this cafe AK is equal to AC, how evident foever it may 
be from other principles. Now in order to do this, we are to take no- 
tice that in this cafe, AG or c is equal to AC or d, and that DG or d 
is equal to nothing,- as mu ft always be the cafe where D lies in the 

line AC, or in AC produced : therefore in this cafe, , or e, and or 

/'mult both be infinitely great, fince their numerators &e finite quanti- 
ties, and their common denominator is infinitely fmall. It is plain alfo 
that thefe two quantities e and f will be to each other in a proportion 
of equality, fince the two quantities a and c are fo. 
v Thefe things being obferved, the canon belonging to the third cafe 

as it was derived from the firft. Hood thus: AK~[e^iz. i 

mr ft may Hand thus ; AK-=2\e-±zs f~ ^ . But here*^* is equal to 

unity, it having been already fhewn that e is to /' in a ratio of equality : 

f 

fubftituting therefore unity infteadLpf>-, the canon for the iolution of 
the fourth cafe will be this : 

. AK- ““ ' 


But this quantity it cqual to g%ie~~>a, and therefore n&uft be 

infinite, fince the fe&ofsare foithcrcfore 
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nlte, and -j-^r s / l -^-—ae muft be much more fo : therefore in this 
fourth cafe, one of the values of AK muft he infinite, and fo can have no 

place in the refolution} but the other value, to wit \e—\/\e l —ac 
may be finite Jbr ought we know to the contrary : for though the film 
of two infinite quantities mull neceflarily be infinite, yet their different 
may be finite. This therefore is what no\y remains to be enquired in- 
to } and for our better fuccefs herein, vrjf muft firft extradl the root of 
5**— a€ y as follows: 


i fi aa 2 (0 i 



4--a\ 


ae -baa 



Here then we fee that 'S\e^ae.=z\e~-a—- — &c ad infini- 

tum* Now Whoever confiders this infinite feries with any degree of at- 
tention, may eafily fee that it is of fuch a nature, that every fubfequent 
is infinitely lefc than that which goes immediately before it : for- 
the firft term \e is infinitely great, and the fecond term a is a finite quan- 
tity i therefore the fecond term is infinitely lefs than the firft. Again, 

the fecond teem Is a , and die third is -- j therefore die fecond term is 

& 

tp die third as a Is to -, or as i is to — , or as e is to a: therefore the 
iMfd term is infinitely Ids than the fecond. In like manner, the th « n d 
k m the fourth as ~ is or as t to '%*% therefore the fourth 

v ’ term’ 
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term is infinitely lefi than the third } and fo on ad infinitum. Whence 
it follows, that every term of this feries, howfmall foever it may be, will 

be Infinitely greater than all thofe that follow it put together : as if x 

be the fum of all the terms that follow the fecond — a, that fecond 
term — a will be infinitely greater than — x, that is, an infinitely grea- 
ter negative, or (which is the lame thing) the quantity — x will be 

infinitely final]. Upon this fuppofition we lhall have — ae=^e — a 

-—jf} therefore \e — s/'-fi — ae or AK—'g — &+a-{-jc=a-{-x=a^zAC, 
fo far as it can be expreflfed in finite terms. 


Case, 5. (Fig. 37.; 

Suppofe now the point D to pafs again out of the triangle through 
the angle C ; but let the line DC t when produced, pals into the triangle, 
fo as to cut the line AB in E, and let A B and AC be determined prin- 
cipal fides, alter the fame manner as in the firft cafe of this problem: 
draw DG parallel to AB, and meeting in G the fide AC produced be- 
yond C } and the point G having changed fides with relpeft to the point 

(ib 

D, the line DG or d will now be negative, and therefore the line ~j 


* &C 

or e will alio be negative ; but the line or/ will b| affirmative, as in 
the firft cafe > for the line c was negative before, and ftill continues to 

be fo j and if the line d be negative too, the quantity will have the 

feme fign when c and d are both negative, as if they had been both affir- 
mative. So the canon for this cafe will be as follows : 


AK=s— |e-f- s/'j'-irafi 

Join AD, and draw FL parallel to it, meeting the line AC or AC 
produced in L, and let g be the hypotenuie of a right-angled, triangle, one 
<"»f whole legs is and the other a mean proportional between A C and 
AL : then If from A towards C be fet off the line AK equal to g — 
the line DKH t when drawn, will folvc the problem. 


Case 6. (Fig. 38.J 

Laftly, fronq the angle C draw any line at pleafure within the trian- 
gle, as CE, cutting AB in £, and foppofmg the line EC to be *t*8- 
nitely continued beyond C, let us imagine the point D to move off t&m 
infinite diftancc in the line EC produced} and by the foregoing lemma 
tfaehne HK will at laft become parallel to E C, thtfe lines being mow 

A a a a fuppofed 
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fuppofed not to meet but at an infinite diftance. Therefore the forego- 
ing problem will now be changed into this, viz, To divide a given tri- 
angle as ABC in any given proportion, J'uppofe in the proportion of Alp to 
E B, by a line as H K drawn parallel to any other line as GE, given in 
portion. To effed this it muft be obferved, that the line FL t which 
was always fuppofed parallel to AD, will now be parallel to EC, fince 
by the lemma above-cited, any finite part of the line AD is parallel to 
EC i therefore the line AL or f will be finite and affirmative: but as 

' . # # ab 

the line D G or d is now infinitely great, the quantity or e will be 

evanefcent or nothing, having it’s denominator infinitely, greater than the 
numerator : therefore to adapt the canton of the firft cafe, to this, the 
quantities \e and \e' muft be ftruck out of the canon, and then it will 
ftand thus : 

AK^y/af. 

Therefore if AK be taken a mean proportional between AC and AL , , 
the line KH drawn parallel to GE will folve the problem. 4>. £. F t 

A dfcourfe concerning Infinites of both kinds > onoccafion . 
of the foregoing problem* 

336. By the relation of the foregoing problem it plainly appears, 
that infinitely great and infinitely final! quantities are not fo very formi- 
dable in mathematical computations as they are -generally taken to be, 
provided they be managed with judgement and diferetion : nay fo for are 
they from embarraffing problems, that they frequently render their refo- 
ltition and conftru&ion more eafy- and fimple wherever they are con- 
cerned : and the reafon is plain -, for in all companion of finite quantities), 
one with another, infinitely fmall ones are juftly negleded, which, had 
they been finite, muft have been taken notice of, ana fo have occafioned 
more perplexity in the comparifon. And. as to infinitely great quantities, 
tfrefe are either thrown out of the queftion, as being improper for a fi-"“ 
nite folution,, or dfe they pafs off by being converted into infinitely final! 
quantities. Thus the conftrudion of the 2d, 4th and 6th cafes of the 
foregoing problem became eafier than the reft, only on account of ha- 
. ving infinitely fmall quantities concerned in them : thus the infinite value 
of the quantity AK in the 4th cafe, was thrown out of the queftion, as 
not being wanted, and the infinite quantities e andjf puffed oft in the in- 

fijwdl.ones •— (Si,. 

TM 
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The true ftate of the cafe is this. So long as we reafon upon wrong 
fuppofitions, we muft never expe<ft to arrive at truth ; but the nearer our 
fuppofitions are to truth, the hearer will be the conclufion ; and if thefe 
fuppofitions be infinitely near the truth, the errors in the conciufion wilt 
be infinitely finall, which being at laft thrown out of the account, the 
conclufion will be the lame as if we had proceeded upon principles ac- 
curately true. This is the true rife of infinitely finall quantities in alt 
mathematical computations, and the true reafon for reje&ing them when 
the operation is over. But it may be reafonably demanded, how do we 
know that thefe infinitely fmall errors in the conclufion arife from like 
-errors in the premifles ? And the anfwer is, becaufe thefe two forts of 
-errors have lb mutual a dependence one upon another, that one cannot 
be made to vanilh, but the other will neceflarily vanifh with it. If it 
be further demanded, what the wrong fuppofitions are from which thefe 
infinitely finall errors fpring, I anfwer in the firft place, the fiippofing 
magnitudes to have quantity which in reality have none at all, but have 
entirely loft it, either by running into infinity on the one hand, or into 
nothing on the other. Thus in tne refolution of the 4th cafe of the fore- 
going problem, had we fiippofed in the refolution, as we did in the cafe 
itfelf when it was firft propofed, that the point D actually coincided with 
the angular point C, (fee Fig. 36,) the line DG or / would not only 
comparatively, but absolutely have been equal to nothing ; that is, it 
would have been no line at all, nor could any ufe have been made of it : 
therefore by allowing the line d to have fome quantity,* though infinitely 
fmall, or. lefs than any that can be afiigned, we tacitly fujppofca the point 
D not to be actually in the angular point C, but infinitely near it. 
Hence arofe the infinite quantities e and f y which therefore muft not be 
fuppofed to be infinite or unbounded, as the word in the ftrHteft fenfe 
Imports, but they muft be looked upon as terminated lines, whole ter* 
mini or extremes are at a greater than any afiignable diftance one from 
another : and thefe quantities being juftly expunged at laft in the infinite- 
ly finall quantities tic, we came to the lame conclufion as if 

the fuppofition upon which it was founded had been accurately true. 

a* z a* 

I laid that the quantities -y tic were juftly expunged, not only oa 

account of their being infinitely fmall, but alfo for the following reafon : 

&b , &A , 

The line e in the refolution was equal to ~j \ and therefore ~ was equal 

to *jp and for the feme reafon, y- was equal to -y : fuppofe now 4 

Ana 2 -the 
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the error in the fuppofition to vanilh, and the infinitely fmall errors 

~jr y —j-[- &c will necefiarily vanifli with it. It is not to be denied, but 


that I might, ki tendernefs to the reader, have, given the folution of this 
cafe a much eafier turn ; but to fay the truth, I had a mind-, to (hew 
him at once all he had to fear from tnefe imaginary monfters, which (if he 
lays alide all unjuft prejudices, and treats them as he ought) I can fafely 
allure him he will find to be friends, and not enemies. But to proceed : 

A quantity after it is reduced to nothing, ceafes to be a quantity ; and 
if o hath no quantity, neither can it’s reciprocal or any magnitude 
exprefled by it, be faid to have any : but the reciprocal of nothing 
fignifies a magnitude infinitely great in the ftridteft fenfe of the word, 
lince as to it's infinity, no other can go beyond it: therefore a magni- 
tude that is infinitely great in the ftridtelt fenfe of the word, can no more 
be faid to have quantity than abfolute nothing can ; and to compare fuch 
magnitudes iu refpedt of their quantity, which a&ually have none, is 
contrary to the. definition both of ratios and the object of proportion : 
nay I know not whether the greateft part, if not all the difficulties that 
are faid to attend the idea of infinity, and our inability to comprehend 
it, ought not rather to be charged upon the abfurdity of comparing 
things together which in their own natures are incapable of all compari- 
fon. It is laid indeed that infinite parallelepipeds ftanding perpendicu- 
larly upon finite bafes, and upon the fame plane, are in proportion as 
their bafes , wjfich is true : but this is not comparing magnitudes in re- 
fpedf of the quantity they have not, but in refpedt of the quantity they 
have i one of thefe parallelepipeds may. be laid to be broader or thicker 
than another, though not higher. , Thus if r be any quantity whereof 
the multiples 2 r and 3 r are taken, 2 r may be faid to be to 3 r as 2 to 3, 
whether r be finite or iiifinite, or infinitely finall ; nay though r fhould 
fignify an impoflible quantity, as */ — 2, &v >, but’ then the 

quantity of this proportion does not depend upon the quantity r, but 
upon the coefficients 2 and 3. But I muff here take take notice how- 
ever, that if r be actually infinite, I mean in the ftridteft fenle of the 
word, by ar and 3 r mull then be meant, not quantities twice or thrice 
as big as r, in the fame refpedt wherein it is infinite, but r twice or 
thrice taken, which : is no way abfurdj for if it be poflibie for any one 
infinite quantity, taexift that is not every way infinite, ( it will, be as pof- 
fible for others to exift of the fame kina, independently of the former: 
4 parallelepiped that i& infinitely extended only as to it’s length, and that 
both forwards and backwards, may however receive any addition, .or be 
incrcffled or dimifiifhed in any proportion in refpedb of -it’s finite dimen* 
lions, but hot in refpedt to it’s infinite extent* and jhis’is aft the propor-t 

tion 
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tion l ean conceive infinite quantities capable of. See Philofophical Tran- 
Sadions, N°. 195, 

But if we contrad a little the fenfe of the word, and by infinite quan- 
tities understand, not fuch as are absolutely boundlefs, but whofe bounds 
are at a greater than any, aflignable diftance one from another ; and if, 
agreeably hereto, by an infinitely final! quantity we understand, not atv 
folute nothing, or a quantity whofe bounds are coincident, but fuch a 
one whofe bounds are nearer to each other than any aflignable diftance ; 

I mull confefs I do not fee then why addition, fubtradion, multiplica- 
tion, divifion, proportion, extradion of roots, figure, motion Gfr, Should 
not be as applicable to this Sort of quantities as to finite ones, and in the 
fame J&nfei nor can I fee any abfurdity in this notion, fince every quan- 
tity that is infinite in an absolute fenfe muft neceflarily include one that 
is infinite in this fenfe. Let us afifume any where a point, to which 
as to a center all others may be. referred ; and in this infinite expanfe 
of fpace or matter, (for fomething muft be infinite,) I think it cannot 
be denied but that there adually exift parts of fpace, and confequentiy 
other points at a greater than any aflignable diftance from the point aS- 
lumed j and if So, then the diftance between any one of thefe points and the 
point aSTumed, will be a line whofe extremes are neverthelefs at a greater 
than any aflignable diftanpe one from another. After the lame manner, by 
afluming lines or planes inftead of points, maybe deraqnftrated the adual 
existence of planes and Solids whofe termini- are at a greater than any a£» 
fignable diftance. from each other. * 

Whilst l am upon this fubjed, it will perhaps be dfpeded I Should 
Say fomething concerning the ultimate ratios of quantities increasing and 
decreasing in infinitum , lo frequent in Newton's Philofophy, whereof be 
was the nrft eftablifher. That great man made ufe of this dodrine in > 
moil of thofe noble difcoveries wherewith he has obliged the learned 
world} this way being much Shorter than .that which the ancients took 
in demonstrating the feuth of their propofitions byShewing the absurdity 
of the contrary, and more geometrical than the method of 'Indivisibles to • 
much cultivated- by -Qtvalkrius, -Torrieellius and others. 

In order then to give the learner a proper idea of thefe-ratioe, we muft: 
firft obServe, „that there are two ways whereby a quantity may- pais into 
nothing} either. in time,, when a quantity paSTes from it’s prefent State fuc-» 
’cefiively through-aU lefler degrees, of magnitude into nothing, which the 
Mathematicians, call vanishing ^ or in an inftant, when a quantity p&Sfes at 
pneeirom a finite, State into a State of nothingpefs. As if ft fie^yy ,bpdy 
be thrown dired^ upwards ywth*a certain degree of * 

till by the continual force of itVgravity ading the contrary -w|yji it jaw 
, kit all it’s motion, this motion may be find to be loft in time; but if. 




'558 A discourse- concerning' Infinites, Bobkvlii. 

doting it's afcent, it happens to ftrike upon an obftacle above it, the 
motion at the time of the (hock may be laid to be loft in an inftant ; 
especially if both the body and the obftacle be fuppofed infinitely firm or " 
hard. And the feme ways that motion may be deftroyed, it may be 
produced; for motion may be faid either to be generated in time, as 
when a heavy body fells from reft, or to be communicated in an inftant, 
as by the force of percuflion. 

N f B. By an inftant is meant a point of time, and not a moment, or 
any (mail part of it. 

Now to apply this diftindtion to our prefent purpofe, let us fuppofe 
* two variable quantities A and B to fink by degrees from their prefent 
ftate into nothing, fo as to vanifh both together j it is poffible notwith- 
, ftanding, that the ratio of A to B may all this while continue the feme, 
or it may be conftantly increafing, or conftantly diminifhing : but this is 
certain, that, the v*ry inftant thefe quantities A and B lofe their being, 
their ratio muft do fo too, though perhaps another way j for where there 
are>no quantities, there can be Do ratio. Let us then fuppofe (what is 
. often the cafe) that at the very inftant the quantities A and B vanifh in- 
to nothing, their ratio pfies at once from a finite ftate into nothing: 
this finite ratio, in the laft inftant of it’s exiftence, is what is called the 
ultimate ratio of the evanefeent quantities A and. B. On the other hand 
if we fuppofe the quantities A and B to be generated firom nothing, that 
la, to grow from ‘ nothing by degrees into a finite ftate j and if at the 
firft inftant of tMlr exiftence we fuppofe their ratio to ftart lnto being 
the other way, ‘'that is, at once from nothing into a finite ftate, this fi- 
nite ratio in the firft inftant of it's exiftence is Called the JirJi ratio of the 
mfeent quantities A and B. Laftly, if we fuppofe the variable quanti- 
ties A and B to pafe from their prefent ftate fuccefiively through all 
greater degrees of magnitude into infinity, thefe quantities may lofe their 
ratio this way as well as the other ; and if the ratio breaks off whilft it 
Isha U finite ftate, it is in that ftate feid to be the ultimate ratjfo of the 
A and B increafing ad infinitum. 

N. B. By a finite ratio is meant the ratio that stay one finite quantity 
nay haveto another. 

1 One imgk example will be fufficient to illuftrate the whole, which 
oleins foflows. Let X be any variable quantity, and make 4xx-t~iXj~ 
emA, and 2XX-+' XtssB $ then will A and B alio be variable quantities, 
as depending upon *; when x vanifhes, A and B willboth vanifh, and 
; th«y wffl both be infinite : let it then be reqtiifwl to 

■“ “' ratio of A to B, whether they yanifh into no* 



Before 
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dent from the products of the extremes ant mSns which “ 7^ 
but 4.XX + 3X is a lefs quantity than th7rf e< i ual : ) 

is to zxx+x in a lefs ratio thin that of 3^1 • 

■Again, 4XX-1-2X is to 23 r#-t-x as 2 to 1 • but 

f t r “'Y ’T'^ ^P* xx + **> before 4 **+3* k I* 

*, and yonUtte Z B £ £ “r* 

te U B eafy to fe te the lefs the quandti! A &I V™ *<&£ 
* ? t0 n . othj "S> *e nearer will the ratio of 4 * + , to 

«$. ttwratio-tf^+f £ ^XtTor^thfn^of^ Zroft^' 

* °r 3 '° *, than 'Z fy »<%»Wo difierenoe , 2d 
ratroof the evanefeent quantities A and i‘ will be that *>f , ^ “s "? 7 

ssr* 

«>s*+ r istoa+i, Thisisuniverlal; but it. eafy to fee that the 
greater, the quantities A ’ and B are, that is, the nearer the quantity * ap- 
proaches So infinity, the Ids will he the quantities \ and ~ , and the 

nearer will the ratwof 4+I to a+j- approach to the ratio of 4 to * 
or a to 1. Let x be greater: than any affignable quantity, and thequaft- 
x aI ^ x ydll then be lets than any that can be ailigned j and the 

ratio of to*S«f*~, or of af to g, 'wiH approach nearer to the ra- 
tio of a to 2 ^1) Jjyj anu JL*rv* « « ‘ . 


i di^er«noe: ther«lore when** jteife* 
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finite, and die quantities ~ and — are intirely vanifhed, the ratio of A 

to B will terminate in the ratio of 2 to r. Thus then we have found" 
two limits between which the ratio of A to B will always confill, to 
which it may, one way or other, approach nearer than any affignablc 
difiance, beyond which it cannot pafs, and at which it can never arrive, 
till the quantities whereof it is the ratio lofe their being, either in no- 
thing or infinity : and as often as any limits of this kind arc finite ratios, 
it mufi be the bufinefs of Mathematics to find them out. 

At the beginning of my difeourfe upon this fubjeft I took notice, that 
infinitely ftnall errors were fometimes unavoidable in computations found- 
ed upon wrong fuppofitions, and of thefe wrong fuppofitions I inftanced 
in one only ; but there are fcveral others of the feme fiamp which Ma- 
thematicians are fometimes obliged to make, and which at prefent I 
lhall hut j having (I fear) been too prolix already: as when 
we^uppole curve lines to confill of an infinite number of infinitely finall 
ftreaght ones, or curvilinear areas to confifi of an infinite number of in- 
finitely narrow parallelog rams ; when we fuppofe the curve furfeces of 
folios to be made up of an infinite number of infinitely narrow plain an- 
or their contents of an infinite number of infinitely thin lamina ; 
when we take the infinitely finall increments of quantities that do not 
flow uniformly, for their fluxions * when, in mechanical Philofophy, 
we fuppofe a continued force to be made up of an infinite number of 
infinitely finall itfspulfes adting at infinitely fmall intervals of time, and lo 
forth : thefe fifppofitions (I fey) are rather infinitely near the truth than 
accurately true ; and therefore in our realbning upon them we mull not 
be furprized if we fometimes fell into infinitely fmall errors, which mull 
however be qualhed before we can arrive at fuch a conclufion as accu- 
rate realbning would naturally have led us to. 

Mathematicians, and more efpecially thole who bell underltyficl this 
fubjeCt, are, generally fpeaking, referved enough upon it, and Zhufe ra- 
ther to be deficient than redundant in their expreffions upon thefe occa- 
fions j not from any diffidence in their own principles, but knowing very 
well how liable matters of this nature are to be drawn into dilputes by 
fuch as lie upon the catch, and make it their chief bufinefs to oppofe 
thofe truths which they themfelves could never have difeovered, nor 
perhaps wi$ ever be able to underlland. For, my own part, it was not 
without a great deal of reluctance that I prevailed upon myfelf to fey 
what. I have done upon this head, confidering how eafiiy I might have 
avoided it : but knowing, by daily experience, how flfong a curlofity 
young Gentlemen have to pry into thefe notions, (perhaps more than they 
£Ogfrt> unlefe they were better acquainted with all the exher parts of ma- 
:H thematical 
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thcmatiol ^kriowledge,) and profcfling to write this treaties t 5 * 
: young banners, who perhaps might not have iUn SSt m 6vour °f 
i*y my feb, I thought it m y Xy t0 S i P°™ r to fu P~ 
raAcr than leave them in worfc hands • andHf in f a ^* 1 thlS occaflon > 
m my diilindkion betwixt abfolute and ‘comparati^ InfinTt 8 ’ f r k t,cular, y 
wav mifreprefented the fenfc oftheMatSSf t n ,7l 1 W an y 
and willing to retrad my error whenever I flXte apprted'of? ^ 


D E 


r x N I T I O N s. 


(Mg' 39> 40 J 


.33 7 * ^ APB be a line given in pofition and let PM . 

wvm parallel to it felt] \ i that all th* pm, fL. » a pojitton al~ 


parallel to i Wi fi that all the PMs^l 

j?°rj me ts carried along.: L : :'aT le 
'tibGied fn n nnx ^ 


and at the fame time 

tjT ™ be , al fiMM* d to move along the line PM?/? as 'by 'tHs'J? 
pound motion to dejertbe Jbme /freight or curve line • iJl I?/X ?! 
conjlant relation between the lines A P and P iwr * ii ^ i* e ^ a 

prehended Between P the fM^nL^din, mkt ?™ na £ I! »' A P, »«- 

PM v and let * e ^ P > A ‘> and. the ordinate 

>.), let p and y be any determinate lines, and let the content 

relation between * and;- be expreffed by this equation y^ 9 ~ : J % then 

«ta«.*eW of this equation will be a (height line, whic£ I thus de- 

the^Ms mu/tf <P rodu f d if o? d **> fet 0<f{rom A “wards P. 

and ™ If S' W o7 jp W H '%£ * ?> “» p-W * PK 
drawn be the Inrut nf *t t ** then will the right line AC when 
Js M*in thU li„r^ k foregoing equation. For if from any mint 

ilfed ? and MP P> raUd “ BC, and if AF be 

... , and PM y, the fimdar triangles ABC and APMwi\l give 

AB(P) to Be ( t ) nAPfte) ktoPM(yJ = i?. 

1n f : *and f“3* d ‘ n 8 tt>gle APM^t o be always a right 

IS Sf as S3&F ««. =q»ai « •« aS pX 

Hiuation »»=s re' * t lC S c l* tw '} ^tween * and y he exprclled by this 
^ 5 ~" xx • I (ay then that the 4e«r of this equation wi'l 

Bbbb be 
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be tbe circumference of a circle whole center is A, and whole «sr- • 
dim is equal to the line r. For if we fuppofe fuch a circle to be dcfcri- 
bed, and if from any point of it, as M, we draw the line MP perpcn-'*' 
dicular to AP, and join AM, we Avail have AP l -\~PM l sSiAm t , that 
is, xx-\r yy=srr *, whence yy z=zrr — xx. E. D. 

A- Lem m a. ( Fig. 41 .) 

338. Suppofmg all things as in the lajl article , let the angle APM & 
always a right one , let p, q and r be given lines , and let the relation be - 
tyeecn x and. y be exprejjed by this equation , xx — 2 px + pp-f-yy — 2qy 
-4-qq— rr. Upon the line AP (produced if need.be) and from A towards 
P, Jet off AB equal to p, and perpendicular to it draw BC eqyal to q, 
on the fame fide of AH with the line PM .* I fay then that the locus of the 
foregoing, ewatiog xx — 2px-f-pp-byy — 2qy-f* qq=rrr will be the 
circumference of a" circle whofe center is C and whofe radius is r. 

For in the firft place, x l — 2 px-\-p x is the fquare of x—p or o ip — x, 
according as AP is greater or lefs than AB that is, x 1 — 2 pxri-ff will 
be the. fquare of BP, whatever be the fituation of the point P with re— 
fpect to the point B ; or if CD be drawn parallel to AP and meeting, 
the line PAT (produced if need be) in D, xx — 2 px~*rpp will be equal 
to the. fquare of CD. Again, yy — 2 qyri-qfy is.the fquare ofy — q or 
of q — y, according as PM is greater or lefs than PD, that is, yy — zqy 
-t -qq is the lqu|re of DM: fubftitute therefore in the foregoing equa- 
tion CD* inftead of x 1 — 2 px-\~p\ and DM* inftead of f — 2 qy -f- q l i 
and you will have CD*-f-DM*=rr : but by the 47th of the firft book 
of the Elements, CD*-f-DM l = CM x ; therefore CM‘=rr y and 
CMssr: therefore the point Mmuft be fomewhere and may be any 
where in the circumference of a circle whofe center is C and whofe ra- 
dius is equal to the line r. ^ E. D. 

N. B. ift. If we have -+-2 px inftead of — 2 px in the foregoing 
equation, the line AB (—p) muft be fet off the contrary wSf to AP } 
an<! if we have -pzqy inftead of — 2 qy, the line BC(s=iq) muft be ta- 
hencontrary T .to PM. 

adly, If {fie equation be * , +/rt2j7+j 1 =r 1 , that is, if the quan- 
tity p be wanting, it muft be fuppofed equal to o ; in which cafe (Fig, 42 ) 
the point B will coincide with the point A, and the center C muft fcg 
found by drawing AC.(s=iq ) perpendicular to AP, and on the feme 
fide with the line PM' or contrary wile, according as -—zqy or -4*2 Qy 
is found in the equation. Again, if q be wanting, the point € (Pig. 43 ) 
wiflarincide wkfrthe.point B y that is, the center C wifi be fomewhere 
in the line jfJP, if need be produced; and :it. will he found by fettin^ 
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off AC (sstp) either foam A towards P or the contrary way, accord- 
ing as -mipx or -f-a/Mr is found in the equation. 

3<fly, If the equation fee x» s±s 2 px~hp i ~by'zt22qy4-<} t =z r 1 the 

'**&« of the circle will be — r* ; and as this is an impoffible quantity 
It {hews there ia no fuch line as MP that can have fuch relation to 
AP as is expreffed in the equation. But if the equation be x'dtzzpx 
-{-p* -\-y*ztz2gy -i-q* sas o, the radius of the circle will be o, that is 
the drcle will now be contracted into one point C which before was it’s 
'center. 

4thly, If the line AP be indefinitely produced both ways, it will pals 
through the circle or not, according as the radius r is greater or lets 
than the line y. 

5thly, If either of the quantities f or q', or both be wanting in the 
equation* they muff be fuppHed. As if -the equation be x'zhizpx+y* 
— 2qysssstzs\ by compleating the imperfect fquares x'atsl px arid 
/= 4 = 2 yy, we (hall fliall have x l ^2px4-p x ^'^2qy-hf—J> l 4~q i z±=:s 1 : 
make./‘-t-y‘si=i*a=sr*, and r will be the radius of the drcle. 

Problem 23. (Fig. 44.) 


339 ' & li required, having given two points A and B, to find a third, 
as M, to which the lines AM and BM being drawn Jhall be in a 
given rath. * 

Solution. \ 

Let AM be to BMas a to b ; and becaufe we {hall fave occafion in 
the procefs for a third proportional to the two quantities a and b, let 
this third proportional be called c } let a be greater than b, and confe- 
gucntly b greater than c, that is, of die two points A and B, .let that be 
mSrlr^d with A which is moft remote from the point M: join AB, and 
call it A and draw MP perpendicular to it $ and there wiu be three ca- 
fes of tils problem ; for the point P may either fall between A and B, 
or upon B, or beyond it: let us fuppQfe the firft cafe, to wit, that P 
fells between A and J 5 , and fee whether a folution of this cafe will not 
take in all the reff. 

Call then APx^ MP yf BP d——x, and you will have AM 1 




and therefore AM * will be to BM 1 as 


is tO: X*— 2 ^fHh^-Py* I but AM is to B M as a to b by the i!up- 
PofitioR i -therefore' AMP . is AM* as a* is to b * : whence we have the 

4* to #*»^dx-t-d l 4~y 1 as a % to M ; multi- 
have aaxx — 2 aadx-\r aadd-4~aayy 
and you will have aaxx~~bkxx 
^ide by aa—bb, and you will haVe 

S-KlK-b*.. . **, 
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a* — b l 
ia x dx 
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a l £ 
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and you will have. 




ft : but <z, £ and e are continue proportio- 
nals by the fuppofition, and therefore b*=.ac and a'^lp-^tf-rrac : 
fubfUttite therefore a 1 — ac inftead of a 1 — b % in the foregoing equation, 
and. reduce (as far as pofiible) the fractions to lower terms, and the equa- 

... rt .. 2adx ad * 

tion will Hand thus ; xx — Now as this equa- 
tion includes two unknown quantities x and )\ it cannot determine ei- 
ther of them, but only Ihews the relation they have one to the other : 
therefore this problem admits of an infinite number of folutions ; tlat is, 
there are an infinite number of points, as M t to which the lines AM 
and £.M*being drawn, the former will be to the latter as a to b \ and by 
the laft article it further appears, that the locus of all thefe points M 

&d * 

will be the circumference of a circle ; for the quantity ~‘ ^ c in this e* 

quation anfwers to the quantity p in the equation of the laft article, and 
the quantity q\n that equation is here equal to nothing} therefore by the 
&x>n4, observation foregoing, the center of the circle will be fomewhere 
in the line AB produced beyond B, and the diftanceof this center from 

the point A will ]|b — I laid that the center will be in the line 

* ad d 

AB produced, becaufe the diftance -~T C is grater than or /or AB. 

We are in the next place to enquire into the length of the radius ; 
^nd to doth** we are to take notice, that the quantity pp in the fore- 
going equation, tl»t % ^.wanting* this therefore bein^c&i 

foboth fidcs, the equation will be xx — ~~ -f- a ^ ^ 


ad* 


a-±t ■ J ■ a- 




multiply both the numerator and denominator of this laft frac* 






: ‘ ’ to ' « r »o k rt cal >lac .. • ^ 

bSapbm^md ta.Phdofephers, cannot think myfelf ill- employed 

or my reader itt cmcrtauied, whilft we are contemplating the nature of 
troth, apd obferving byfivh# *afiou$ (hifts the confiftency of things is 
maintained and preserved, “ 

-- , ■ t 1 / ( < , . j. 

'"'S'h H O L I V M 2. (Bg, 46.; 

Cpon the folution of the foregoing problem depends that of the fol- 
lowing. Let A, B and C he the centers of the bafes of tliree columns 
ftunding upon the plane ABC t whofe diameters let be a, b and c respec- 
tively : It is. reauited to find a point, as jlf, in the plane of the triangle 
ABC, from whence thefe columns being viewed Skill have their appa- 
rent diameters all equal. 

The apparent diameter of a round object viewed at a diftance, is the 
angle at the eye under which the true diameter is feen, and which is fub~ 
tended by it : whence, rcafoning as in art. 304, it will follow that the 
apparent diameter of any round object : viewed at a diftance will be as it's 
true diameter directly, and as It’s diftance from the eye reciprocally : ■ 
therefore the apparent diameter of die eolumnif, feen from the point 
M t will be to the apparent diameter of die column .6, feen from the 
- . & * i 

iainc point, as is to : but this problem requires that thefe ap- 
parent diameters be equal ; therefore the quantity muil be equal to 

the quantity or to fpeak more properly, MA mu ft be to MB as 

a to b\ therefore if, according to the laft problem, the circumference 
of a circle be defer ibed, the diftance of every point whereof from A lbs 11 
^ to the diftance of the lame point from J 3 as a to b, the point M mu ft 
be lomewhere in the circumference of this circle : in like manner, if the 
circumference of a circle be deferibed, the diftance of every point where- 
of from B (hall be to -the diftance of the lame point from C as h to t\ 
the point M will be fomewhere in the circumference of this circle alfo : 
therefore if thefe two circles interledt or touch each other, the point of 
M will be in the points of interle&ion, or in the point of contad ; 
otherwife the lolution will be impoftible. 

If thi? diameters a> b and c be all equal, the point M (Fig. 4 j) will be' 
in a perpendicular palling through the middle of A B, by the lirft fcho- 
Itum, and alio in a perpendicular’ palling through the middle of BC } by- 
the lame feholium j apd therefore k will be in the interle&ion of thefe 
two perpendidularSj that is, by the 5th proportion of the fourth book. 
of the v £letne&es, fht? point 4» ttdll b© in tne center of a circle paffmg 

through- 
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through the three points A, B and C, as it ought. And here it is plain 
there will be but one point of view : for had thefe loci been circles in- 
terfering each other m two points, there would have been two points 
of view j but as in this cafe, the circles transform themfelves into ftreight 
lines, there can be but one interlection, or one point of view ; for the| 
other mult now be fuppofed to have gone off to an infinite diftancc. / 

Scholium / 

By the three lad articles the learner will be enabled to form to him- 
felf feme fort of idea of what is meant by the loci gcometrici , and of 
their ufe in the resolution and conftruftion of geometrical problems j but 
it will be impoflible for him to conceive thoroughly of thefe matters 
without a thorough knowledge of the Conic Sections, thofe lines being 
the loci generally made ufe of in the conftrudion of all equations above 
the degree of quadratics : I fhall therefore recommend to his perufal the 
late Marquifs de L'Hofpital' s treatife of Conic Sections, which, though 
a pofthumous piece, is neverthelefs very correct, except in a few places ; 
feme whereof I cannot but think, -have been too fevercly animadvert- 
ed upon of late ; efpecially if it be confidered how ealily they are cor- 
rected, and without all doubt would have been corrected, had the au- 
thor lived to put his laft hand to this work. This treatife is, as I take 
it, by much the plained, eaiieft, and heft of it’s kind I ever met with, 
for comm u n icatin gfa great deal of knowledge in a very little time ; and 
it is upon this fcdle chiefly that I venture to recommend it. lii thc 
four laft books df this work we have a clear and full account of the loci 


geometrici, their conftru&ion and ufe, illuftrated with a fufficient num- 
ber of proper examples. In fhort, the whole defign of this excellent 
performance is, in every refpeCt, fo very well laid, and carried on with 
fo much facility, perfeicuity and judgement, that it would be an iipf- 
cufable vanity in me fo much as to imagine I could add any thingfto fc 
finifhed a piece. I fhall therefore fhtisfy myfelf with having juft giver 
the learner a taftc of thefe matters, and fliall now proceed to other fub- 
jedfr. 


BOOK 



BOOK VIII. PART n. 


Of P rtf ms , Cylinders , Pyramids , Cones and Spheres. 


M A N V of the following articles concerning the circle, fphere 
and cylinder are taken out of Archimedes , but demonft rated 
another way : and though they have no immediate relation 
to Algebra, yet as there are not many of them, and as they 
are a fort of fupplement to Euclid* s Geometry, I have been prevailed 
upon to infert them here, for the fake of thofe who cannot read Archi- 
medes , and for the eafe of thofe who can. .Moreover, as Euclid's doc- 
trine of folids is fomewhat hard of digeftion as it is delivered in the Ele- 
ments, I have not fcrupled to transfer fome of the chief properties of 
cones and pyramids into this book, and to demonftrate them after a more 
cafy and fimple n^nner. And laflly, as the menfuration of the circle is 
absolutely neceffary to the menfuration of the cylinder, cone and fphere, 
l fiiall, before I enter upon the reft, explain what Archimedes has deli- 
vered upon that head. 

A Lemma, 

340. If in a right-angled triangle one of the acute angles te thirty degrees,, 
or a third part of a right one, the oppoftejide 'will be equal to half the hy- 
po tenufe. (Fig. 48.) 

Let ABC be a right-angled triangle, right-angled at B, and let the 
ang. \ BAC be 30 degrees j I fay then that the oppofite fide BC will be 
half the hypotenufe AC. 

For producing CB beyond B to D, fo that BD may be equal to BC, 
and drawing AD, the two triangles ABC and ABD will be fimilar 
and equal j therefore the angle CAD will be 60 degrees, and the lines 
AC and AD will be equal ; therefore the other two angles at 6’ and D 
will be 60 degrees each, and the triangle ACD will be equilateral ; 
therefore the line BC, which is the half of CD, will alfo be the half of AC. 
E. D. 

A Lemma. (Fig. 49, 50J 

341. Let A$C be a right-angled triangle , right-angled at B; and ftp- 
fifing two fmilar*and equilateral polygons, one to be circtmjcribed about a 

C c c c -circle. 
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circle, and the other to be infer ibed in it, let the angle 3 AC he equal to 
half the angle at the center fubtended by a fide of either polygon: I fay then . 
that AB will be to BC as the diameter of the circle to the fide of the cir- 
cutnfcribed polygon ; and that AC will be to BC as the diameter of the* 
circle is to the fide of the infer! bed polygon. 

Let D be the center of the circle, let E EG be a fide of the circum- 
feribed polygon, touching the circle in the point F, and. let H IKhc the 
fide of a like polygon inscribed, and let HK and EG be fiippdfed pa- 
rallel, lo as to fubtend the fame angle at the center. Draw *the lines 
DHE, DIF, DKG\ then will the three triangles ABC , DEF and 
DHI be fimilar, having the angles at B, F and I right, and the angle, 
BAC being equal to the angle BDF by the luppolttion j therefore AB ‘ 
will be to B C as DF to EF, or as 2 DF to EG, that is, as the dia- 
meter of the circle is to the fide of the circum&ribed polygon j and A C 
will be to BC as DM to HI, or as 2 DH to HK, that is, as the 
diameter of the circle is to the fide of the inferibed polygon. E. D. 

If' the angle BAC be a fihth part of a right one, AB will be to BC. as 
the diameter of any circle is to the fide of a regular polygon of 96 files cir~ 
cumfcribed about it, and AC will be to BC as the diameter is to the fide 
of a like polygon inferibed. For if the line HIK be the fide of an inlcri- 
bed regular polygon of 96 fides, the arc HFK will be a 96th part of 
the whole circumference, or a 24th part of a quadrant, and the arc IT F 
a 48 th part of a quadrant; whence the angle ED F or IID I will be 
a. 48th part of alight angle, 

& 

A T H F. O R E M. 

342. Ike circumference of every circle is fame what more than three dia- 
meters. (Fig, 51.) 

Let AB be the fide of a regular hexagon inferibed in a circle whole 
center is C, and draw AC and BC ; then will the angle at C in the tria 
angle ABC be 60 degrees, as containing a 6th part of the whole cir- 
cumference ; therefore fince AC and BC are equal, the other two an- 
gles at A and B will be 60 degrees each ; therefore the triangle ABC 
will be equiangular, and confequently equilateral ; therefore AB will be 
equal to AC, and 6 AB to 6 AC j but bAB is equal to the perimeter of 
the inferibed hexagon, and 6 AC is equal to three diameters ; therefore 
the perimeter of a regular hexagon inferibed in a circle is equal to three 
times the diameter of that circle: whence it follows that the circumfe- 
rence of the circle itfclf will be fomewhat more than three diameters. 
E, D. * 


A The-* 
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A Theorem. 


343. If the diameter of a circle be called 1, the circumference will k 
fomcwhat left than 3 and fomewbat greater than 3 

The demonfiration of the fir ft part. (Fig. 52.) 


Let ABC be a right angle, in which infcribethe lines AC, AD, AE, 
AF, AG in the manner following : make the angle BAC a third part 
of a right one, BAD a 6th part, BAE a 12th part, BAF a 24th part, 
and BAG a 48th part : then will AC be double of BC by the 340th 
article, and AB will be to BG as the diameter of any circle is to the 
fide of a regular polygon of 96 lides circumfcribed about it by the 
341ft article. Moreover as the line AD bifedts the angle BAC, we foal! 
nave as AB to AC fo BD to DC by the third of the lixth book of the 
Elements} and by art. 330, AB-t-AC is to AB as BC is to BD-, 
and by permutation, AB-\- AC is to BC as AB is to BD: therefore 
if BC be divided into any number of equal parts, how many foever of 
thefe parts are contained in the fum of the lines AB and AC, the fame 
number of like parts of. B D will be contained in the line AB alone ; 
as if BC be divided into 10000 equal parts, and the fum AB-+-AC 
Contains 37320 of thofe parts, then if the line B D be divided into 
16600 equal parts, the line AB alone will contairl 37320 of them. 
After the fame manner it may be demonftrated, that whatever parts of 
BD are contained in the fum of the lines AB, AD, the feme number 
of like parts of BE will be contained in AB alone, and lo on : whence 
we have the following procefs. 

j ft. Let BC be divided into 10000 equal parts, or (which is the 
fame thing) let BC be called 10000 } then will AC be 20000, 2nd 
donfequently AB will be greater than 17320, and AB-\~AC will be 
greater than 37320. 

2dly. Therefore if B D = 10000, AB will be greater than 37320, 
AD greater than 38636, and AB-hAD greater than 75956. 

3dly. Therefore if B £= ioooo, AB will be greater than 75956, 
AE greater than 76611, and AB-^AE greater than 152567. 

4thly. Therefore if BjF= ioooo, AB will be greater than 152567, 
AP greater than 152894, and AB-\- AF greater than 305461. 

5tnly. Therefore if BG= ioooo, AB will be greater than 305461 $ 
therefore e comer fo, if AB be fuppofed equal to 305461, BG will be 
lefs than 10000: but it was foewn before that AB is to BG as the 
* diameter of any* circle is to the fide of a regular polvgondf 96 fides cir- 
'i Cccca cumicribcA 
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cumfcribed about that circle ; therefore if the diameter of any circle be 
called 305461, the fide of fuch a polygon will be lefs than ioooo, and 
the whole perimeter lefs than 960000 therefore the perimeter of fuch 
a polygon will be lefs than the product of the diameter multiplied into 


10 22 . 22 

3 or ..... ior 305461 x — 


2 


060020— : therefore if the diameter 

70 7 ' 7 v 7 

of any circle be called 1 , the perimeter of a regular polygon of 96 fidcs 

10 

okeumferibed about it will be lefs than 3 — j but the circumference of 

J 70 

every circle is lefs than the perimeter of any polygon circumfcribed about 

10 

it : therefore the circumference of the circle will dill, be lefs than 3 — ... 

3 J 7 O 

E. D. 

The demonjlratton of the fecond part. (Fig. 53.) 


Let ACDEFGB bea femicircle whole diameter is AB, and in this 
femicircle let the lines AC, AD, AE, AF, AG be inferibed in the man- 
ner following: make the angle BAC a third part of a right one, BAD 
a forth part, BAE a 12th part, BAF a 24th part, and BAG a 48th 
part, and join BC, BD, BE, BF, BG ; then will AB be double of BC, 
and A B will be to B G as the diameter of any circle is to the lide of a 
regular polygon of 96 lides inferibed. Let AD cut BC in H ■, and by 
the demonftratioi(*of the fir ft part of this theorem, AC-\-AB will oe 
to CB as AC £0 to CH , fince by the conftrudion the line AH biledts 
the angle BAC: but the triangles AC II and ADB are fimilar, ha- 
ving the angles at C and D right, as being in a femicircle, and the angle 
CAH being equal to the angle DAB ; therefore AC will be to HC as 
AD to BD : but it was before demonft rated, that as AC is to HC fo 
is AB-t-AC to BC-, therefore as AB~\~AC is to BC fo/ is .AD to 
B jD:j and whatever parts of B C are contained in the fum of the line? * 
A By AC, the lame number of like pits of BD will be contained in 
the line AD alone : whence the following procels. 

ill. Let BC— ioooo; then will A B =■• 20000, AC will be lets 
than 17321, and AB-+-AC will be lefs than 37321. 

2dly.' Therefore if BD— ioooo, AD will be lefs than 37321, AB 
will he lefs than 38638, and AB-+-AD will be lefs than 75959. 

tdly. Therefore it BE= ioooo, AE' will be Ids than 75959, AB 
wifi be. Ids than766i5, and AB-+-AE will be lefs than 152574. 

4thly. Therefore if. ioooo, AF will be Ids .than 152574, 

A.B. will be Ids than 152902, and AB-\-AF will be lefs than 305476. 
5<hly. Therefore if BG= ioooo,. AG will be left than 305476, * 

and 
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and AB will be left than- 305640 } - therefore e converfo , if AB be equal 
to 305640, BG will be greater than 10000: but AB is to BG as the 
diameter of any circle is to the fide of a regular polygon of 96 fides in- 
scribed in it } therefore if the diameter of any circle be 305640 the 
fide of fuch an infcribed polygon will be greater than 10000, and it’s 
perimeter greater than 960000 ; therefore the perimeter of fuch a poly- 
gon will be greater than the product of the diameter multiplied into 

3 71 or 77 5 for 3 ° 5 6 4 o*'-y = 959968 — — : therefore if the dia- 
meter of a circle be called 1 , the perimeter of a regular hexagon of 96 

fides infcribed in it will be greater than 3 ~ : but the circumference of 
every circle is greater than the perimeter of any infcribed polygon} 

therefore the circumference of this circle will be greater ftill than 3 

^ E. D. 71 

Thus then if the diameter of a circle be called i, the circumference 

muft lie between thele two very narrow limits, to wit 3 — and 3 — : 

j * J 70 J 71 

the whole difference of thefe limits is but and therefore by this 

497 * 

, method, the circumference of a circle is determined 3fo a 497th part of 
tire diameter. J 

*The moji compendious way of obtaining the numbers in 

the lafl article. 


344. If any one has a mind to examine the foregoing calculations, it 
may not be amifs to let him know, that the hypptenufes of the triangles 
AB-D , ABE, ABF and ABG (Fig. 52, 53 ) may be computed 
without either fquaring the greater leg, or extracting the more confi- 
derablc part of the lquare root. As if AD, (Fig. 52,) the hypotenufc 
of the triangle A BD- in the firft part be required, liaving given AB 
37320 and BD 10000, the method I ufe is as follows. 

iff. Whatever the hypotenufe AD may be, this is certain, that the 
greater leg jfjfi, - *’’ tH be equal to aconfiderable part of it ; and therefore 
if AD be to be found by a forks,,, as is ufual in extrading the fquare 
root, it will be proper to make A B the firft term j and hence it is that 
I call 373aos?s^fi# my firft root. Again, as the ftjuare of //) is to 
exceed the fquare of AB by the fquare of BD, that is, by 1 00000000 1 
this number 1 Call my firft refolvend, and then doubling, my. fiift root ? 
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the product 74640 I call my firft divifor, and fo am prepared for the 
following operation. 

2dly, Thus prepared, I divide my firft refolvend by my firft divifor, 
and the firlt figure of the quotient (for I am concerned for no more at 
prefent) I find to be 1, which, as it comes out of the place of thousands, 
lignifies 1000 ; tliis number therefore 1000 I add to my firft root, and 
io have 38320 for a more correct or fecond root. The fame number 
1000 I add alfo to my firft divifor, and then multiplying the fum 75640 
by 1000, the number that was added, I fub trait the product 75640000 
from my firft refolvend, and there remains 24360000 ; this I call my 
fecond refolvend, and the double of my fecond root, to wit 76640, I 
caH my fecond divifor, and fo proceed to the next operation. 

3dly, Now I divide my fecond refolvend by my fecond divifor, and 
the firft figure of the quotient is 3 , which, as it comes out of the place 
of hundreds, fignifies 300 j therefore I add 300 to my fecond root, and 
fo have 38620 for my third root : the fame number 300 I alfo add to 
n\y fecond divifor, and the fum 76940 I multiply by 300, and the pro- 
duct is 23082000, which being fubtrailed from my fecond refolvend, 
leaves me 1 278000 for a third refolvend, and the double of my third 
root, to wit 77240, I have for my third divifor. 

4thly, I divide my third refolvend by my thisd divifor, and the firft 
^figure of the quotient is 1, which fignifies 10 ; therefore I add 10 to my 
,fhird root, and foiiave a fourth root 38630: moreover adding 10 to^ 
my third divifor, Ihefum is 77250, which being multiplied by 10, ana 
the product 7/6:5 00 being fubtratied from the third refolvend, leaves 
50 5 500 for the fourth refolvend, and the double of my fourth root, to 
wit 77260, makes a fourth divifor. 

Cthly and laftly, I divide my fourth refolvend by my fourth divifor, 
lima the ne&reft quotient too little is 6 j therefore 1 add 6 to my fourth 
root, and fo have a fifth root, to wit, 38636, which is the neareft root 
Ids than the true that can be exprefled in wnole numbers : therefore thi ' 
hypotenufe AD\s greater than 38636. 

The reafon of thefe operations will not be difficult to any one who 
thoroughly underftands the foundation of the common method of ex- 
tracting the fquare root. 

" Van Cculen’s numbers exprefing the circumference of a circle 

1 whofe diameter is f . 


345. This method of Archimedes is capable of being purfued to any 
degree of exaCtnefs required: nay hudolf Van Ceulen has computed the 
jdrcumferertcc of a time to no fewer than 36 places, upon « fuppofition « 

that 
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that the diameter is unity. His numbers exprcffing this circumference are 
3 .141 5 9265 3589 7932 3846 2643 3832 7950 2884-. 

But fince the invention of fluxions by it’s great author Sir Ijaac Newton 
he (Sir Ifaac) has from this method drawn feriefes almoft infinitely more 
expeditious than the bifedions of Archimedes or Van Ceulen, whereby 
the circumference of a circle may be computed to 12 or 13 places in lit- 
tle more than half an hour's time, as Dodor Halley from his own ex- 
perience allures us. 

Note, that Metius ' s proportion of the diameter of a circle to the cir- 
cumference is as 113 to 3 55, the mod: accurate of any in fuch ftnalt 
numbers. (See Schol. 1. in art. 179.) 

Why the circle cannot be fquared geometrically. 

346. If, having given the diameter or femidiameter of any circle, 1 
right line could be found exadly equal to the circumference, whether 
fuch a line could be expreffed by numbers or not, the circle might be 
lquared as well as any right lined figure whatever, that is, a fquare 
might be conilxuded whole area would be equal to that of the circle, 
which I thus demonftrate. 

Let 2 r reprefent the diameter of any circle, and 2 c the circumference ; 
then will rc , the produd of the radius into the femicircumference be 
it’s area, by cor. 4 in art. 3 1 1 . Let now x be the lide^of a iquare whofe 
area is equal to that of the circle, and we Ihall have c ixz=:rc f whence 
.v will be a mean proportional between 'r and r, and may be found by 
the 1 3th of the fixth book of the Elements. But it is impoflible upon 
Euclid’s pojlulata , having given the diameter or femidiameter of any cir- 
cle to find a right line exadly equal to the circumference ; and there- 
fore the circle cannot be fquared upon the lame foundation on which we 
are taught to fquare all right-lined figures ; and hence it is that we fay, 
the circle cannot be fquared geometrically. But as the three pojlulata 
of Euclid \ how fimple foever they may appear in theory, are never a 
one of them capable of being perfectly executed, but that errors mud 
neceflarily arife in drawing and producing lines, in taking the diilancts 
of points, &c and as from thefe errors others mull neceflarily arife in 
fubfequent operations j and laftly, as the circumference of a circle may 
be had from the diameter in numbers, to any aflignable degree of-exad- 
nefs, it follows that in pradice, a circle is as capable of being lquared 
as any other figure whatever that -is not a fquare. 

CmllariesL 



Corollaries drawn from the meafure of a circle , Book viii. 

Corollaries drawn from art . 343 . 

347. From the 343d article may be deduced leveral corollaries, Tome 
of the moll ufeful whereof are infected here as follows. 

1 ft. ’The diameter of every circle is to the circumference as 7 to 2?. 

, r 10 22 

nearly : lor 1 is to 3 — or — as 7 to 22. 

J O „ 0 y / 

1 1 dd 


2d. If d be the diameter of any circle, it's area will w 


!1 k* - 


H 


: for 


.1^ 


. . , , lid . „ . . . d 

7 is to 22 , fo is d the diameter to — the circumference and it — 

/ y 2 

the radius be multiplied into the lcmicircum ferente, die product 


dd 


H 


■ will be the area, by corollary 4 in art. 311. 


3d. Hence we have a ready way, having the diameter of any circle gi- 
ven to Jittd it's area , and vice vcrla. without the mediation of the circumfe- 
rence, by /dying, as 14 is to w, fo is the /quart of the given diameter to 
the area fought. But if the area be given, in order to find the diameter, 
the proportion muft be r ever fed, by faying as ir is to 14 ; Jb is the given 
area to a fourth, yihich fourth number will, he the (quart of the diameter , 
and it’s /quart roof the diameter it /elf 

4th. Arguing as in the two laft corollaries, If the diameter of a circle 
be to the circumference as a to b, then the f quart of the diameter of any cir- 
cle will be to it’s area as 4a to b j and vice verla, the area will be to the 
Jquare of the diameter as b to 4a. 

5th. The circumferences of all circles are as their diameters or femi dia- 
meters, and their areas as the Jquare s of the diameters or J'emi diameters. For 
if d and e be the diameters of two circles, their circumferences will be 
*2 d 22 1 22 d . 22 C 

and -y-> and — — is to (dropping the common denominator 7, 

and the common fcuftor 22) as d to c. Again, the area of the circle 

ii dd 

whofe diameter is d is as in the fecond corollary ; and for the kune 

14 

reafon, the area of the other circle whofe diameter is e is — — ; and --- — 

H *4 

• llee 

is to as dd to ee j therefore the circumferences of all circles are as 

dianicters, and their areas as the fquares of their . diameters. And 

fince 1 



Art. 347, 348. and applied to the fohtim of problems. 

iince the halves of all quantities are as the wholes, and the fquarcs of 
the halves as the fquares of the wholes, it follows alfo that the circum- 
ferences of circles are as their femidiameters, and their areas as the fquare'* 
of the femidiameters. 

6th. Jf there be three circles fitch, that the fum of the fquarcs of the fe- 
midiameters of two of them is equal to the Jquare of the Jcmi diameter of the 
third-, J Jay then that the areas of the two frjl circles put together will be 
equal to the area oj the third. For let a, b, c reprefent the femidiameters 
of the three circles, and let a 1 -f- <4‘ = c l : Iince then the iemidiameter of 
the firft circle is a, the diameter will be 2 a, and the fquare of the dia- 

, . . . 44 a 1 22 a 1 

meter 4 a a : but as 1 4 is to 1 1 fo is 4 a a to or ; therefore the 

*4 7 

22 -U % 

area of the fir ft circle will be ----- by the tlurd corollary ; and for the 

* 22 fj** 2 ? ( 

fame reafon, the areas of the other two circles will be and 

7 7 

, , 22 a' 22 b % 2 2 c~ 

but a z -4- !r — c z ex by pot be fi ; therefore -j — — = -- ™. 

N. B. This laft corollary is not demonflrated in the 3 ill of the fbuh 
book of the Elements, as fomc may imagine, that demonftration not 
reaching further than right-lined figures. 

The following eafy problems may ferve to fhew fomequfcs of the fore- 
going corollaries. } 

_ 

Problem i. 


348. To find the proportion between the diameter of any circle and the 
fide of an equal fquare. 

Call this diameter j, and by the fecond corollary in the foregoing ar- 
ticle, the area of this circle will be — ■ nearly j and the fide of a fquare 

whofe area is — ■ will be V* — j therefore the diameter of any circle is 

to the fide of an equal fquare as 1 to V— . But becaufe this faction 

*4 

] J 

— , though it ferves well enough for common purpfes, is not acru- 
i 4* 

rately true, and becaufe it’s fquare root cannot be accurately exprefied 
in numbers neither, to reduce the error (for there inuit be an error) to 
a more fimple point, let c be the circumference of a circle whofe dia- 
meter is 1 j and the area of fuch a circle, that is, the produd of the 

D d d d radius 
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.v 


radius into the femicircumfcrcnce will be 



and the fide of 


an equal fquare will be 


; V--: 


3 .1415926536, and -- = .78539 


but according to Van Ceulen, c = 
. ic 

8 1634, and V .88623 > therefore 


the diameter of a circle is to the tide of an equal fquare as t to .88623, 
or as 100000 is to 88623 : fuppole the proportion to lie that of 100000 
to 8862 5, which makes but an error of 2 in the fifth place, and then 
multiplying both terms by 8, the proportion will be that of 800000 to 
709000, or of 8co to 709 ; therefore As 8co is to 709, Jo is the. din me - 
Ur of cuv dr tie to the fide of an equal fquare } nearly true to five places. 

N. B. If the diameter of a circle be 9 yards, the ildc of an equal 
fquare found as above, will not err an hundredth part of an inch. 


Problem 2. 


349. To find the femi diameter of a circle that •edit comprehend idtUh 
it's circumference the quantity of an acre of ' land. 

An acre of land contains 4840 fquare yards, and therefore this mud 
he the area of our circle. Say then as 1 1 to 14 lb 4840 to 6160 ■, and 
this lafl number will be the fquare of the diameter, by the third corol- 
lary in art. 347 whence the diameter itleif will be 78 .4S6 yards, and, 
the femkiiametetf\39 .243 yards, that is 39 yards 8 * inches nearly. 

P P. U B L E Rt y 


350. Let a firing of a given length he difpojed into the form of a circle: 

It is required to find the area of this circle. 

Let c lie the length of tire firing, and confequently the circumference 

of the circle made bv it, and the diameter of the circle will be — , the 

a 7 * o /■> * 


7 C t t 

femkliameter and the, area . Suppofe now- this firing 1 to be dif- 

pofed into the form of a fquare, and the fide of this fquare would be 
e. . cc 

, and it’s. area — .and the area ot the. fquare.. would be to the area of 


/ <■ c 


Cf *7 € C t *7 

the circle as -7 is to fj?e. that is, as is to fr, or as 1 1 to 14: there- 
in 00 10 on 1 

fore As 1 1 is to T4 ,fo is the area comprehended by the firing when inform 

of a fquare , to the area comprehended by the fame firing when in form of 

Okdrck. Q, E. I. 

> N. B. 



Art. 350, 35lj 352.' TO THE SOLCTIOM CT PROBLEMS. 

N. B. By the anfwer here given it appears, that if c be the circum- 

y CC 

ference of any circle, it’s area will be ; and confequently that As 
88 is to jyfo is the fquare of the circumference of any circle to it's area nearly . 

Problem 4. 

351. It is required to divide a given circle into any number of equal 
parts by means of concentric circles drawn within it, (Fig. 54.) 

Let A be the center, and AF be the femidiameter of the circle given, 
and let it be required to divide the area of this circle into five equal parts 
by means of four concentric circles deferibed within the former, and 
cutting the line AF in the points B> C, D, E, that is, let the area of 
the circle AB, and the areas of the annuli BC , CD t DE , and E F be 
fuppofed all equal; then the circle AB will be of the whole, the cir- 
cle AC *, the circle AD \ &c ; and the area of the circle AF will be 
to the area of the circle AB as 5 to 1 : but the area of the circle si F 
is to the area of the circle AB as the fquare of the femidiameter si F is 
to the fquare of the femidiameter AB, by cor. 5 in art. 347 ; therefore 
AF'- is to AB 1 as 5 to 1 : but AF- is given by the fuppofition ; there- 
fore AB\ and consequently AB the femidiameter of the inmoit circle 
is given, tn like manner AF * is to AC 1 as 5 to 2 ; whence AC the 
femidiameter of the next concentric circle is given; and lb of the red. 

n* e. /. 

Problem 5. 

352. IVhoever makes a tour round the earth mufl neceffarih take a lar- 
ger compafs with his head than with his feet : The quefion is, hnv 
much larger ? 

Let A (F/g. $<■;.) reprefent the center of the earth, AB it’s femidia- 
meter, BC the traveller’s height, AC the the femidiameter of the circle 
deferibed by his head : let alio b reprefent the circumference of the cir- 
cle whofe femidiameter is AB, and c the circumference of the circle 
whofo femidiameter is AC, and c — b will he the difference we are now 
enquiring into, which may be thus determined. 

By the fifth corollary in art. 347, AC is to slB as ( is to l> \ and by 
divifion of proportion, BC is to A B as c — h is to b \ and alternately, 
BC is to c — b as AB is to l\ Let d be the circumference of a circle 
whofe femidiameter is B C, and B C will be to d alio as si d to b *, there - 
fore BC is to d as BC is to c — />; therefore c — b.md ; that b, Fbe 
traveller's head will pa/s through more face than h'njccl by the circumfe- 
rence of a circle whole femidiameter is his own length : as ii the man be 6 

d d d 2 
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feet high, his head will travel further than his heels by 37 feet 8 * in- 
ches nearly, and that whether the femidiameter AB be greater or left, 
or nothing at all. 

Problem 6.. 


353. It is required, having' given the depth and the diameter of the 
ha/e of any cylindrical vejfiel, to find it’s content in ale gallons. 

Here it mull be observed, that in the menfuration of a iolid, all it’s 
dimen (ions mud be taken in the fame kind of meafure : as if any one di- 
menfion be taken in inches, the reft muft be taken fo too, and then the 
number reprefenting the content of any folid will be the number of cu- 
bic inches to which that folid is equivalent. 

Let then a be the given altitude of tire cylindrical* veftel to be mea- 
fiired, d the diameter of it’s bafe, and by the fecond corollary in art. 347, 

ii dd ^ • 

will give a number of fquare inches equal to the bafe, and this 


14 

area multiplied into the altitude a , will give 


n add 

14 


a number of cubic- 


inches equal to the folid content of the vefTel: but 282 cubic inches con- 

ftitute an ale gallon j and therefore if -— — , the folk! content of the 

*4 

1 1 a</d 

veffel, be divided^by 282, die quotient, to wit , will be the 

number of gallons therein contained. Inftead of 3948 put 3949, which 
will make no confiderable difference in lb great a denominator, and the 
1 1 add 

fraction — (dividing both the numerator and denominator by 11) 
, > add 

will be reduced* to : - whence the following canon. 

Having taken both the . depth, and the diameter of the bafe in inches , mul~ 
tiply the Jquare of the diameter into the depth of the veffel , and the pro - 
duSl divided by 3 59 •will, give the number of gallons required. 


N. B. Thw fubllitution of 3949 inftead of 3948 corse&s about 

of the error that would otherwile have been committed in fuppofing 
the lquare of the diameter ■©£ the bale to be to it!s area as 14 to 1 2 . 


Problem 7. 

354. To meafure afrufium of a cone , nvhofe perpendicular altitude and 
the diameters of the two bafes are given* 


N. B. 



Art. 354. CO M*B> S AND PYRAMID 8; 

N, B, By a fruftum of a cone I mean a cone having it's top cut off 
by a plane parallel to the bafe. 

Let the ifofceles triangle ABC (Fig. 56J reprefcnt the fedion of a 
cone made through it’s axis A D, and let E F be any line parallel to the 
bafe BC , cutting AB in E, AC in F, and the axis AD in d; then 
will the trapezium BEFC be the fe&ion of a fruftum of this cone whofe 
perpendicular altitude is Dd. Call BC, the diameter of the greater bate, 
g i EF, the diameter of the Idler bafe, / ; and Dd, the height of the 
fruftum, h : call alfo AD, the unknown altitude of the whole cone, x; 
and consequently Ad, the altitude of the cone to be cut off, x — h\ and 
from the iimilar triangles AB C, AEF we liave this proportion ; AD is to 
Ad as BC is to EF, that is, according to our notation, x is to x — h as 
g to / ; whence by multiplying extremes and means wc have gx — gb 

gk 

==/#, and „v, or the altitude of the cone; equal to ~ >. In like man- 


g- 


•/* 


ner if from the value of x we fubtrad h, the altitude of the fruftum* 
we ihall find Ad, or the height of the cone to be cut off, equal to 
lh 

- — y Now the folid content of every cone is found by multiplying 
the bale into a third part of it’s altitude ; therefore fince the bafe of the 

1 1 gg t gb 

cone ABC is — — , arid it's altitude ~ it’s folid content will be 
H g~i 

— - — x ~ x : in like manner the folid content of tffc cone AEF will 

tr-t 3 H n 

f) XI * 

be ,x- x — : fubtrad the latter cone from the former,- and there 

g— 1 3 H 

g'—t 


will remain the folid content of the fruftum BEFC equal to 
1 1 


g ~~ ‘ 

b 1 1 , , 

x - x — : but the fra&ion — - j may be reduced to an integer by di- 

3 4 g 

viding the numerator by the denominator, and the quotient will' be 
gg-+-gt-htt> therefore the folid content of the fruftum BEFCwWl now 
— b 11 

be exprefled thus, ggA-gl-bll x — x . Whence we have the follow- 

3 j 4 

ing canon : 

Add the jquares and the reB'angle of the two given diameters together ; 
multiply the Jum into a third part of the given altitude, and the product 
•will be the fruftum of a py ramid of the fame height having J'quare bajh 
•wbqje Jubes are equal to the two diameters given > and as 14 is to 11 Jo will •• 
this jrujlum be to the fruftum fought, QJB. I, 
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N. B. i ft. Since a cone differs nothing from a fruftum of a cone 
whole leffer bafe is equal to nothing, if / lx* made equal to nothing in 
the foregoing canon, it ought to give the lolid content of a cone whofe 
height is h, and the diameter of whofe bale is g : and lo it will ; for 

h ii ngg h 

then gg becomes — — - x 

2dly. Since a cylinder may be confidered as a fruftum of a cone whole, 
bafes are equal, if / be made equal to g in the foregoing canon, it ought 
to give the folid content of a cylinder whole height is l\ and the diame- 

. . . h 

• ter of whofe bale is g : and fo we find it will - } for gg-hgl-Fll x — 

3 


x — in this cafe becomes ; ejr x ~ x — ; 

T4 3 14 1 4 ^ 

3dly, If the lelfer bale of the fruftum be fuppofed to be increaled till 
it becomes equal to the greater ; and if, on the other hand, the greater 
bale be fuppofed to be diminilhed till it becomes equal to that which was 
the lelfer bafe before, the folid content of the fruftum will be the fame 
as at the firft ; and therefore if the foregoing canon be juft, it ought 
not to be altered by changing the quantities g and / one for the other : 
which is true ; for gg-hgl-hll by this means only becomes //-4 -lg-+-gg, 
which is the fame quantity. 

In folving this laft problem it is taken for granted that every cone is 
the third part of ^cylinder having the fame bafe and height ; which may 
fafely be done, finte Euclid has demonftrated it in the i oth of the twelfth 
book of the Elements : but becaufe Euclid's doctrine of lolids is not fo 
eafy to the imaginations of young beginners, I lhall (in another place) 
give another demonftration of this propofition, independently of any thing 
that has here been laid. 


A Lemma. (Fig. $j.) 

3 55. Let ABC be any curvilinear /pace comprehended between two Jlr eight 
lines AB and AC at right angles to each other , and a curve as BC concave 
towards AB ; and from any two points D and E in the line AB let the 
lines DF and EG be drawn parallel to the bafe AC, and terminating in 
the curve at the points F and G, and compleat the parallelogram DEGH : 
then it is plain that the curvilinear fpace DEGF will be greater than the 
parallelogram, DEGH'. But what I here propoje to demonjlrate is, that 
if the line (EG be fuppofed to move towards DF in a pofition always paral- 
lel to itfelf , and at lap to coincide with DF, the nearer EG approaches to 
PF, the n earer will the ratio of the curvilinear jpace DEGF to the pa- 
rallelogram DEGH approach towards a ratio of equality, ' an f that it will 
at left terminate in a ratio of equality when EC? coincides .with JDF. 

For 
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For compleating the parallelogram GHFK , the parallelogram DEKF 
will be to the parallelogram DEG H upon the fame bate, as DF is to 
EG ; therefore the curvilinear fpace DEGF will be to the parallelogram 
DEGH in a lefs ratio than that of DF to EG that is, though that 
ipace be greater than this parallelogram, yet the ratio of the former to 
the latter is a lefs ratio than that of DF to EG : but the nearer the line 
EG approaches toward DF, the nearer will the ratio of DF to EG ap- 
proach toward a ratio of equality, and it will at lail become a ratio of 
equality when EG coincides with DF-, therefore a fortiori , the ultimate 
ratio of the curvilinear fpace DEGF to the parallelogram DEGH will be 
a ratio of equality. 

Hence it follows, that ij we fuppofe the line AB to be divided into a cer- 
tain number of parts, fnch as DF, and t heje parts to be made the baps cf 
fo many inferibed parallelograms, fitch as is the parallelogram IX r, tin more 
there are of the fe parallelograms, the nearer null the fum cf all the cur bi- 
linear (paces DEGF , that is the whole curvilinear fpace ABC, approach 
towards the fum of all the inferibed parallelograms-, and if ice jhppofe the 
bejes of t he/e parallelograms to be dhnmijhed, and jo their number to be aug- 
mented ad infinitum, they will make up the whole curvilinear fpace ABC ; 
fo that tht fpace ABC will be to the. fum of all the inferibed parallelograms 
ultimately m a ratio of equality, l'or letting alide the parts infinitely near 
the point of interfe&ion B, which will be of no confluence in the 
account, let the parallelogram DEGH be that whic h, of all the red, 
aiders mod from it’s corrctpondent curvilinear fpace §Z) EG F ; and the 
conl'equencc will be that the curvilinear fpace sWC wi4 be to the fum 
of all the inferibed parallelograms in a let's ratio than that of the fpace 
DEGF to the fpace DEGH : but even this ratio becomes at lad a ratio 
of equality, when DF. is infinitely linall, by this lemma: whence it fol- 
lows a fortiori, that tire ultimate ratio of the curvilinear Ipace yJBC to 
the fum of all the inferibed parallelograms will be a ratio of equality. 

I thought myfelf obliged to demonftrate this proportion, becaufe I 
have known it objected, that though the difference between any particu- 
lar parallelogram and q’s corrctpondent curvilinear fpace be allowed tc 
be infinitely fmall when che common bate is lb, yet how do we know' but 
that an infinite number of thefe differences may amount to a finite quan- 
tity? and if fo, then the whole curvilinear fpace cannot be laid to be to 
the lli in of all the inferibed parallelograms in a ratio of equality. To 
this I anfwer, that it mud to the bufinefs of Geometry to determine 
whether an infinite number of thefe infinitely final! differences amount 
to a finite quantity or not ; and by the . demondration here given it ap- 
pears that they Mo not, but that the fum of all thefe differences actually 
diminifhes as th$ir number increales, and at lad comes to nothing when 
* their number is infinite. A L e m m a». 
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A Lemma. (Fig. 57.^ 

3 ^6. Suppofng the line AB Jlill to keep it's place , let us imagine the 
whole (pace ABC to turn round it, Jo as to defer the or generate a J'oMbwhoJe 
axis is AB, and the Jimidiameter of •whofe bafe is AC, and the inferibed 
parallelograms will at the fame time by their common motion de fen be Jo many 
thin cylindric laminae, which taken all together , will be left than the Jblid 
generated by the J'pace ABC ; but the more they arc in number , the nearer 
they will approach to it , and their circular edges will at lajl terminate in 
the curve Jurj'ace of the Jblid when their number is infinite. 

For compleating .the parallelogram GHFK as before, the lamina ge- 
nerated by the parallelogram DK will be to the lamina generated by the 
parallelogram DG as the fquare of DF is to the fquare of EG, all cir- 
cles being as the fquarcs of their femidiameters ; therefore the lamina ge- 
nerated by the curvilinear lpace DEGF will be to the lamina generated 
by the parallelogram DG in a lefs ratio than that of DF 1 to EG 1 : but 
when D and E coincide, DF will be equal to EG, and the fquare of 
DF to the Iquarc of EG ; therefore in this cafe, every particular cylin- 
dric lamina will be the fame with a correfpondent lamina of the folid ; 
and emponendo , all the cylindric lamina ? will conllitute the folid itfelf. 
This may alfo be further evident by applying the demonftration in the 
laft lemma to this cafe. Therefore we need not fcruple to fuppofe round 
folids, generated a$fter the lame manner as this is, to be made up of an 
infinite number or infinitely thin cylindric lamina : Nay even the cone it- 
J’elf may he conjtdered as being Jo conflituted : for if we fuppofe BC to be a 
freight line infead of a curve, the reafoning of the lafl article and this 
will equally J'ucceed j in which cafe , the J'pace ABC will be a triangle , 
and the figure generated a cone. 

If a J'olid be made up of a finite number of prijmatic or cylindric lamina?, 
decrcafing in their diameters as they are further and further difiant from 
the bafe, the Jurface of fuch a folid mufi necefarily ajeend by fteps : but the 
thinner thefe elementary lamina? are, (Juppofng their thimej's to be compen - 
fated by a greater number ,) the narrower and the Jhallower thefe fieps will 
be, fit as to terminate at lajl in a regular furface when thetr number is 
infinite. 

A Theorem. 

357. All ijbfceks cones of equal heights are as their bafes j that is, the 
Jolid content qf ffif me ifqfceles cone is to the folid content of any other 
of an equal height, as the bafe if the former cone is to the bafe of 
the latter. 

Note % 
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Note, that by an ifofceks cone I mean a cone whofe bafe is a circle , and 
whofe vertex is every where equally dijlant from the circumference of the 
hafe ; and by an ifofceks Pyramid is meant a pyramid having a regular poly- 
gon for it’s bafe, and ivhoje vertex is equally dijlant from all l lie angles' op 
that polygon : laflly by ijbfceles prifms and cylinders are meant fuel as have 
equal ana regular polygons and circles for their hafes, and are fo coujlitutcd, 
that a right line joining the centei s of their two bafes is perpendicular to 
them , 

Let ABC (Fig, 58J be a right-angled triangle at B, and producing 
the bale BC out to D , join AD\ let alfo the line EFG be drawn any 
where within the triangle parallel to the bafe BCD , lb as to cut AB 
in E, AC in F, and AD in G : then will E F be to BC as EG it. to 
BD, iince both are as AE to AB by iimilar triangles? therefore it 
they be taken alternately, E F will be to EG as BC to BD, and EE* 
to EG* as BC 1 to BD\ This being allowed, .let the triangle ABD be 
fuppofed to turn round the fixed (ide AB, fo as to generate a cone whofe 
axis is AB \ then will the triangle ABC generate another cone having 
the lame common altitude A B. Let both thel'e cones be considered a;; 
conilituted of an infinite number of infinitely thin cylindric lamina, and 
let EF reprefent indifferently the lemidiameter of any one of thefe la* 
mince belonging to the cone ABC ? then will EG be the lemidiameter 
of a. correlpondent lamina belonging to the cone ABD ? and the lamina 
whofe femidiameter is EF will be to the lamina whede lemidiameter is 
EG, having the fame thicknefs, as EF 1 is to EG\ |or (according to 
what is already demonftrated) as BC 1 is to BD 1 ? that is^every particu- 
lar lamina of the cone ABC will be to a like lamina of the cone ABD 
as the bafe of tire former cone is to the bale of the latter ? therefore com- 
ponendo, the whole cone ABC will be to the whole cone ABD as the 
bafe of the former is to the bafe of the latter : but the planes A’B C and 
ABD may be lb conilituted as to generate any two ifolceles cones what- 
ever tltat have equal heights? therefore if the heights of two ifolceles 
cones be equal, thefc cones will be to each other as their bales. ^ F. D. 

A Theorem. 

358. Every ijbfceles pyramid is equal to an ifofceks cone of an equal bafe 
and height. 

Let P reprefent any iibfceles pyramid, and C an itblbeles cone of an „ 
equal bafe and height : I fay then that the pyramid P will be equal to 
the cone C. 

To demonftrate this, Imagine the pyramid P to have a cone, as c, in- 
feribed in- it, fo as to touch every fide of the pyramid in lo many lines oi 
contact, and imagine the circumscribing pyramid, and confequently thein- 

E e e e lcribed 
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(bribed cone, to lie conftituted of an infinite number of infinitely thin la- 
mina j and every lamina of the circumfcribing pyramid will be to a cor- 
refpondent lamina of the infcribed cone as the bafe of the pyramid is to 
the bafe of the cone. For the plane of every lamina that conftitutes the 
pyramid will be a polygon fimilar to the bafe, and the plane of every . 
correlpondcnt lamina that conftitutes the infcribed cone will be a circle 
infcribed in fuch a polygon : therefore componmdo , all the laminae- con- 
ftituting the pyramid P will be to all thofe that conftitute the cone c, 
that is, the whole pyramid P will be to the whole cone c as the bafe of. 
P is to the bafe of c: but the cone c is- to the cone C of an equal height, 
as the bale of c is to the bafe of C. Since then P is to c as the bafe of 
P is to the bale of c, and c is to C as the baie of c is to the bafe of C, 
it follows ex <equo that P is to C as the bafe of P is to the bale of C ; 
but the bafe of P is equal to the bafe of C by the fuppofitionj therefore 
the pyramid P is equal to the cone C, having an equal bafe and altitude 
% E.D. 

Corolla r.y 

Hence it follows, that 'whether cones be compared with cones , or cones 
with pyramids, or pyramids with pyramids , all Juch as have equal height', 
will be to one another as their bafes . For cones are fo by the lafl article, 
and pyramids are equal to cones having equal bales and heights by this: 

I paean ifofceles pyramids and ifofceles cones. 

f 

8 C H O L I U M. 

*> 

As the ft lid content of a prifin or cylinder of a given perpendicular alti- 
tifde depends upon the quantity , and not upon the figure of the bafe, fo by ihr 
dqmonjtration of this propofition it appears, that the Jolt d content of an ifof- 
celes pyramid or. cone of a given perpendicular altitude depends upon, the quan- 
tity, ami not upon the figure of the bafe : let the perpendicular altitude 
and the area of the bafe be the fame, and the quantity of the folid wilt 
continue the fame, whether that bafc be in . the form of a triangle) or a 
fquare, or a polygon, or a circle. Other pyramids and cones will be 
cqnfidered in another place. 

A L E M m a.. 

3-59* V f rom the center of any cube freight lines be imagined to be drawn 

ml it's angles, the cube will by tins means be difiinguijhed into as many 
equal ifofceles pyramids as it has fides , to <wit . 6, wbofe bafes will be in the 
fides of the cube, and ivhofe common vertex will be in the center. 

For if from a point above any right-lined plain figure, lines be drawn 
to.^ll angles, and then the mterftices of tbefe lines be imagined to be, 

filled’ 
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filled up with triangular planes, the fblid figure thus inclofed will be a 
pyramid ; therefore by the lines above deferibed, the cube will be ditlin- 
guifhed into as many pyramids as it hath fides. And that thefe pyramids 
will be all equal and lfofeeles, is evident : for firft, their bales Will be- 
all equal from the nature of the cube ; and' in the next place, their heights 
will be all equal from the nature of the center, which is fuppofed to be 
equally diftant from ail the fides of the cube ; and laftly, as this center 
in all alio be equally diftant from all it’s angles, it follows that thefe py- 
ramids tnufl be all iJoiceles pyramids. E. D. 

Corollary, 

Hence every one of thefe pyramids wilt be the Jixih part of the whole cube 

A T II E O R E M. 


360 . Every ifefceles pyramid or cone is a third part of an iybjlriet prifm 
or cylinder having an equal bafe, and an equal perpendicular height. 
Let a be the perpendicular altitude of any iiofceles pyramid or cone, 
and let b fie the area of it's bafe, both taken according to the directions 
given in art. 353 : imagine alfo a cube whole fide, that is the fide of 
whole fquare bale, is 2 a ; then will 4 a x be the area of the bale, and 
the fblid content of this cube : and if from the center of the cube lines 
be imagined to be drawn to the four angles of the bafe, they will be the 
outlines of an iiofceles pyramid whole bale is the faine with the bafe of 
the cube, to wit, 4^, and whofe perpendicular altitude is a ; whence 

the foiid content of this pyramid will be ~r~ or by the corollary in 

the laid article : but as this pyramid has the fame height a with the py- 
ramid propofed, thefe two pyramids will be to one another as their bales, 
by the corollary in the laid article but one : hence the fblid content ct 
the pyramid propofed will ealily be had by laying, as 4 a 1 the bale o 
the pyramid within the cube, is to b the bale of the pyramid propofed, 

4 a 1 . . . , ab , 

fo is — - the foiid content of the former, to a fourth, to wit — , whicu 

will be the foiid content of the latter j therefore the foiid content of an 
iiofceles pyramid or cone whofe bale is b, and whofe altitude is a, is 

found to be - j : but the fblid content of an iiofceles prifin or cylinder 

having an equal bale and height is ab j therefore every ilblcclcs pyramid. 
Dr cone is a third part of an iiofceles prifm or cylinder having an equal, 
bafe and an equal perpendicular altitude. ^ E. D. 

E e e e 2 
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Hence the /olid * content of an ifofceles pyramid or cone is found by multi- 
plying the area of the bafe into a third part of the perpendicular altitude * 
or elfe by multiplying the area of the bafe into the whole altitude , and then 
taking a third part, of the product. 

Corollary 2, 

Hence alfo it follows that all ijofceles pyramids and cones upon equal baj'es 
are to one another as their heights. 

A L e m- M A; . 

361. If a pyramid of any. kind be cut by a plane parallel to it’s bafe , the 
quantity of the fib/ ion, or (which is a/l one) the quantity of the bafe of the 
pyramid cut off, will always be the fame, let the fgure of the pyramid be 
what it will, fh long as the bafe and perpendicular altitude of the whole py- 
ramid, and the perpendicular altitude of the pyramid cut off continue the 
(ante : in which cafe, the perpendicular diflance of the plane of the J'eSlion 
from the plane of the bafe will alfo be the fame. (See Fig. 59.) 

Let A be the vertex of the pyramid, and let B C be any one fide of 
the bafe ; let the lines AB and AC be cut by the plane of the fe&ion 
in the points D and E refpedlively, and let AEG be the perpendicular 
altitude of the wlt^le pyramid, cutting the plane of -the fc&ion in. F, and 
the plane of. the oaf* in G, both produced if need be: join FD, F 3 , 
GB , GC: then fince.the bale of the pyramid cut off will always be 
fimilar to the bafe of the whole pyramid, whereof IDE and BC are 
cprrelpondent fides ; and fince all timilar plain- figures are to each other 
as the Iquares of their correlpondent fides by the 20th of the lixth book 
of the Elements, it follows that the bafe whofe fide is D E will be to 
the bafe whole fide is BC as DE l to. BC\ that. is, by fimilar triangles, 
S3 AH is to AB 1 , or as AF l is to AG 1 . Since then a $ AG 1 is to AF ’* 
fo is the bale of the whole pyramid to the bafe of the pyramid cut off, 
fo king as the three firll continue the fame, the lull muff alfo continue 
the fiune, ^ E. D, 

Cor.ollary: 

Since the number of fides of the pyramid is not concerned in the demonjlra- 
tion of this propoftion, which will be equally true , be the number of fides 
what it % ml, it muft a if be true of the cone , which' is' nothing elje but a 
pytwnjid of an inf nit e number of fides , let the Jhape of the cone be what it 
will \ r that is, whether AG the perpendicular altitude of the cone fajjh 
through the center of the bafe or not. / ' ' * '■ 

A T n & ©- 
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. A Theorem. 

3^i. If a frifm or cylinder of any kind be deferibed by the motion of a 
plain figure afcending uniformly in a horizontal pofiiion to am ghun 
height , the quantity of the folia thus generated will be the fame, whi- 
ther the defcribing plana afcends dxreElly or obliquely to the fame height ; 
and confiquently all prij'ms and cylinders of what kind foever y that have 
equal hafes and equal perpendicular heights , are equal , whether they 
fiand upon thofe bafes crett or reclining . 

For the better conceiving of this, let the defcribing plane be made, 
toot to afeend all 'the way, hut tomctiracs to afeend perpendicularly, and 
lbmetimes to move laterally or edgeway, and that by turns : then it is 
plain that the quantity df lblid fpaee, or rather the fum of all the lolid 
fpaces thus deferibed, will amount to no more than if the defcribing plane 
had afeended all the way perpendicularly to -the fame height. Let the 
times of thefe alternate motions wherein they are performed be dimintih- 
cd and their number be increafed ad infinitum, and they will terminate 
at lafl: in an uniform oblique motion, and the folid geneiated by this mo- 
tion will be equal to a folid generated by a perpendicular motion of the 
fame plane to the fame height. ^ E. D. 

N. B. What has here been demo nil rated Concerning prifms and cylin- 
ders, may be further illuftrated by Aiding a pack of cards, or a pile of 
halfpence out of an eredt into an oblique pofture ; whegbby it may eafily 
be ieen, that neither the bale, nor the perpendicular altitude, nor the 
quantity of the folid am be offedted by this change of pofture ; but the 
finer, that is the -thinner thefe conllitucnt lam hue- are, the nearer they 
will reprefent an oblique folid. 

A T H r, O R ’E M. 

363. All pyramids and conerof what kind fever that lave equal bajes 
and equal perpendicular heights are equal. 

To evince this, let us imagine two plain figures (whether fimilar or 
diffimilar to each other it matters not) to life together from the lame 
level, one diredtly, and the other obliquely, but both in a horizontal po- 
fuion, and always upon the feme level ; and let thefe plane* be imagined 
not to retain all along their firfl magnitude (as was luppofed iu the lafl 
— article) but to kflen by degrees- as they rife, fo as by thou metion. to 
deferibe tapering, figures, and at lafl to Vaniili each in a point : then it is 
eafy to fee, that if the .tapering figures thus deferibed be pyramids or cones' 
having equal bafes and equal perpendicular heights, thefe defcribing planes 
muft not only be "equal to each, other at firft, and vaniili at equal heights* 
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but they mull leffen lb together a* to be equal to each other at all other 
equal altitudes whatever : this is evident from the laft article but one : 
and therefore the folids described by them mull neceffarily be equal. 
^ E. D . 

Corollary. 

Hence it follows, that whatever we have dmonjlrated concerning i fift- 
hs pyramids , cones , prifms and cylinders with rejpetl to their proportion one 
to another , will be equally true of all others , whatever Jhape or pofiure 
they may be in : as, that all pyramids and cones of the fame height are to 
each other as their bafes , that all pyramids and cones upon equal bafes are 
as their heights , and that every pyramid or cone is a third part of a prijm 
jor cylinder having an equal bafe , and an equal perpendicular altitude. 

A Lemma. (Fig. 60.) 

364. Let A BCD be a fquare wbofe bafe is AD, and whofi diagonal 
is AC; and upon the ceselpf A^^md wkk- ^.radius AB, deferibe the qua- 
drant or quarter of a circle BAD i draw alfi the line EFGH or EGFH 
any where within the fquare, parallel to the bafe AD, cutting the fide AB 
in B, the quadrant BD in F, the diagonal AC in Gy and the oppojite 
fide CD in H, and join AF : I fay then that 'the fquare of EF and the 
fquare of EG put together will always be equal to the fquare of Eld. 

For the triangles ABC and AEG are iimilar, as having one angle at 
A m common, and the angles at B and E right ; therefore EG will be 
Jto EA as B C is to BA ; but B C is equal to BA, from die nature of a 
fquare 5 therefore EG will be equal to EA, and EG* to EA, and 
EP*+EG* to EF* -b EA =AF*=. AD* = EH*, that is, EF*+EG* 
ozzEH*. 

A Theorem. 


•36c. Every fpbere is ti 
cylinder that will juft 


two thirds of a circumfcribing cylinder, that is, a 
ft contain it. 


the triangle ABC an inverted cone $ and let this cylinder, and confe- 
quently ‘the eone and hemifphcre be coniidered as confining of an infi- 
nite number of' infinitely thin cylindric lamina : then if EH represents 
the fanid^nseter cSamejam of thefe lamina belonging to tie Cylinder, 
MG of lb much of this lamina* as Iks within the 


MG of fo much of this l 

cede, and MPiSbm tetrameter of Ibmuch as lies 
and becaule (fay the laft article) the fipiare of 
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368. 1 ft. the diameter of a circle is to the circumference, that is, as 
7 to 22 nearly, & is the fquare oft he diameter fatty fphere to iff fur face. 
For fuppofing the diameter of a circle to be to the circumference as i to 
‘ c, and putting 4 for the diameter of any fphere, cd will be the circum- 
ference of a great circle of that fphere, iince as s is to c fo ndto cd\ 
td v d 

multiply then ~ the femicircu inference, into - foe radius, and you 
edd 

will have —y foe area of a great circle j therefore four great circles, or 

*T 

the furface of the inhere, will be edd : but as 1 is to <r fo is to cdd„ 
therefore &c, 

2d, Whence it follows, that The furface of every Jpbere is equal to the 
produSl of the circumference of a great circle multiplied into the diameter 
of the fphere. For retaining the notation of the Iaft article, edd the 
furface of the fphere is equal to cd foe circumference of a great circle 
multiplied into d the diameter./,, ., •,,, 

3d. The furface of every Jphere ts equapWfm edmsex furface of a circum- 
ferihed cylinder. For if a concave cylinder without it‘s two bafes be 
flit, and then opened into a plane, the figure of that plane will be a pa- 
rallelogram, whofe bale Will be that fine which before was foe circum- 
ference of the bafe of the cylinder, and whofe height will be the fern# 
with that of foe cylinder ; therefore as the area of "k parallelogram is 
found by multiplying the bafe into the height, foe furface of every cylin- 
der muft be found by multiplying the circumference of the bafe info foe 
height of the cylinder : but tne circumference of a cylinder circumfcri- 
bed about a fphere is equal to the circumference of a great circle of the 
fphere, and the height of fuch a cylinder is equal to foe diameter of the 
fphere j therefore the convex furface of the cylinder will be equal to 
the circumference of a great circle of the fphere multiplied info the dia- 
meter, which by foe lift corollary is the furface of foe inferibed fphere. 

4th. The /olid content of every fphere is equal to the produB of it's fur- 
face multiplied into a third part of the radius, or the radius into a third 
part of the furface. This is evident from art. 366. 

5th. As fx times the diameter of a circle is to the circumference , that 
is, ' as 42 is to 22 or 23 to it near^ Jb tithe cube of the diameter of am 
'fphere to it's Jblid content. For if we jfuppofe the diameter of a circle to 
be ta the circumference 'as $,,fo <?, . the fuffece of a fjphcre whofe diame- 
ter is 4 witt be edd Jby ,foe ^ S&tft corofi^ry furface mukipUed 

info a third part of the ra$tsyfa into a forfpart of whfcft ‘Wjf, 

i. ^ : ' 'If ff : • gives 
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cd> 


IS to o'. 


; 


gives -7- the folid content of the fphere : but as 6 is to c fo is d l to 

w , 

fd* * » 

■ t j therefore as fix times the diameter of a circle is to the circumference 
6 

& is the cube of the diameter of any fphere to it’s iofid content. 

6th. The Jurf aces of all fphcres are as the fquarcs, and the folid contents 
as the cubes of their diameters or jmidiameters, For fuppoling the dia- 
meter of any circle to be to the circumference as i to c, and iuppofing 
d and e to be the diameters of two fpheres, the furfaces will be cd x and 

cd * ce' 

ce % by the firll corollary,, and the folid contents will be —jr and ~jr by 

d 1 e* cd ' . 

the laft : but cd ‘ is to ce 1 as d* is to c', or as - is to - ) and — is to 

4 - 4 * 

fe* . . d' 

-jr as d> is to e\ or as -g- 

To fhew the ufe of the properties of the fphere above defcribed, I 
(hall add the following problems. 

Problem, i. 

). *fo find horn many acres the furface of the whole earth contains, 
the diameter of a circle be to the circumference as d to c } and let 

* de 

t be the tircun§ferencc of the earth j then will — be it’s diameter, and 

C 

~ jfc*l forface hf the fecond corollary in the kfl artick. Now the cir- 

cumference of the earth is 131630573 Englifh feet, or 24930 Englifh 
miles nearly, allowing 5280 feet to a mile: therefore if we make <? = 
.24930, we fhatt have ^=621 504900. Now the numbers 7 and 22 
a re farce exad enough to exprefs the proportion of the diameter of a 
circle to the circumference in company with fo large a number as e* ■, let 
us therefore ufe that of 113 to 355, which we have eife where (hewn 
(fchoL 2 in art, 279) to be much more exadtj that is, let dsx 113 
de 1 

and csss 355* and — or the furface of the earth will be 197831137 

fquarc miles: but every fquare mile contains 640 acres j therefore if the 
foregoing number of fquare miles be multiplied by 640, the prOdudK 
22661 2927680 will be the number of acres required. 

iV* B. in any computation than the data on which 

it m founded, na£b 6 fo We or no puroofe. 


Px«* 
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Problem 2. 


STS 


370. mujl be the diameter of a concave Jphcre that will juft hold 

an Englijh gallon ? 

By the fifth corollary io art. 368, as 1 1 is to 2 1 fo is the folid con- 
tent of any fphere to the cube of it’s diameter : but the folid content of 
our fphere is 282 cubic inches or an Englifh gallon by the fuppofition ; 
therefore the cube of it’s diameter will be 538 the cube root whereof 
8.135 w ill he the diameter itielf. 

AT. B. The extraction of the cube root is taught in molt books of 
Arithmetic, and depends on the nature of a binomial, as doth the ex- 
traction of the fquare root ; and therefore whoever fees the reafon of the 
latter, may (without much difficulty) reafon himielf into the former: but 
the extraction of the roots of all fimple powers will bell be performed 
by the help of logarithms, as will be (hewn* hereafter when we come 
to treat of the nature and properties of thole numbers. 

Problem 3. 


371. ‘To find the weight of a globe of water of an inch diameter when 
weighed in air y upon a fuppofition that a cubic foot of common rain 
water when weighed in air at a middle height of the barometer 
weighs juft 76 pounds Troy . 

Note y that the pound Troy contains 12 ounces A every ounce 20 
pennyweights, and every pennyweight 24 grains. % 

If a cubic foot, or 12x12x12 cubic inches weigh fb pounds, the 


weight of one cubic inch wUl be 




12x12x12 


of a pound, or 


76x1 2x20 x24 

12X12X12 


grains, that is, (dividing both the numerator and denominator- by 12x12 
X4) grains. Let now the diameter of a circle be to the circumfe- 
rence as d to c *, and by the fifth corollary in art. 368, as bd is to t fo is 
the cube of the diameter of any fphere to it’s folid content : but the 
cube of the diameter of a fphere is the folid content of a cube whole lide 
is equal to the diameter * therefore as bd is to c fo is the folid content of 
a Cubic inch to the folid content of a globe of an inch diameter, and fo is 

the weight of a cubic inch of water, to the weight of a 

globe of water of an inch diameter when weighed in air. Let ehs si 13 
" 760^ 20 

and c=;355* and we fhall have = 132 .645, or 132 


3 * 


F £ f f 2 


there- 

fore 
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fore a globe of water of an inch diameter when weighed in air, weighs 

zo 

J 3* J7 g^ 8 * 

In this computation it is all along taken for granted that 7 he weights 
of homogeneous bodies in air are in the fame proportion one to another as in 
vacuo, and confequcntly as their folid contents ; which is true, though in 
the cafe of heterogeneous bodies, or rather bodies of different fpecitic 
gravities it be otherwife. But to put this matter beyond all difpute, let 
a and b be the weights of any two bodies A and B of the lame kind 
(fuppofe of water) when weighed iu vacuo , and let water be 860 times 


a 


as heavy as air j then will be the weight of lb much air as is equal 

in bulk to the body A, and the weight of fo much air as is .equal 

in bulk to the body B. Now it is demonflraled in Hydroftatics, that 
the weight of a body in air is not it’s true weight, or weight it would 
have in vacuo , but the excefs of it’s true weight above the true weight of 
an equal bulk of air } therefore the weight of the body A when weighed 

a 8590 

in air* will be a — > and for the fame reafort the weight of B 

when weighed in air will be : but is to as a is .to b ; 

therefore the we 4hts of homogeneous bodies in air will be in the fame 
proportion onerfo another as their true weights in vacuo ; but the weights 
of homogeneous bodies in vacuo are as their magnitudes or folid contents ; 
and therefore their weights in air muft be in the fame, proportion. 
^E. j D. 

Problem 4. 


37 % To fatd the diameter of a globe by weighing it firft in air , and 
then in water , without any regard to it's weight in vacuo. 

Let d be the diameter Jpught in inches and parts of an inch ; let p be the 
unknown weight of the globe in vacuo, q it's known weight in air , and r 
it's known weight in water , the weight p being Juppofed > and the weights 
q end r being taken in grains : then from a principle in Hydroftatics 
mentioned in the laft article it is evident, that p — q will be the weight 
*n vacuo ofa globe of air whofe diameter is d, and that />— -r will be the 
weight in vacuo of a globe of water of the feme diameter : fubtradt 
therefore the former weight from the latter, and the remainder 
will expreft the weight of a globe of water whofe diameter is // when 
weighed in air : but the weights of aH homogeneous bodies in air are in # 

the* 
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the fame proportion as their folid contents by the lad article ; and the 
folid contents of all fpheres are as the cubes of their diameters by the 
fixth corollary in art. 368 : iince then the weight of a globe of water 

of an inch diameter was found in the laft article to be 112 ~~ or 

31 31 

grains, we have the following proportion ; As the weight in air 

of a globe of wafer wife diameter is 1 inch, is to q — r the weight in 
air of a globe of water whofe diameter is d, jo is 1 the cube of the dia- 
meter of the former globe, to d J the cube of the diameter of the miter ; 

1 I 

therefore d 1 r= q — r x and d the diameter fought will be the cube 


rCO, 


t of the fame quantity. Q^E. I. 

As for example 3 fuppofe a globe to weigh 156' grains in air, and 77 

in water; then will q equal 156^ r—jf q — r= 79.25, and q — r 

o ] 

x -- — =.3974587, whofe cube root .84224 will be the diameter of 

the globe in decimal parts of an inch. See experiment 1 in the fcholium 
to the 40th proportion of the lccond book, of Newton's Principia. 

The praxis in logarithms is very ealy : for If front a third part of the 
logarithm of q — r befubtradled the logarithm 0 .7075636, the remainder 
will be the logarithm of the diameter fought. r 

The chief excellency of this Itatical method is, prat it is not only 
much more exad than any other that can be made u,fo*of for this pur- 
pole, but if the globe under conlideration be not a per fed ipliere, it gives 
a middle diameter, that is, fucha diameter as the lame bony would have 
if it was formed into a perfect fphere : nay if the body propoled be in 
form of a cube or of any other folid whatever, tegular or irregular, tins 
method finds the diameter of a globe of the fame magnitude. 

By a like way of thinking may aljo be dijeo vered a proportion for deter- 
mining the folid content of any body pnpojed in cubic inches and parts cf a 
cubic inch thus : let q be the weight of any body in air, and 1 ids weight 

in water, both taken in grains : then as grains, the w\ ight tn air 

of a cubic inch of water, is to q — r the weight in air of a body of wa- 
ter equal in magnitude to the body propofed, fo is 1 the folid content of the 

former , to q — the folid content of the latter : thus the folid con- 
tent of the globe in the fbregoii^ example is .31283 of a cubic inch. 
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If the globe whofe diameter , or body whoje (olid content is required , be 
lighter than water , let r be the force necejjary to keep it under winter ; and 
then the weight of that, body in water may. be (hid to be — r, in which cafe 
thefign oft rnujl be changed in the proportions above laid down, that is y 
q*4~r mujl be ufed infiead of q — r. 

Of the Spheroid. 

373. If a fphere be refolvcd into an infinite number of infinitely thin 
cylinder ic lamina;, and then thefe lamincc, retaining their circular figure , be 

, all increaj'ed or all diminijhed in the fame proportion , they will conJUtute a 
figure called a Jpheroid ; and it is /aid to he prolate or oblong, according as 
thefe confiituent lamina are increafed or diminijhed. This a learner, who 
is unacquainted with the nature of the cllipfis , may (if he pieafes) take 
for the definition of a fpheroid. 

From the definition here given it follows 

I ft, that Every jpheroid is to a jphere upon the fame axis, as any one 
lamina in the former is to a like lamina in the latter from whence it was 
derived ; or as any number of lamina in the former is to the Jam number 
of like lamina in the latter, that is, as any portion of the former compre- 
hended between two parallel planes perpendicular to it's axis, is to a like 
portion of the latter. 

2dly it follows, that Every fpheroid, as well' as every Jphere, is two 
thirds of a circumfcribing cylinder. For though a fpheroid be 'greater or 
lefs than a fphere f|pon the fame axis, the cylinder circumfcribed about 
the fpheroid will Be proportionably greater or lefs than the cylinder cir- 
cumfcribed abofit the fphere : for having the fame length, they will be 
as their bafes ■, therefore the fpheroid will have the fame proportion to a 
cylinder circumfcribed about it, as the fphere hatli to a cylinder circum- 
feribed about the fphere, 

A Lemma. 

374. e fhk chord of any circular arc is a mean proportional between the 
yerfed fine of that arc and the diameter. 

Let ABC (Fig. 61 J be a femicircle whofe diameter is AC, and af- 
^fiiming any arc as A B, draw the ftreight line AB, which is it’s chord ; 
draw alfo B D perpendicular to the diameter AC in D, and the inter- 
cepted line AD is called the verfed fine of the arc AB. What we are 
then to demonftrate is, that the chord AB is a mean proportional be* 
tween the verfed fine AD and the whole diameter AC: ana this is eafily 
done by drawing the other chord BC j for then the triangle ABC will 
be right-angled at B, as being in a femicircle, and confequently will be 
fimilar to tKe right-angled triangle ADB whence AD will be to AB 
AB to AC. B,D . 


Pro* 
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Art. 375, Problems making to the fober-e and fpheroid. 


Problem 5. 


375. To fold the / olid content of a frujlum of a hemifphere or hemifoheroid 
comprehended between a great circle perpendicular to it’s axis and am 
other lefl'er circle parallel to it f having thefe two oppofoe ba/es and the 
height of the frujlum given. 

N. B. As □ AD is fometimes u fed for the fquare of AD , or a fquare 
whole fide is AD % fo in our notation in this and fome of the following 
articles, -we fhall not fcruple to ufe qAD for the area of a circle whofe 
femidiameter is AD> 20 AD for two fuch circles, &c. 

Let A BCD (Big. 60) lx; a fquare whole bale is AD and diagonal 
AC ; and upon the center A and with the radius AB defer ibe the qua- 
drant BAD ; draw alio the line E FG H any where within the fquare 
parallel to AD> cutting AB in E, the quadrant in F, the diagonal in 
G, and the oppoiite fide CD in H. This done, imagine the whole fi- 
gure to turn round it’s fixed iide AB : then will the fquare generate a 
cylinder, the quadrant a hemifphere, the triangle A BC an inverted cone, 
and the curvilinear fpace A E F D lueh a fruftum of an hemifphere as wc 
are to find the iolid content of, having given A D and E F the femidia- 
meters of the two oppofite bales, and AE the height of the fruftum. 

In the 365th article by the help of this conftrudion it was demon- 
ftrated, that the hemifphere generated by the quadrant ABD and the 
cone generated by the triangle ABC were together e%ial to the cylinder 
generated by the fquare A BCD •, and the reafons tlffere given for fuch 
an equality, equally prove that the fruftum generated by the fpace AEFD 
and the cone* generated by the triangle AEG will both togetner be equal 
to the cylinder generated by the parallelogram AE JID r but the cone 


generated by the triangle AEG is equal to S E G 


AE • .. 

x ; and the cylm- 


w* • 

dvr generated by the parallelogram AEllD is equal to © ADxAE 

c ytJr 

= 3 qAD x — =2 © A D-i-o E H x : therefore if f be nut for 

3 3 

the folid content of the fruftum, we fhall have the following equation, 

AF. A E 

/'-+• o EG x =s= 2 0AD+0EH x j tranfpofe © EG x - and 

^ AF 

then we fhall have /== 2 OAD-+- © Ell — © EG < — — : but by die 

364th article,, and the fixth corollary in the 347th, © E Hsss& Fi FA* 
qEGi therefore G E if — © £ G = 0 £ F : lubititutc a E F inflead of 

oEH — OEG in the foregoing equation lf=z 2 o/LDh- g Eli — © E?G 

x 
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Problems 


RELATING TO 

AE 


^ J and you will have /== zoAD+oEFy. : this 


is upon a 


iuppoiition that the folid propofed is a fruftum of a hemifphere. Let us 
now fuppofe the folid f to confift of an infinite number of infinitely thin 
cylindfic lamina parallel to it’s bale, and then that thefe lamina, retain- 
ing their circular figure, be ail diminilhed in fome given proportion, fup- 
poie in the proportion of r to s j then it is plain that the folid /' will de- 
generate into a fruftum of an hemilpheroid, and that it will be dimi- 

nithed in the proportion of r to s j but then the quantity 20 AD-t-oEF 
AE 

x — — will alfo be diminiflied in the lame proportion ; and therefore / 

^ j? 

will ftill be equal to 20 AD~-+-qEFx whence we have the fol- 
lowing theorem for finding the folid content of the fruftum propofed, 
whether it be a fruftum of a hemifphere or hemilpheroid. 

To twice the area of the greater bafe add the area of the lefs j multiply 
the fum by a third part of the altitude of the fruftum, and the product will 
be it's folid content QJE. I. 

Problem 6. 

376. To find the convex furface of anyfegment of a fpherc whofe bafe and 
height are given. (Fig. 60.) 

Retaining the c|nftru<ftion of the laft article, and fuppofing what was 
there proved, i£ from the hemifphere generated by the fpace ABD be 
fubtradted the fruftum generated by the fpace AEFD , there will remain 
a fegment of the fphere generated by the fpace BEF j and if to this feg- 
ment again be added the cone generated by the triangle AEF, they will 
both together conftitute a fedtor of the Inhere generated by the fpace 
ABF 1 and laftly if the folid content of this fpherical fedtor be applied 
to or divided by a third part of the radius AD, the plane or quotient 
thence arifmg will be equal to the convex lurface generated by the arc 
BF, which is here propofed to be determined. For as every fphere is 
equal to a cone whofe bafe is it’s furface and whofe altitude is it’s radius , 
(fee art, 366*) fo (and for the fame reafon) muft every fedtor of a fpherc 
be equal to a cone whofe bafe is the fpheriqd part of it's furface, and 
whole altitude is the radius. Now the hemifphere generated by the 
fjjace ABD befog two thirds of a cylinder of the feme bafe and height, 
as was demonftrated in art. 365, it’s folid content will be expreffea by 

' EB 

ao-rfDx— * 3= 2 + 2 QAD x- — ; and the fetid content 

3 3 3 

of 
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60* 


AE 


of the fruftum generated by the fpace AE FD was 2 © AD x — — -f-oEP 

AE ^ 

x — i fubtrad the latter from the former, and there will remain the 

3 * 

F S AE 

fegment generated by the fpace BEF equal to zqADx—j — ©EFx-j- ; 

add to this the cone generated by the triangle AEF, whofe content is 
AE 

qEFx — :, and you will have the fpheric fedor generated by the fpace 
3 FB 

ABF equal to 20 AD x—^-. Let the diameter of a circle be to the 

circumference as 1 to c, and 2 ADxc will be the circumference of a 
great circle, whole half ADxc multiplied into AD the radius , will give 
AD l xc for the area of a great circle ; therefore 0 AD~ AD l %c, and 

EB EB 

2 O ADx.~y , or the content of the fedor, will be lAD'xcx — : 

but EB is the verfed fine of the arc BF ; and therefore if wc put f for 
the chord of that arc, we Ihall have zADxEB—l 1 by the lall article 

AD 

but one : and the folid content of the fedor will now be /* x c x j dh 

3 

qual to Fxc : but as AD' y.c was equal to OAD , fo^will /‘xebe equal 
to o/, that is, to a circle whofe radius is the chord of the arc BF: 
therefore The furface of every fegment of a fphere is equal to a circle whofe 
radius is the diftance of the. pole > or vertical point of the fegment \ from the 
circumference of it’s bafe. 

What has here been determined concerning the convex furface of a feg- 
ment of a fphere agrees intirely with what was determined in art. 367 
concerning the furface of a whole fphere. For if we fuppofe the arc BF 
to be a femicircle, it’s chord will then be a diameter, and the furface 
generated by this arc will be the furface of the whole fphere $ and there- 
fore the furface of this fphere will be equal to a circle whofe radius is 
the diameter of the fphere, that is, 2 AD : but a circle whofe radius is 
2 AD is quadruple of a circle whofe radius is AD, becaufe all circles are 
as the fquares of their femidiameters; therefore the fur face of every fphere 
is equal to four great circles of the fame, as was there demonftrated. 
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377. find the [did content of a cajk, 'when it is a portion of a Jpherc 
or jpbet'Gid \ terminated at each end by two equal and parallel circles 
at right angles with it's axis?, having given the diameter at the head , 
the diameter at the hung , and the length of the veJJ'el. (Fig. 60.) 

Retaining Hill the condru&ion of the 375th article, if two fuch fru- 
ftums as were there generated by the revolution of the fpace AEFD a- 
bout the axis APT, be put together, by applying the greater bafe of one 
to the greater bafe of the other, they will form fuch a folid as is here tie* 
{bribed : but in the article above-quoted, the content of the frudum ge- 

A F. 

nerated by the fpace AEFD was found to be 2 qAD-FQEFx — - - 


therefore the content of the folid propofed will be 2 O AD -+- e EF 
2 /IF, zAF, 

x ■— ; ■ -■ , which ' will be one third part of the whole length of the- 

3 3 

folid. Call the diameter of the folid where it is greateft, g, and where 
it is lead, /> that is, make gesziAD, and /=2 EF, and you will have 
oAD—g'-x-'h, and QEF—l 1 *',- by the fecond corollary in art. 347 j 

and die content of our folid according to this notation will be 2 g 1 -t- P 
2 j4Fj II 

x- — -x — . Let now the folid degenerate from a portion of a fphere 

1 ^ iAFj 1 1 

to a like portion of a fpheroid, and the quantity zg'-y-l 1 *. x 

will be dim in iilied in the fame proportion with the folid itfelf, and there- 
fore will Hill be equal to it : whence, we have the following theorem for 
meafuring the cafk propofed. 

• fo twice the fquare cf the diameter at the bun* a /Id the fquarc of the dia- 
meter at the bead $ multiply the fun by. a third part of the length of the 
cafk, and then fay as 1 4 is to 1 1 fo is this laft produft to the content required. 

N. B. If the two circles whereby the veil'd is terminated at each end 
Be unequal,, the two fruftums mud be meafured apart, and then added 
together. 

If the content of the veil'd be required in ale gallons, the diameters 
g and / mud be taken in inches ; and indead of uling the proportion of 

2sIF 

14 to ii, the quantity 2 g l -\-l l *—y— mud be divided by 359, and the 
quotient will be the number of gallons the veflel will contain. See art, 
353 * 

T H E 
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ELEMENTS of ALGEBRA 

BOOK IX. IN FOUR PARTS. 

I. Of Powers and their Indexes; and of Newtons me- 
thod of evolving a Binomial. 

II. Of Logarithms, their life, and the beft methods of 
computing them. 

III. Of Newtons invention of Divifors. 

IV. Of the Arithmetic of Surd Quantities. 


PART I. 


Of powers and their indexes. 

378/-TT-* H E indexes of powers have been already confidered, to 
I far as they ferve for a fort of fliort hand writing in Alge- 

I bra j but the incomparable Newton has very much enlarged 

our views with refpedt to thefe indexes or exponents in- 
fomuch that it is by their means chiefly, that fo many excellent, ufeful 
and comprehenfive theorems lave been difbovered both in Algebra and 
Geometry, and more particularly in the doctrine of Fluxions. Tins fort 
of notation therefore I fhall now endeavour further to explain, in my 
obfervations upon the following fmall table. 

Powers without their indexes. 

ill i 1 

XXXXX. XXXX. XXX. XX. X. 1. “• “• xxxx' XXXXM 

* 

Powers with their indexes. 

*•. «•. •*>. x\ x'. *•. x--. x->. x-«. x“* 

f G g g g 2 
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This table confifts of two rows, whereof the upper is a feries of pow- 
ers expreffed without their indexes, the common root or fundamental 
quantity being x j the lower expreJTes the fame powers by the help of 
their indexes. 


Observations. 


379. jft. By this table it appears that every fubfequent power is the 
quotient of the next before it divided by the common root x, and that every 
fubfequent index is generated by J'ubtraBing unity from the next before it. 
Thus x 1 divided by x gives x, x divided by x gives 1 , 1. divided by x 

gives - , ~ divided by x gives — &c: thus again, 2—1=1, 1 — 1=0, 

X X XX 

0—1= — I, —1 — 1= — 2 &c\ Since then each row exhibits a regu- 
lar feries, it follows that the negative indexes have the fame right to ex- 
prefs the powers they belong to as the affirmative ones, and that x~* 

reprefents — upon the fame foundation that x 4 reprefents xx, 

2dly. ‘Therefore •whatever number is the index of any power, it's negative 
will be the index of the reciprocal of that power , or of unity divided by 

that power. Thus if 2 be the index of xx, — 2 will be the index of j 

if i be the index rff x, — i will be the index of “ j and fo of the reft. 

jdly. In all ( ajes whatever , the addition of indexes anfvers to the mul- 
tiplication of the powers to which they belong ; that is, if any two powers 
of the fame quantity be multiplied together, the index of the mult ipli cater ad- 
ded to the index of the multiplicand will give the index of the product. Thus 
x* multiplied into x % gives x 1 , as xxxxxx gives xxxxx ; thus x 1 xx~ i gives 

1 , 1 , . 11. 

X~\ as xxx gives — : thus x- l xx-» gives x -5 , as — x gives 

— - — : thus x 4 xx~ 1 gives x 3 , as xxx — gives 1 : thus x’xx° gives x', 

XXXXX XX , 

sCS xxxxi gives xxx. 

4 thly; In like manner the J'ubtraSUon of indexes anfwers to the divifon 
• of powers j that is, if atty power of any quantity be divided by a power of 
the fame quantity , the index of the divifor fubtra&ed from the index of the 
'dividend leaves the index of the quotient. Thus x 1 divided by x* quotes x’, 
as xxx divided by xx quotes x : thus x* divided by x—* quotes x J , as xx 

J • 

•divided by quotes xxxxx : thus xr* divided by x*+> quotes x—*. 



Art. 379. Of powers and their indexes,' 605 

as -- divided by xxx quotes : thus x — 1 * divided by x— » gives **, 


as — divided by — — gives x : thus x° divided by x"~* gives x% as 1 di- 
XX xxx ^ 

vided by —• gives xx : laftly, x* divided by x* gives x°, as xx divided 

X X 


by xx gives 1 . 

5thly. If the index of any power be multiplied by 2, 3, 4 &c, the pro- 
duct will be the index of the fquare , cube, fquare-fyuare &c of that power: 
and therefore if the index of any power be divided by 2, 3, 4 &c y the 
quotient will be the index of the fquare root , cube root , fquare-fquare root 
&c of that power. Thus the fquare of x* is x 4 , it’s cube x 5 , it’s fquare- 
fquare x * : thus again, the fquare root of x'* is x*, it’s cube root x* t it’s 

l 

fquare-fquare root x 3 & ?c-: thus the fquare root of x or x’ is x 5 , it’s cube 
root x 1 , it’s fquare-fquare root x* &c : thus the fquare root of — or 


a— ' is x~ i t it’s cube root x~\ t it’s fquare-fquare root x—{ C&c : thus 

* I 

x* lignifies the cube root of x*, x* the fquare-fquarft root of xK And 

m 

univerfeliy, x~ fignifies that root of x m whofe index is n } as ify =x", 
then y is faid to be that root of x" whofe index is % and muft be ex- 

preded by x r i and therefore if in any cafe x*s=y. It will be a good 

• m & n 

inference to fey that y is equal to x* , or that x is equal to jr . 

6thly. Powers are reducible to more fimple powers , as often as their 
fractional indexes are reducible to more fmple f rations. Thus the fquare- 

fquare root of x* is the feme with the fquare root of .v, becaufc x*=stx\ 
ythly. If the index of any power be an improper fraClicn, and that fra- 
Sion be reduced into a whole number and a fraction, the power will here- 
by be refohed into two factors, whereof one will have the whole number for 
it's index , and the other the fractional part. Thus {=:2-fq, and there- 

J I 

fore x‘=x t xx i ; that is, the fquare root of x 1 is equal to x.v multiplied 
into the fquare root of x. 

8thly. Surd powers may be reduced to the fame root by a reduction of them 
fractional indexes Co the fame denomination , and that, whether they be pow- 
ers of the fame. quantity or not. Thus x* and /’ arc the feme as x^ and 

f i that is, the fouarc root of x, and the cube root of y are the feme as 
the fixth root of x J and .the forth root of y*; and thus may fords of 

different 
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different roots be compared together without any extra&ion of thole 
roots. AS for inftance, if any one lhouid alk me, which of thefe two 
quantities is the greater, the iquare root of z or the cube root of 3 ? I 

1 

fhould anfwer, the cube root of 3 ; for the Iquare root of 2 or 2‘, or 

l 1 i l 

i$ equal to 8° ; but the cube root of 3, or 3*, or 3 s , is equal to 9 s * 

l 1 

and <f is greater than S 5 . 

9thly. That the addition and Jubtra&icn of indexes anfwer s to the mul- 
tiplication and divifon of the powers to which they belong , holds equally trice 

I > 1 

in fraBional indexes , as in integral ones. Thus i-f -j=|, and x l >.x'=x\ 
which I thus demonllrate. Let y'—x j then by the fifth obfervation 

1 11 1 i 4 

we (hall have y~x $ , y'zzzx 6 or x\ y % —x z or x\ and jy 5 r=rx° ; but y'xy z 

1 * 

k equal to y s by the third obfervation ; therefore x 5 multiplied into x l 
gives jA After the fame manner, lince [ — j=g, it may be demonllra- 

l - 1 1 

ted that x* divided by x* will give x 4 ; for y 1 divided by y 1 gives y } which 
is equal to x 6 ; and the demonftrations will be the fame in all other cafes. 
Of Newton’s theorem for the evolution of a binomial \ or 
rather the partners of a binomial , into feriefes finite or 
infinite , the nature of fuch power will admit . 

380. This theorem is lo very uleful in almoft all the parts of Mathe- 
matics, and more especially in the foblimer parts of Geometry, that I 
hope I fhall be excufed if I inlift fomewhat the longer upon it. 

r -| " r T 1 * 1- m 

i 4*% fgnifes that power of the binomial i+x ivhofe index is m. Thus 

1 4*x =i, for the feme reafon that x°=i : thus x -4~ x =r-f.x, for the 
feme reafon that x't=x : and if a continual multiplication be made by 
l4**> beginning with the firft multiplicand 14-x, we lhall form other 
powers ofthe binomial i-px, as follows : 

i-Htfassl. 


I -4-x sxs j 4* x, 

I-H? ssei 4-2x4* xx. 
xV*^==l4*3*4- 3**4* 

Hbx =14*4*4- 6xxHh 4*Hr x*. 
tHr# *sss 1 4 - 5*4-1 o#ar 4 -lo*M- 5XM* 
Tdrxtsz 1 4-6*4? * 1 5**4-6x , 4-* s . 


N.B. 
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N. B. 7 ’he numeral coefficients of the terms of each jerks are called the 



tincicTi of the power to which the feries belongs . Thus i-f-x s=s 1 
1 5 Xx4-2ox ; ~M5x + 4-6x , -4-ix 6 , and the numeral coefficients i, 6, 15, 
ao, 1 5, 6, 1 are called the uncia of the fixth power. 

381. Having thus by continual multiplication; obtained the fixth [low- 
er of the binomial 1 4 -x, Confiding of a competent number of terms to 
form an indu&ion from, let us in the next place inquire what relation 
thefe terms have one to another (if they have any vifible one,) or how 
they may be formed one from another, that fo (if poffiblc) we may be 
able per Jliltum, without the help of intermediate powers, to form a fe- 
ries exhibiting any given power whatever of the binomial root 1 4- x. 
To do this, I am to acquaint the reader that a great many feriefes of 
almolt all kinds, are formed by a continual addition, or a continual mul- 
tiplication of the terms of other feriefes more fimple than thofo genera- 
ted by them : and therefore whenever a feries is propofed. the law or 


ted by them j and therefore whenever a feries is propofed, the law or 
genejis whereof is not immediately perceived, it will not be amife to in- 
quire by what continual additions or multiplications it’s terms are pro- 
duced : the additions arc eafily known by nibtrading every term from 
the next following, and the multiplications (which is our cafe at prefent) 
by dividing every term by the term next before it : thus the feries i4-tf 
&c is generated by a continual multiplication of the terms 

tl h c d c* c a • 

- ’ a » h » 7 &c ' for 1 x F £ ives a > and g Jve ^> and gives 

c &c. Now if we apply this to the feries exhibiting tac fixth power ot 
the binomial i-f— v, to wit, 1 4-6*4- r jx'-hzo.r’-f- r 1 >^, vve 

ihall find the terms of this feries to be produced by a continual multipli- 


cation of the following terms > ift 


,, '5 XX 5 * 

2Uiv ~7 — or — 
' bx 2 


3«y r 


4vV ,, icx* 3* bx' 2 x • .. i/ 1 ix 

Y* 4thly ^ or T’ itUy Tjs OT T’ “ y or T : 0 l t,t 

feries whofc terms continually multiplied give the fixth power of the 


° r ~T‘ 5‘Wy or 


, , 1 . b x c x q x t x 2»v ix , , . 

binomial 1 4**» is — 4* — 4- f- . 4- h -r~ : tne regularity of 

1 2 3 4 5 ® . 

this feries is apparent enough at firit fight, the coefficients of the nume- 
rators confiantly decreafing, and the denominators conftantly incrcafing 
by unity j infomuch'th&t none can doubt the obtaining of a like regu- 
larity in all the other powers * at lead if be does, he may confirm Inis? 
induction by trying as many other powers as he fiiall thmk ffi Vyyhere 
he will always pad that if m bo the index of any power* the* (radians 
by whofe continual multiplication all the terms- x>f that power after the 
, ftrflr 
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firft arc generated, will be —x> x , 

I 2 


rn — 2 m- 

~ r x '- 


3 m —4 

-x, — ~x t 


- r 

— jr-^-x &c. But from the formation of thefe powers one from another 

by a continual multiplication into i -j-x it is eafy to fee, that unity or 
t will always be the firft term of every power j therefore If we make 

„ m . „ m — i _ m — 2 _ _ m — 2 

thisfirjl term 1 = A, ~Ax=B, — - — Bx=C, Cx=D, 

*2 1 4 


Dx=E, 


m- 


Ex=F, 


m- 


F x = G &c, we jhall have x -t-x 


5 ’6 
A*+-B-FC- 4 -D-J-E 4 -F-i-G : or more elegantly (according to 

* m 

Newton’s manner of exprejjing fucb Jeriefes) thus, i+x — 1+ -Ax 
m 

Rv*J < r T2v_l - Kv_l 

6 


■2 m — 3 m — 4 m — e 

Cxh Dx — j-^Exh 2~^Fx &c. 


2 / 3 4 '5 

where the capital letters A, B, C &c reprefent the terms of the fertes 
as they rife i that is , A reprefents the frjl term 1, B fgnifes thefecond 

term — Ax, C Jignifies the third term Bx &c. Examples of 

1 2 

this will be given in the following article, 

j ^camples to the foregoing theorem « 

v:' 

382. lft. Let it be required to raife at once the binomial 1 -f*x to 
the feventh power. Here 7 = ^ , -7-=" , ~ , &c } 

therefore 1 ss\i *+• \Ax- 4 - \Bx- 4 r \Cx-\-oDx-\- rjEx-f-| JFlv-j- '-Gx. 

. . , _ m m — 1 m — 2 

Having thus laid out the feries, by exprelfing — , — - — , -? (Sc in 

I23 

numbers, the terms muft next be computed thus ; ift is=zA t 2dly \Ax 
srajx ix= 7 X=J 3 , 3«Jly \Bxe=.\x.jxxz=z2\xxx=.C, 4thly iCxsssi 
x*iaf»»35x*=s:D, jthlv *Dx=ix35*«=35x*a=:.E, 6thlyi£xsss 
\% 3 §}f t m» 2 ite*sexF, 7thiy jFxsssJx2ix*sa7«^cssG, 8thly iGxsssi 

xjX’ss&’saJJ j therefore n-x as 14-7x4- 2 ix t +$$x i rk‘$$x*-{- 2 ix* 
3 d. hm ws t Cx 4 -f 



ujr 

Art. 382, 383, 384. tTOltlBC A BIXOMIAl. toy 

— 5 

3d. i — x = i H-.fx— - Ax-Fix-— J?x4-}x — Cx-4-*x— X)x -\- x } x 
— Ex, where the figrt -f- fignities no more than that the fubfcquent 
-terms are to be added to the foregoing, whether they be affirmative or 

negative : or it might be expreiied thus ; 1 — x = 1 — \Ax — ♦ fix — ! 
Cx — \Dx — \Ex. The term6 maybe computed thus; ift 1 — A, 
2dly — ) Axss — 5 x 1 x — — $x~ B, 3<ily — \Bx ~ — *x — $xx— =' 
4-ioxx=C, 4thly — {Cx— — {xiox ! = — 10 x l =D t 5thly — *Z)x= — ‘ 
x — 1 ox 4 =-4- 5X 4 = E, 6thly — {Ex — — ‘ x 5 x i = — x ! = F there- 
fore 1 — x = 1 — - 5 x -+~ 1 ox* — 1 o x 5 4- 5X* — * x% the terms being al- 
ternately -affirmative and negative, 

4 

4th. 1 — x ssr i — 4X-4-6X* — 4x l ~hx 4 . 

From the two lajl examples it appears, that if any power of ;be bino- 
mial 1 4~x be obtained , and then the Jigns -of all thoje terms wherein 
the odd powers of x are concerned be changed, you will have the fame 

power of the binomial • r — \\ Thus 1 -4- ,v = 1 4- 5 x 4- 1 o x* -4- 1 ox* 4- 
5 x 4 -4- x s : change the figns of the terms 4- 5*:, -f- iox’ , 4-x f , 

and you will have 1 — x=i — 5X4-10X* — iox'-f^x 4 — x { , as before. 
The reafbn of this is plain ; for if v be negative, every odd power of .v 
will alfo be negative, whereas every even power will be affirmative as 
much as if x itfelf was affirmative : thus — xx — x=sH-x*, and 4-x*x 
— -x= — x\ and — x : x — x=-f-x 4 , and -f-x 4 x — x=— f-x 1 , fife. 

383. If any power of a binomial be to be multiplied^ by any given 
number as n, this may be effected two ways ; to wit , either by multi- 
plying every term whereof that power cotifijis by n, or elje by multi- 
plying only the firfl term, which will always be known, by n, and then 
(calling that product A) deriving all the other term from it as before . 

-As for example; 1 — x xn may either be expreffed thus, n — 4«x-f-6«x* 
— 4flx’-W/x»; or thus, n — \Ax — \Bx — {-Cx — \Dx : for the terms of this 
latter leries, when computed, will be found the lame with thole of the 
former : thus the firfl term will be n~A, the fecond will be — fixes: 
— jx»x= — \nx, and fo of the reft. 

384, By the help of this lajl article we may exprefs by a femes any 

given power of any binomial whatever , as p4~ q , by confide ring the bi- 
nomial p Hh q a s the produB of two factors , to wit, 1 -f-~ ard p : for 

■ „ .mfl) 

if pcf g = l -k~p xp, we ihall have p 4- q\ = 1 - *p m j hut the firfl 

H h h h term 
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tfro 


term of i -H~- when thrown into a feries will be i : multiply then 

this firft term i into p m ; make the product p m ~ A, as in the lad 
article, and derive all the other terms from A as above diredfed, putting 

q -- — " m Aq m-—iRq m — 2 . 

J for x, and yon will have />H-y =/>"-b “y + ~yp~ ~j-\ — 

Co , ’ 3 Aq 2 Bq i Cq 

J &c. + 7 ZPf 

1 

5 : put i indead of y, and you will have /;-f- 1 ~p i -+-i,pp-\-ffi-h i 

t 

which is, and ought to be the fame with i -\-p ; it is only beginning 
at the other end of the feries. And this is the reafon that In expanding 

. m 

the binomial p4~q , the unciae of any two terms equally dijlant from 
the extremes are the fame. 

385. From what has been here laid down it may be obferved , that 
if m, the index of the power to which the binomial i-f-x is to be raijed, 
be integral and affirmative ^ the feries exhibiting that power will at lajl 
break off] and fo con/if but of a finite number of terms t otherwije the Jc- 
ries will run on ad infinitum : for if m be integral and affirmative, the 
progreffion of numerators;??, m — j, m — 2, m — 3 &c mud, if conti- 
nued, pafs through m — m or o, which will make one of the terms 
A , B, C, JD, E, f, G die equal to nothing ; and if any one of thefe' terms 
be equal to nothing, it wall neccffarily deilroy all thofe that follow it, 
and fo the for its will be interrupted. As for indance, the feries exhibi- 
ting the third power of 1 will, if regularly continued, ftand thus, 
\~\-)Ax -+-\Bx-\-\Cx -\-\Dx — \Ex-~ -\Fx Gfc; but of this feries 
the term £, which is equal to ° jDx, will he nothing ; and if E be no- 
thing, then F, which is equal to — \Ex will alfo be nothing} and if 
F be^ nothing, then ( 7 , which is equal to — ~Fx will alfo be equal top 
nothing ; fo that the firll four terms will be real, and then the lerics 
will break off. If m be negative, m — 1 will be more negative^ and 
is*— 2 dill more negative; fo that in this cafe the progreffion m y m — 1, 
m* — 2 &c cannot pis through nothing; and therefore the feries A, B, 
C, D &c mud: be infinite, 1 mean as to the number of terms. If m be 
not integral, but a fraction, as if w~;, wc ffiall have in — 1 = J, tn — 2 
=*, m — 3=;, nt — 4=— i, m — 5 — — { &c ; therefore in this cafe the 
progreffion m, m — 1, m — 2, m — 3 &c may be faid to pals by nothing, 
but not through it; and therefore liere alfo the feries will be infinite. 
But of thefo infinite feriefcs more will be laid in the following articles. 
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Art. 386, 387. EVOLVING A BINOMIAL. 6 n 

386. As -\r i is the index of the fmpk power of x-t-x, fo — -1 will be 

the index of — : for it has been (hewn already that whatever num- 
ber is the index of any power, it’s negative will be the index of the re- 
ciprocal of that power, or of unity divided by it. Let it then be requi- 

1 — } 

red to throw the fraction - — ; — ; or 1 4- x into an infinite feries ; here 


i H- x 


m 

1 


m- 




2 

2 


nt* 


3 

3 


1 &<: ; therefore 


2 2 ' 3 

in this cafe every coefficient will be — 1 ; and fo we (hall have r+w 
= 1 — Ax — Bx — Cx — Dx — Ex — Fx&cad infinitum, =1 — x-ha* 1 - — x : 

4-x* — x’-hx 6 — &V ad infinitum. In like manner we have 1 — x 

&c ad infinitum. 

yip 

387, Again, let it be required to throw the fraction - — - into a lc- 


ries. Here we may cbnfider 


Ap 

p—? 


as Ap multiplied into 


P—'I 


or as 


Ap multiplied into p — q : but the firft term of p — q , when thrown 
into a feries, is p— 1 or ~~ j fee art. 384: multiply thi| firft term ~ into 

the common raultiplicator Ap, and the produdt A wil; be the firft terra 

Ap Aq Bq Cq f)q 

of the (eries ; whence = A 4- — 4- - 4 - *7- 4- — - &c ad inji- 

p—q p p p p J 

Aq Aq x Aq' Arp 

nitum , = A A- 4~ — rr -4- ~rr 4- ~rr ©V*, which is an infinite, feries 

p p p y . 

whofe terms are in continual geometrical proportion, the common ratio 
being that of p to q ; that is, every term being to the next following 
as p to q ; therefore the lefs the quantity q is in comparifon of the other 
quantity p, the lets will every fucceeding term be in comparifon of the 
next before it, and the fafter will the (eries converge, that is, the ne;irer 
will any number of terms taken from the beginning of the feries, ap- 
proach towards the original fraction P rov ^ cc * ^ iat ^ ierc ^ 

always the (ame number of terms : whence it loll "vs again, that 'The lefi 
q is in comparifon of p, the fewer terms need be taken to reprefint the 
whole feries to tfae fame degree of' exaSlnefs $ and this is not only true in 
the prefent cafe , but in the cafe of all other Jhiefis arfingfrom a binomial 
root pd-q or p — q. 

r H h h h 2 The 
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‘the fries , . that it. may converge , muji always take it's rife from the 
greater part of the binomial. As if p be greater than q in the binomial 
pr±zq, die feries mull always be begun with the quantity p : for let 

m ” m Aq 

p+q be thrown into a feries,. and we lliall have p+q y — 


m- 


2 Cq 


&c, as in art. 384. Let q be fuppoled equal 


in — 1 Bq 

* T - . 

to nothing, or at leall infinitely fmall in companion of p \ and then it is 
eal'y to fee, that every fuccecding term of this feries will be infinitely 
lefis than that next before it, that therefore all the terms after the firll: 
may be looked upon as evanefeent, and confequently that the whole fe- 
ries will be comprehended in the firll term, as it ought to be : for if 

m 

o, then p-\-q- z=p m ■, therefore if q be nearly equal to nothing, a few 
of the initial terms of the feries will be nearly -equal to the whole, and 
in cafes where the utmoll exadtnefs is not required, may be taken for 
the whole. 

But to return; fince the fra&ion was found equal to the infi- 
Aq Aq 1 Aq * Acp 

nite feries A- t* 4 - —y 4 - —y •+■ y &c when q is lefs than p, the 

terms of which. Tories decreafe in continual proportion, (whereof more 
will be laid in tne next article,) it. follows e converjb , that A feries of 
quantities dtcreafihg in a continual geometrical proportion, fuch as A 4- 
J\> Q JSl Q l ^ 

— willy though infinitely continuedy be but equal to a fi- 

nite quantity ; which finite quantity may be had by multiplying A, the fir ft 
and greatefi term of the feries , into p, the antecedent of the common ratio , 
and then dividing the produtt by p — q, the excefs of the antecedent above 
the ccmfiquent : . of this take an example or- two- in numbers. 

Ap 

:2, f=i, and ^=1 j then will-^ — - =2, andthe feries will 

Be 1 4 ri 4 -j 4 - 1 , 4 - & and therefore e converfby this feries. i-f-t-f-j 
-+ k #-ri~is though infinitely continued, will be but equal to 2, which 
l- thus further confirm. The firll term r equals 2 — 1 or 2 — *; 
therefore 1 4-;= 2 — 1 = 2 — therefore 1 + j+ -== 2 — -* or 
2 — gj therefore 1 4 - 1 4 - * 4 - 1 = 2 — j or 2 — £ j therefore 1 4- 
i ■+• 1 ■+■ #■+- ,5 = 2 — a &c. Whence it appears that this feries can 
never exceed the number 2, or even reach it unlefe an infinite num- 
ber of additions- could be made. Let ^ = 10, y = 1, and Atss. 1, and 


Let pz 



r 
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we ihall have the infinite feries i 4 ““ -4* *4r H — 4- 

10 100 1000 


1 0000 


Ot^ 

&C 33 


~ or i+“j and this will be further confirmed by reducing the frac- 
tion i into decimals, which decimals will be .1 1 1 1 1 &c ad infinitum, 

Ap 

If the fraction' r~rr be thrown into a feries, the feries will be A-*- 
pn-q 

Aq Aql Aq ' Aq* 

y+ y y~ + y & c ** infinitum. Let />=2, q~i, and 

A— 1 , as in the firft inftance, and we Aiall have = - , and the 

p+q 3 

feries will be r — 14-j— 1-+- ,' 5 &c : whence e conver/b, the infinite fe- 
ries 1 — '4- \ — j-+- 53 &c will be equal to the fraction i, which I thus 
further confirm. The firft term 1 equals |— |— i j therefore t — *=‘- — 
therefore 1 — *4-‘ =}4-,~ ; therefore 1 — • 4-^—4=^ — therefore 

Let it be required to throw this fraction —7- — 7- or 1 4-x into > 

4 I"T’2X*T*Ay ! )f 


an infinite -feries. 


Here.- 


m 


m — i m—2 

2 » 3 5 


mpZ ’3 
4 > 


m — 4 
__ 



— 3 — 4 w j lcnce = 1 — *v/x— - \Bx — \Cx 

2 ’ 3 * 4 5 * . , 

— | Dx — - s Ex &c = 1 2x4-3x’ — 4 ** 4 - C*, 4 — 6x 5 £?£ ad ittfinitum. 

388. As all powers of a binomial whoj'e exponents (ft v integral and 
afirmativc may be obtained by continual multiplication , Jo all tboj'c whole 
exponents are integral and negative may be had by continual divi - 

— ■ r - * t 

fistu Thus 14-x or — * — was in the laft article but one, accord- - 

1 *T"< A 

ing to Newton s theorem, .1 — x-H-x* — x 1 4 -x + — x 5 -f- x'’ &V; and the 
fame will be the quotient if the fra&ion be thrown into an infi- 


nite feries by an actual divifion of 1 by 1 4 *x according to the commoh 
rules of divifion, fupplying the deficient places of the dividend with fears, 
as was done in art. 14: if this quotient be again divided by t 4~x, we 


I . 

feiaU have or 14-x =1— -2x4-3 x 1 — A x ' 4 - 5a 4 *— 6 x* 

I X a I “T" X 

£?<-, as in the laft article -j and fo on. 

But here a queftion may arife which perhaps would puzzle even an a 
ingenious- redder (that is not very converfent in thefe affairs) to anfwer .* 

V&j 
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to his own fatisfa&ion : it is this ; fince thefe feriefes are obtained by divi- 
fion, how comes it to pafs that, though infinitely continued, they do not 
always exhibit the true quotient ? as in many cafes it is certain they do 
.not: for if i be divided by i -f~x, the quotient will be i — x-f-x* — x 1 
-4-x 4 &c as above. Let us now iiippol'e x equal, to i, and the true quo- 
tient of i divided by i -f-x is certainly * ; but the feries which fhould ex- 
hibit this quotient will, in this cafe, be i — i-f- i — i-f-i — i &c ad inf - 
, nitum , whereof if an even number of terms be taken, the fum will be 
-o, if an odd number, the fum will be i ; fo that the quotient exhibited 
’by this feries will always be too much or too little, and never can be 
equal to 

To this I anfwer j if a divifion of t by i-f-x be made for one term 
in the quotient only, the quotient will be i , and the remainder will be 

x ; if the divifion be carried on to two terms only, the quotient will 
be / — x , and the remainder -f-.vx ; if to three .terms, the quotient will 
be i — x-f-xx, and the remainder — x ! ; if to four terms, the quotient 
will be r — x-f-xx — x 5 , and the remainder -f-x 4 , and fo on ad infinitum. 
Now if x be lefs than i, xx will be lefs than x, and io on, in which 
cafe the remainders will leflen upon our hands ; and if the divifion be 
infinitely continued, the remainders will become evanefeent quantities, 
in which cafe the dividend will be juft exhaufted, and the feries i — x-f-x* 
&c will be the true quotient. If x be equal to i, every power of x, as 
x*, x 1 &c, will be equal to i j and therefore in this cafe the remainder 
will always be -fyi or — i even though the divifion be continued ad in- 
finitum i but wherever there is a remainder, the quotient will not be ex- 
.a£l, but will always be too little or too much, according as the remain- 
der is affirmative or negative $ therefore in this cafe the feries i — x-f-x* 
&c, even though infinitely continued, , will not exhibit the true quotient. 
If x be greater than i, xx will be greater than x, and x } greater than 
xx, and fo on ; therefore in this cafe the remainders will be fb far from 
^efiening, that they will grow conftantly greater and greater ; and if the 
«divifion be infinitely continued, the remainders will hit infinitely great ; 
and therefore the feries i — x-f-x* &c, if infinitely continued, will be in- 
finitely wide of the true quotient : thefe are what we call diverging 
feriefes : but if x be greater than i, and the divifion be begun by x in- 
•ftead of i , according to the directions given in the lafl article, the feries 
will converge to the true quotient faflcr or llower according as the ex- 
cefs of x above i is greater or lefs j for in this cafe, the quotient of i 

divided by x-f*i will be # — x^^x^ — x* ^wfinitutn. 

In common divifion it is ufual, where there is a remainder at lafl, to 
cojredt the quotient by a fupplemental fraction whofe numerator is the' 

remainder 
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remainder and wliofe denominator is thedivifor: if the lame be done 
here, the quotient will always be exa£t, at what end loever of the di- 
vifor the divifion commences, or wherever it breaks off : thus if 1 be 

I X 

divided by i-l-x, the quotient will be —7—, or or 1 — x-f- 

I *1* X I X 

X 1 x* 

— or 1 — x-^-x 1 — — , and fo on; that is, if x=i, the quo- 

tient will be ?, or 1 — or 1 — i-b;, or 1 — 14-1 — and fo on; all 
which give one and the feme fraction [. 

389. Let it now be required to extract the fquare root of 1 -f-.v by 
Newton ' s theorem, as before was done the common way ; fee art. 1 9 

. - t 

cafe 1. Now /i+Jf, according to Newton’s expreflion, is 

■2 m — 3 m — 4 m — 5 

~ ~~T~* 

10 * 


„ m m — 1 m- 
theicrore — , , — 

( * o * 


in this cafe,, are 


2 ’ 3 ’ 4 ' 5 • ’ . 6 

equal to — [, — |, — ’, — — * &c which is a regular feries of 
fractions whole numerators decreafe and denominators incrcafc by 2 ; fo 


that 1 — \Bx — \Cx — (Dx =i-Kv — — -.S** 

&c } as in the cafe above quoted. This may eafily be tried by multi- 
plication, as in the feme cafe : for if this root when multiplied into it- 
felf produces it will be a fufticient proof that the root was truly 

aligned. 

If x be fuppoted greater than 1, we mult then hatfc begun the com- 

i I 

putation with x, and the firft term of the feries would have been x* 

1 s/ x \/ x 1 

or y/x, and fo we Ihould have had x~\~ 1 —\/ x4-’ t 1 — 

r 

If it be required to expand this fradlion 


x * x 1 16. 


v/i- 


-.V.V 


‘t 

or 1 — xx t into an 


infinite feries, it will {land thus; 1 — xx *= 1 H- ! Axx 4- ; i?.\ x -4- {Cxx 
+lDxx-\- lExx &t Csc. 

Laflly, let it be required to throw this quantit)' 1 4 - v " into an infi- 
nite leries : here inftead of tn t 


m — 1 m- 


cv we mu ft ufe 


i — .2 tn m—~n m 

■__{*, <* r> — 


$ 

2 n 


m 

n 


, . therefore i4r# 


(•* 
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The- NATURE AND USE 


m , in — 

H — Ax H 

n 2 n 


n n m — 2 w m — 2«_ , , _ 

Bx H — — Cx-\ Dx &c j where the figns 


3® ' 4 W 

-4- only fignify that thefe terms are to be added together according to the 
rules of addition, whether they happen to be affirmative or negative. If 

the index ~ be left undetermined, and but a few terms of the feries be 


n 


m 


m 


required, it will then be as well to write it thus, i-j-.v * =i-+-— x-\~~ 


m 


n 


2ft 


A 1 - 


in in — 

• — x 

n 2 n 


n m- 
- x 


■2 n 


3® 


x 1 &,c. 


I might have demon drated this theorem for finding the unci a of an 
expanded binomial various other ways; but I fuppofe by this time the 
reader has enough of it, at lead till he fees it’s ufe: therefore I jfhall pro- 
ceed in the next place to apply it to the computation of logarithms. 


PART II. 

H)f logarithms, their ufe, and the befl methods of computing 

them . 


'The definition of logarithms > and confeSlaries drawn from it . 

390. W OGARITHM8 are a Jet of artificial numbers placed 
I over againfi the natural ones, ufually f rom 1 to 100000, 
I and Jo contrived that their addition anfwcrs to the multiple - 

™ cation of the natural numbers to which they belong ) that is, 

if any two numbers be multiplied together , and Jo produce a third, their lo- 
garithms being added together •will confiitute the legarithm'oj' that third. 

Thus o #3010300, the common logarithm of 2, added to 
0,47712.33, the logarithm of 3, gives 

o .778.1 513, the logarithm of 6 , becaufe 6 is the product of 2 
and 3 multiplied together. 

From this definition it follows fird, ‘That in any jyfiem or table of loga- 
rithms nifbatever, the logarithm of unity or i will be nothing : for as 1 nei- 
ther increafes nor >diroinifhes the number multiplied by it, fb neither 
ydll it’s logarithm either increafe or diminilh the logarithm to which it 
k added 5 and therefore the logarithm of 1 mud be nothing. 
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adly. For a like reafon, the logarithm of a proper fraSlion mil always 
be negative :for fuch a fra&ion always dirnintthes die number multiplied 
by it, and therefore it's logarithm will always diminifh the logarithm to 
which it is added. 

jdly. This property of logarithms , •whereby they are defined as above, 
affords us no J'mall compendium in multiplication : for whenever one num- 
ber is to be multiplied by another, it is but taking out their logarithm-, 
and adding them together, and their funi will be a third logarithm whoa- 
natural number being taken out of the tables will be the product required, 
4thly. r The fubtrablion of logarithms anficcrs to the divifion of the rati: 
ral numbers to •which they belong ■> that is, whenever one number is to be 
divided by another, it is but fubtra&ing the logarithm of the divtlor from 
tlie logarithm of the dividend, and the remainder will be the logarithm 
of the quotient: and thus by the help of logarithms may the operation 
of divifion be performed by nicer fubtrablion as that of multiplication, 
was by addition. Hence , as e-v>ry fraction is nothing elf but the quotient 

of the numerator divided by the denominator , it's logarithm wtU be found 
by J'nbt ratling the logarithm of the denominator from the logarithm of the 
numerator. To demontlrate this, to wit, that the logarithm of the di- 
\hor fubtradled from the logarithm of the dividend will leave the loga- 
rithm of the quotient, let the number A be divided by the number B, 
and let the quotient he the number C, and let the logarithms ot the num- 
bers A, B and C be a, b and c refpeciively $ I fay then that a — u will 

y/ Jjf 

he equal to c : for fince by the fuppofition ~^~C, we fliaH have 

BC, and a—bg-c by the definition ; whence a — b—c. * 

^thly. As every fourth proportional is found by multiplying the foetid and 
tbh m J numbers together , and dividing the product by the ft jf f tie loga- 
rithm of every fuch fourth proportional will be found In adding the logarithm 
of the frond and third numbers together, and fubi raiding f rom the (km the 
logarithm of the firfi. This renders all operations by the rule ot propor- 
tion very compendious and eafv ; especially after the practitioner has 
pretty well inured himlelfto take out of the table logarithms to fits num- 
bers, and numbers to his logarithms: but this compendium b chiefiy 
ufeful in Trigonometry, both plain and fpherieal, where every thmg ho 
wants is put down ready to his hands. 

6thly, If A be any number whofe logarithm is a, thee the logic, that of 

1 1 


:! 


-?,a &c. 


A* will be 2 a, that of A% ^»a Cs’e, that of -z , — a, f. 

Mud univer faddy f the logarithm of A"* will be axnn and that, whether the 
.index m be integral or f rational, affirmative or negative.: tut the other hand* 


n 


1 1 


•T 
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q 

if q be the logarithm of any power of A, as of A'", then ~ will be the lo- 
garithm of A. The reafon of all this is plain ; for as A x is the product 
of A multiplied into itfelf, lo it’s logarithm will be the logarithm of A 
added to itfelf or doubled, that is ia ; and fo of the higher powers. A- 

gain, as is the quotient of unity divided by A y it’s logarithm will be 


found by fubtraCting a, the logarithm of A, from o, the logarithm of 
i, which gives — a ; and fo of the lower powers. Laftly, as fA 
when multiplied into itfelf, produces A, fo it’s logarithm, when added 
to itfelf, ought to make a ; therefore the logarithm of A will be [a ; 
and fo of all the other fractional powers. Here then again we have ano- 
ther inllance of the veiy great ufefubefs of a good table of logarithms, 
to wit, in railing a number to any given power, or in extracting any gi- 
ven root out of it, all which is performed with equal facility, only by 
multiplying it’s logarithm by the index of the given power, or dividing 
it by the index of the given root * as doubling it for the lquare, tripling 
it for. the cube &c j halving it for the fquare root, trifeCting it for the 
cube root &c : this, I fey, cannot but be very ufeful in a great many 
cafes, and more especially in Anatocifm, where we have fometimes oc- 
cafion to cxtraCt even the three hundred fixty fifth root of a number, as 
at other times to raife it to the three hundred fixty fifth power, fcarce 
poffible to be performed any other way j to fey nothing of the innume- 
rable mifiakes that in fo long and laborious a calculation would be aimed 
unavoidable, all which are prevented by the ufe of logarithms. It can- 
pot indeed be cxpeCted that entire. powers, and mufeh lefs entire roots 
ihould be gained this way j but it will be ealy in mod cafes to obtain as 
many terms as can be of any ufe to us. 

ythly. If any jet of numbers , as A, B, C, D be in continual geometrical 
proportion , their logarithms , which me j 'hall call a, b, c, d, will be in 
arithmetical progrefion : for lincc by the liippofition A is to 13 as B is to 


BCD 

Cas C is to D, that is, lincc — g ^ we have b—a=c 


it—b'sszd — c by the fourth confeCtary > therefore a , b t c, d are in arith- 
metical progreffion. E. D. 


- 8thly. From this lajl conJeHary it will be eafy , having two numbers gi- 
<ven > to firtd as many mean prof ertionah as we pleafe between them. Let 
the given numbers be A and F, and let it be required to find four 
mean proportionals between them, which we fliall call B, C, D y E, fo 
that A, 3, C, U, 35; P may be in continual geometrical proportion. 
jHcre then k is indent from the lad confeQary, that -as thefe numbers 
v are 
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are in continual geometrical proportion, their logarithms, which we (hall 
call a t b y c t <4 e *f* wih be in arithmetical progreflion, whereof the ex- 
tremes a anti f are known, as being the logarithms of the known num- 
bers A anti Fy and the intermediates may be found thus. Put x for 
the common difference of this arithmetic progrellion ; then will a-+-x 


whence a-j-x or b=a-p 


zby a~\~2x~c } a-^rixzssjy a-y^x-Cy a-\-$x—f-, whence x=J ~ — - ; 

f—a 4 a-yf yi-k-if 

' — = — —y a-hzx or c=z- — ~y a-hjx 

or d = — a~\~^x or c=z • — - — ; fo that the logarithms of the 

r .. , r L. 4 3*+*/ * a +lf *+4 / 

four mean proportionals fought are , , ~ ■ 

5 5 5 5 

take then the natural numbers B, C, _D, E of thefe logarithms, and 
they will be the mean proportionals required.' E. I. 


Logarithms the meafures of ratios . 

391. Logarithms are fo called from their being the arithmetical or nu- 
meral exponents of ratios : for if unity be made the common coofequent 
of all ratios, or the conynon ftandard to which all other numbers are to 
be referred, then every logarithm will be the numeral exponent of the 
ratio of it’s natural number to unity. As for inftance^ the ratio of 8r to 
1 actually contains within itfelf thefe four ratios, to v$it, the ratio of 8 1 
to 27, that of 27 to 9, that of 9 to 3, and that of 3 to 1 , (fee art. 293 j ) 
all which ratios are equal to one another, and to the ratio of 3 to 1 ; 
therefore the ratio of 8 1 to 1 is faid to be four times as big as the' ratio 
of 3 to 1, (fee art. 294 : ) and hence it is that the logarithm of 81 is 
four times as big as the logarithm of 3. Again, the ratio of 24 to 1 con- 
tains, and may be refblved into thefe three ratios, to wit, the ratio of 24. 
to 12, tliat of 12 to 4, and that of 4 to 1 j the firlt of thefe ratios, to 
wit, the ratio of 24 to 12, is the fame with that of 2 to i ; the feeoud, 
to wit, the ratio of 1 2 to 4 is the fame with that of 3 to 1 ; and there- 
fore the ratio of 24 to 1 is equal to the ratios of 2 to 1, 3 to 1, and 4 
to 1 put together j and hence it is that the logarithm of 24 is equal to 
the logarithms of 2, 3 and 4 put together : And waver /ally , the magni- 
tude of the ratio of A to 1 is to the magnitude of the ratio of B to 1 as the 
logarithm of A is to the logarithm of B. And hence -we have a way qf mea- 
furing all ratios whatever , let their confequents be what they will : as for 
example, the ratio of A to B is the excels of the ratio of A to 1 above 
the ratio of B to 1, ( fee art. 296 ; ) therefore the numeral exponent 
of the ratio of A to B wdi be the excels of the numeral exponent of the 

Jit! a rath 
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ratio of A to i above the numeral exponent of the ratio of B to r, that 
is, the excels of the logarithm oi A above the logarithm of B j therefore 
The magnitude of the ratio of A to B is to The* magnitude of the ratio of C 
to D as the excefs of the logarithm of A above the logarithm of B, •which is 
the meafure of the former ratio , is to the excefs of the logarithm of C above’ 
the logarithm tf/T), which is the meafure of the latter ratio : and thus vve 
fee that logarithms are as true and as proper meafures of ratios as circular 
arcs are of angles. 

I might have defined logarithms from the idea here given of them, 
and thence have deduced all the other propeitics above deferibed : but as 
it is not every one that hath a juft and diftindt notion of the nature and- 
compofition of ratios, I thought it more advifeable to treat of them in a 
way more familiar to the learner. 

Of Briggs s Logarithms'. 

392. From the definition given in art. 390 it may eafily be feen> that if 
any one fyftem of logarithms be once obtained , an infinite number of others mas 
bo derived from them by increafmg or diminjhing the logarithms of that fyjlem 
infome given proportion. As for inflance, in the fyftem given let a, b, c Iks 
tjbe logarithms of three numbers A> B and C, whereof the third is the 
product of the other two multiplied together > then will a-{-b=c } by 
the definition, Let^s now imagine all the logarithms of this given fyftem 
to be doubled ; then will a, b and c be changed into 2 a> 2 b and 2 c ; but 
»s a-Jf-b was equal'to c in the former fyftem, fo now will la-y-zb be 
equal to 2 c in the latter ; that is, all the numbers of this new fyftem 
will ftill retain the property of logarithms. But though all thefe different 
jyjlems be equally perfect, if computed to the fame degree of accuracy , yet they 
will not all be equally convenient for ufe- t for of all jyjlems or tables of lo- 
garithms,, that is certainly bejl accomodated for practice which is now in 
ufe, and is commonly known by the name of Briggs’s logarithms. The Lord 
Istapeir, a Scotch Nobleman, was the firft inventer of logarithms; but our 
Gpuntreyman Mr. Briggs , ProfclTor of Geometry in Grejham College, 
Vfas undoubtedly the firft who thought of this fyftem, and propofing it 
to the noble inventer, the Lord Napeir, he afterwards publifhed it with 
that Lord’s content and approbation. 

The diftinguifbing mark of this fyjlem is % that herein the logarithm of 
jo is 1, and confiquently that of 100, 2, that of 1000, 3, that of 1 0000, 

4, &c that of 1, o, that of ~~ or of 0 .1, — 1, that or of o .oi* 

—2, &c. In this fyfbem the integral parts of the logarithms are always di- 
ffmgmjked from the neff and called the indexes or character ijlics of the lo- 

garitbms , 
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garithms whereof they are parti : thus the logarithm of 20 is 1 .30 J0300, 
where the chara&eriftic is 1 y that of 2 is o .3010300, where the ch&- 

2 

raeteriftic is o ; that of — or o .2 is — i~h .3010300, where — 1 is the 
chara&eriftic, &c* 

Spine advantages of this fyfietn . 

391- Some of the chief advantages of this fyftem beyond all others, 
will appear from the following conlidcrations. 

ill. Whereas we have frequent occafkmto multiply and divide by 10, 
loo, 1 coo, &t\ this in this fyllem is very readily performed, only by 
adding to or fubtra&ing from the character ilfic the numbers 1,2, 3, &c j 
and as thele are whole numbers, they can only influence the index* or 
charaCteritlic of a logarithm, without afreCting the decimal part, 

2dly. So long as the digits that compofe any number are the fame, and 
in the fame order, whatever be their places with refpeCt to the place of 
units, the decimal parts of the logarithm of fuch a number will always 
be the fame. As for inilance, let 4 -f- / be the logarithm of this number 
34567.89, where 4 is the charaCteriftic, and / reprefents the fum of all 
the decimal parts j then. will 5-+-/ be the logarithm of 345678 .9, 6 / 

that of 3456789, 7-+-/ that of 34567890, &c. Oil the other hand, 3-4-/ 
will be the logarithm of 34-56 .789, 2+/ that of 345 .6789, 1 -+-/ that 
01*34,56789, 0+ / that of 3 .456789, — r-l-/ tb^'of 0.3456789, 
— 2 -4- /that of 0.03456789, &c : tile reafonof this is plain ; for- if th« 
number 34567 .89 be multiplied by 10, the product will he 345678 .9 v 
therefore if to 4 -+-/, the logarithm of the former number, be added 1, 
the logarithm of 10, the fum 5-+-/ will be the logarithm of the latter. 
Again, if the number 34567 .89 be divided by 10, the quotient will be 
3456.780 } therefore if from 4 + /, the logarithm of the former num- 
ber, be fab traded 1, the logarithm of 10, the remainder 3 -+-/ wilt be 
die logarithm of the latter. Here then we fee the rcafon why in Briggs’s 
tables, the decimal part of every logarithm is affirmative, wlwther thfe 
whole logarithm taken together be lb or not ; for in the logarithm of ail 
numbers greater than unity, both the integral and decimal parts arc a£ 
firmative and therefore the decimal parts mull always be 10, fince theft 
are not changed by changing the natural number, to long as the digits 

that compofe it are the fame, and in the fame order : thus or — .3 . 

may be a logarithm; but it is never expreffed fo, but rather thus, t— i-K/8* . 
the negation being thrown, wholly uppn the charaCteriftic, 

' »• 
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4 <Hjjk By this means in Briggs’s fyftem the charaderiftic of the loga- 
rithm of any number is eafily known thus : fuppofe I was afkcd, what 
is the charaderiftic of the logarithm of this number 34567 .89 ? Here I 
dbftfidfcr that this number lies between 10000 and 1 00000 ; therefore 
it’s logarithm mu ft be fome number between 4 and 5 ; therefore it muft 
be 4 with fome decimal parts annexed, that is, the charaderiftic muft be 
4. And again, fuppofe it was required to aflign the charade rift ic of the 
logarithm of this number, o .03456789 : here I confider that this num- 
1 1 

ber lies between — and , that is, between o .1 and o .01, and tbere- 

fore it’s logarithm mull lie between — r and -—2, that is, it's logarithm 
muft be — 2 with fome affirmative decimal parts annexed, to leftcn the 
negation; therefore the charaderiftic will be — 2. 

To find the charaBeriftic of Briggs V logarithm of any 

number. 


394. Hence may be drawn a Ihort and eafy rule for determining the 
index or charaderiftic of the logarithm of any number given, thus. If 
the number given be a whole number , or a mixt number confi 'fling of inte- 
gral and decimal parts, then fo many removes as is the place of units to the 
right hand of the frjl figure, of fo many units will the charafierifiic confifi : 
but tf the number jpropofed be a pure decimal, then fo many removes as is the 
place of units to tm left hand of the firfifigiificant figure , of fo many negative 
units will the eharaSlerifiic confifi. Thus the index or charaderiftic of the 
logarithm of this numtier 34567 .89 is 4, becaufe 7 in the placeof units 
3 s four removes to the right hand of the firft figure 3 : thus again, the 
charaderiftic of the logarithm of this'humber 0.03456789 is — 2, be- 
caufe o in the place of units is two removes to the left hand of the firft 
fignificant figure 3. 

Thefe rules are the more to be obferved, becaufe in Ibme tables the 
Jbrtegral parts of all logarithms are omitted, being left to be fupplied by 
the operator himfelf, as occalion requires : by this means, the logarithms 
become of much more general ufe than if, by having their charaderiftics 
prefixed, they were tied down to particular numbers. 

Another idea of logarithms. 


395. ife thefyfiem here deferibed, every natural number is, or may be con 
fiderea as fbnte power f to, and it's logarithm as the index of that power 


d as Jbmepb&tr of to, and it's logarithm as the index of that power : 
tttfbethe hp.Am ©f any natural number as Ai then fince Briggs'* 
ithm of 10 Irt, fa is logarithm of to* will he a $ thk evident from 
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art. 390 confed. 6j therefore A mu ft be equal to io\ fmoe they have 
both the lame logarithm ; that is, die natural number A is fuch a pow- 
er of 10 as is exprefled by it’s logarithm a. This conlideration gives us a 
new idea of logarithms, and to one acquainted with the nature of powers 
and their indexes, it will be no wonder that the addition, fubtradion, 
multiplication and divifion of thefe logarithms anfwer to the multiplica- 
tion, divifion, involution and evolution of their natural numbers. 

Precautions to be ufed in •working by Briggs’* logarithms. 

396. Though thefe logarithms (as I obferved before) arc preferable 
to all others, on account of their fimplicity and facility in practice, yet 
in uiing them forne precautions are to be obferved, which (to prevent 
miftak.es) 1 llialt here juft point out to the learner j as 

ill. In the addition of logarithms , whatever is carried over J nan the de- 
cimal to the integral parts , muff be conffdered as affirmative , and as fuch 
mu ft be added to thoje integral parts , whether, they be affirmative or nega- 
tive. Thus — 3-4- .700000c being added to — 4 -4- .8000000, the fum 
will be — 6-f- .5000000 ; for though the fum of the chara&eriftics — 3 
and — 4 be — 7, the affirmative unit drawn from the decimals reduces 
it to — 6. * 

2dly, Whenever a fnbtraBion is to be made in logarithms , it muff be 
performed in the decimal parts as ufual ; but if the charaBeriffic of the 
Jubtr abend, or of the number from whence the fubtraBion is to be made,, or of 
both be negative , they muff be treated in the fubtraBffn as the nature 
f fuch quantities requires. Thus — 3-}- .8900000 fubtralted from 
i-f- .7600000 leaves 1 .8700000 : for if -4- 1, on account of the de- 
cimals, be added to — 3, the chara&eriftic of the iubtrahend, it will ba 
reduced to — 2, which being fubtra&cd from — 1 as above, leaves -4-x, 
Nay the learner mart not be difeou raged if lie lometimes finds himfdf 
obliged to fubtradf a greater logarithm from a Ids, as will always tie the' 
cafe where the logarithm of a proper fraction is required : as for exam- 
ple, let it lie required to find the logarithm of J : here fubtralting: 
0.301,0300, the logarithm of 2, from 0.0000000, the logarithm of 1,. 
there will remain — i-f- .6989700, the logarithm of'; lor in this fob- 
traftion, -4- 1 on account of the decimals being added to the characteriftit? 
of the fubtrahend, gives 1, which fubtraded from o above, leaves — & " 
Note, ‘The logarithm of a vulgar fruition may alfo be obtained by throw- 
ing it into a decimal. Thus the logarithm of -J may be obtained, either by 
fubt railing the logarithm of 3 from that of 2, or die by taking out the 
logarithm of tilts decimal fraction ,6666667, which is the fame as thcr 
logarithm of the whole number 6666667,, except that the. charadcriftMf 
fit the former logarithm is -—1, and that of the latter -4-6. *. 

* 3% 
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3 < 31 y, In the multiplication of logarithms the fame care mufl be taken as 
. in addition. Thus if it be required to multiply this logarithm — 3-1- 
,7000000 by 9, the product will be — 2 1 -4- .3000000 ; for though the 
product of — 3x9 be — 27, yet the 4- 6 drawn from the decimals re- 
duces it to — 2 1 . 

4thly, Whenever a logarithm is to be divided by 2, 3,4, &c in order to 
obtain the fquare, cube , hi quadrate &c root of it's natural number, if the 
char abler iflic be negative , and will not be divided without a frablion , my 
way is to refolve it into two parts, to wit, into a negative, part which will 
be divided, and an affirmative part which will incorporate with the deci~ 
..mats annexed. Thus if I was to take the half of this logarithm — 14- 
.7000000, I cannot join the — 1 to the decimals annexed, becaufethey 
are quantities of different kinds ; therefore I relblvc the charadteriific 
- — i into two parts, to wit, — 2-4-1, and then taking the half of — 2, 
which is — 1, I join the affirmative part -f-i to the decimals annexed, 
and fo take the half of 4-17, which is -f-8 (sc ; therefore the half of 
the aforefaid logarithm is — 1-4- .8500000: had the charadteriffic been 
—3, I fliould have refolved it into — 4-4-1. Had ' of the forefaid loga- 
rithm been required, I ffiould have refolved the charadteriffic — t into 
—34-2, and fo ffiould have taken, fir if, the third part of — 3, which 
is-— I, and then of -f-27, which is 4-9: had the charadteriffic been 
—2, I ffiould have refolved it into — 34-1 ; had it been — 4, I ffiould 
have refolved it into — 64-2, and fo on. 

<a, 

N. B. Of a]l tike tables hitherto in ttfe whole logarithms do not run 
to above feven decimal places, I take thofe published by Dodtor Sherwin 
to be the beft upon many accounts, and particularly in the difpofition 
of the logarithms : thefe therefore I ffiall not fcruple to recommend to 
my readers, whom I ffiall alio refer to the diredtkms there given for 
finding the logarithms of all abfolute numbers from 1 to 10000000, and 
vice veifa. But I muff own I cannot with equal juitice recommend the 
method there taken to avoid negative indexes by creating of new ones, 
and by uiing arithmetical complements. It is not to be denied but that 
this fort of pradfice may be abfolutely neceffary to fuch as know no- 
thing of denature and ufc of negative quantities ; but thofc who do, 
I believe, will find the rules here laid down more natural and convenient; 
and as they carry their own reafons along with them, I doubt not but 
that the learner will find them eafier to be remembered, and lefs liable to 
he mifunder flood. 


307. In the tables above recommended, after the logarithms on every 
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and Pro below : thefe two columns, as well as the reft, have been ex- 
plained by the author ; but left they fliould not be thoroughly under- 
stood by what is there laid of them, I ftrall take the liberty by a fingle 
inftance, to explain more at large the reafon and ufe of thefe columns: 
I {hall take my example from the author hirnlelf. Let it then be re- 
quired to find by the tables the logarithm of this number of feven places, 
to wit, 5423758 : to do this, I firft put down 6, the charaderiilie of 
ilie logarithm fought, according to the directions given in art. 394; then 
I conlider in the next place, that though by the help of the tables we 
can find the logarithm of any number under 10000000, yet that the 
abfolute numbers there do not, properly fpeaking, run to above five 
places; therefore I lower the abfolute number given, to wit, 5423758, 
to this 54237 .58, which will not affedt the decimal part of the loga- 
rithm fought ; then fetting aftde the charadteriftic, I take out of die ta- 
bles the logarithm of the five integral places 54237 according to the 
directions there given, and find it to be 7342957 ; this I fubtrad from 
the logarithm of 54238, that is, from 7343037, and find the difference 
to be 80. But the defign of the column of differences is on purpofe to 
avoid this fubtradiion ; for had I taken out of that column the number 
oppofitc to 54237, the integral part of the abfolute number propoled, 
or if no fuch oppofitc number was to be found, had I taken the neareft: 
number above, (not below,) I fhould have found the number 80.1, 
that is, in a whole number, 80, without any fubtradiion. Thus then the 
cafe ftnnds : as the abfolute number propoled 54237 .5 Belies between the 
two neareft tabular numbers 54237 and 54238, whofe difference is 1, 
ih mull the logarithm fought lie between the logarithms of the tabular 
numbers above mentioned, whofe difference is 80 ; therefore I fay by 
the golden rule, as 1 , the difference of the two tabular numbers between 
which mine lies, is to 80, the difference of the two tabular logarithms 
between which the logarithm fought lies, fo is .58, the difference be- 
twixt my number and the neareft lefs tabular number, to 46, the dif - 
ference betwixt the logarithm fought and the neareft lets tabular loga- 
rithm; therefore adding this difference 46 to the neareft left tabular loga- 
rithm, to wit, 7342957, I have 7343003, which being joined as de- 
cimal parts to the charadteriftic 6, gives 6 .7343003 tor thy logaritiuri 
fought. This -number 46, which was the fourth proportional ab or 
found, is called the proportional part, bccaule it is the lame proper-: u- 
nal part of 80, the difference of the two neareft tabular logarithm:, 
that .58, the decimal part of the number propoled, is of i, the diffe- 
rence of the two tfeareft tabular numbers. Whoever attends to the fore- 
going operation will eafily perceive, that tins proportional part 46 wft - 
gained From multiplying 80, the common difference, by .58, the deei- 
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mal parts of the abfolute number propofed ; and the time would have- 
been obtained if the common difference So had fir ft been multiplied by 
„5 and then by ,oS, and the products been taken into one fum : now it 
is to fave thefe two multiplications that the column ot proportional parts 
was contrived ; for whoever looks there for the common difference Ho 
will find all the products of the laid common difference multiplied by 
. r, .2, .4, ,5 &e to .9 inclufively ; and looking for the number over 

again!! .5, he will find the number 40, which (hews that the number 
40 is of the common difference Ho ; lb alfo over a gain ft 8 he will find 
the number 6a, which fhews that the number 64 is ,* of the common 
difference; but we do not want of it, but 8 hundredth parts; there- 
fore he mull not take the number 6j , but a tenth part of that number, 
to wit, 6 .4 or 6, which being added to 40, the proportional part be- 
fore found, gives 46, to be added to the ncareft lets tabular logarithm 
in order to obtain the logarithm fought. 

But when all podible exaCtnefs is required, and no errors arc intend- 
ed to be committed, but fuch as unavoidably arife from the imperfection 
of the logarithms themlelves, I would advife the reader to compute the 
proportional parts himfelf, as above, rather than truft to the table for 
them, though he will rarely find any conliderable difference. My rea- 
son for this advice is, becaufe in the table of proportional parts, no no- 
tice is taken of decimals, whereas thofe decimals ought . not in all cafes 
to be neglefted, at leaft not till the operation is over, and the artift fees 
■what It is he throws away or takes into his account* to leffen the error 
as much as h* can. 

Thus having finifiied all I thought proper to premile concerning the 
Mature of logarithms in general, and of Briggs' s fyllem in particular, I 
Avail now proceed to logarithmotechny, or the art of computing thefe 
logarithms ; and herein i fhall have 1 little regard to the methods made 
ule of by the firfl inventers, which may be feen in Briggs and others, 
as being infinitely more laborious and perplexed than the modern ways 
of effecting the fame. The method I fhall proceed in is the eafieft I 
could think of, both for myfelf and my readers ; for I fhall endeavour 
to make the whole fublifl upon the feweft principles portable, and thofe 
either fuch as have been already explained, or will be explained in the 
oourfc of the work ; and in doing of this I fhall endeavour to deliver 
my thoughts with all the pkinnefs and perfpicuity the nature of fuch a 
iubjoft will admit! ; 


Of 
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Of logari thmotechny, or the conJlruBton of logarithms , 
Proposition i. 

398. In the fame fyftem , the evanefeent logarithms of all numbers gra- 
dually approaching towards unity are as the differences of thofe num- 
bers from unity. 

Let there be two quantities i 4 -z and i-f-y, whofe differences from 
unity, to wit z and y, are fuppofed to leffen by degrees, and at laft to 
vanifli in fome finite ratio : I fay then that the logarithms of 1 -+-z and 
i-f-y will vanifli with them, and in the fame ratio. 

That the logarithms of 1+2; and 1 -\~y will vanifli at the fame time 
with the quantities z and y is evident from hence, that when z and y 
are actually vaniflied, the quantities 14 -z and i-f-y will become each 
equal to unity j and therefore the logarithm of each will be nothing, by 
art. 390, confedt. 1 : therefore what 1 am chiefly to demonftrate in this 
propolition is, that the ultimate ratio of the evanefeent logarithms of 
i-f -z and H- v will be the fame with the ultimate ratio of the evanefeent 
quantities z andjy. 

But before I enter upon this demonftration, I fliall beg leave to remind 
the reader of one thing which I have in fome meafure taken notice of 
in another place, to wit, that though two quantities, after they have loft 
their exigence, be equally nothing, or equally in a ftalp of nothingnels, 
yet it does not neceflarily follow from hence that they" mull vanifli in a 
ratio of equality. * 

Let a parallelogram and a triangle, having the fame bale and being 
terminated by the lame parallels, be made to vanifli by leliening either 
their common bafe, or their common altitude, or both ; then will thefe 
two quantities after they are vaniflied be equally in a Hate of nothing- 
nefs j but if in every inftant of their exigence the parallelogram was 
double of the triangle, it mu ft be fo in the very laft of all, and fo thefe 
quantities will vanifli in the ratio of 2 to 1, For a fuller account of 
evanefeent ratios fee art. 336. 

N. B. Time is made up of moments as a line is made up of Idler 
lines j but an inftant is to time what a mathematical point is to a line; 
it is called in Latin articulus temporis , as being itfelf no part of tune, 
but the meeting of two parts of time immediately fu receding one ano- 
ther, and thereby diftinguifhed one from the other : and it is in tin’s 
fenfe Mathematicians are to be underftood, when they fuppofc a quan- 
tity to be changed in a moment, but to vanijh in an inftant. X fliall 
now return to the demonftration of the propolition, which is as follows. 

K k k k 2 Let 
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Let the ultimate ratio of £ to y be that of 1 to m, and let the quan- 
tity T^z be tefolvcd into a (cries by Nrwton s theorem for the evolu- 
tion of the powers of a binomial already explained, and you will have 


" m m m — i 

1 = i -T- 7“ z -- x - — H- -■ * x — x - ' P ut ? 

for the fum of all the terms of this icries except the finl, that is, let 

m m »> — x w w — i m — 2 

o = — z- Y- — x “X - - x vd cjV, and you will nave 

* 1 I 2 I 2 3 ’ 

? . . '»! 7/7 m — I /)’ 

i.-j-s: -i- 1 -f-y, and z will be to y as z is to - e -{- - - x -- --- w -j-- - 


7)i in — l ni- 


rn — i m — 2 .. , m m m — i . 

X 1 x Gi’, or as i is to p -x z .Ji\ I his n 

23 5 112 

univerfalj but if we fuppofc the quantity 2: to vanilh, then the term 

ffl 1 

— x z and all that follow it will vanilh at the lame time, and 

1 2 

the ultimate ratio of z to y will be that of 1 tow: but the ultimate: 
ratio of.?: to y is alio that of 1 to m by the l'uppolition ; therefore in the 
lalt inll ant of their exiftence, y will be equal to y, in which cafe we. 

fliall have 1 -f -y= 1 + y = 1 -\-z , and the logarithm of 1 -f-y equal to 
the logarithm of 1 -hz but the logarithm of 1+2 is to the loga- 
rithm of l-j-s :ys 1 to m, by art. 390, confeift. 6; therefore the loga- 
rithm of i -he. is to the logarithm of j-f-y as 1 to m ; that is, the ulti- 
mate ratio of the evanefeent logarithms of 1 ~hz and i-hy is the fame 
with the ultimate ratio of the cvanelcent quantities z andy. 

In like manner it is demon ft rated that the ultimate ratio of the eva- 
neicent logarithms of 1 — z and 1 — -y is the fame with the ultimate ratio 
of the cvanelcent quantities — z and — y ; to wit, by throwing into a 
teries the power m of the reiidual 1 — z , as before we did the lame power 
of the binomial i-f-2. 

This proportion might alfo have been demonftrated another wav, 
founded upon the 298th article, thus: iince the quantities n-« and 
irf-v approach infinitely near to unity, it follows from what was obler- 
ved towards the latter end of the article above quoted, that the difference 
z will be to the difference y as the quantity of the ratio of 1 -f z to 1 is 
to the quantity of the ratio of i-f-y to 1 : but the quantity of the ratio 
of 1 -fz. to 1 is to the quantity of the ratio of i-f-y to 1 as the meafure 
of the former ratio is to the meafure of the latter/ that „is, by art. 391, 
as the logarithm of i-bz is to the logarithm of i-f-y j therefore the 
logarithm of ihhsj is to the logarithm of x-by as z is tQy. ^ E. D. , 

Since * 
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Since ultimately the logarithm of 14-2 is to the logarithm of 1 4-y as 2 
is to y, it follows alternately that the logarithm of 14-2 is to z as the lo- 
garithm of 1 4 -y is to y. "Here then we have a foundation for raifmg 
as many different fy items of logarithms as we plcafe, by aligning what 
ratio we pleafe for the ultimate ratio of die evanefcent logarithm of 14-2 
to the cvanelcent difference 2. As for example, if in the laft inftant of 
their exigence we fuppofe the logarithm of 14-2 to be equal to z,. the 
logarithms derived from this fnppoiition (as in the next article) are com- 
monly called Napeir’s logarithms, by fbme natural logarithms, by o- 
thers hyperbolic logarithms, from the relation they have to a certain pro- 
perty ot the common hyperbola : but if we affumc any quantity as p 
different from unity, and fuppofe the ratio of the logarithm of 1-4-2 to 
the difference z to terminate at la ft in the ratio of/» to 1, we fhall then 
have a foundation for a fyftem of logarithms different from the former * 
for the logarithms of this fyftem will be to. Napeir’s logarithms of the 
tlie lame natural numbers as p to 1 . Thus if p be taken equal to 
,434294418 190-5, we fhall have a foundation for railing Briggs’s loga- 
rithms, as will be fliewn in it's proper place. 

Proposition 2. 


399. To find Napeir’s logarithm of any whole number or fraction wbaf- 


Cases. < 

Let z be any number lefs than unity, and let it be required to- find 
Napeir’s logarithm of the number i-f-2. 

S O L U T 1 0 N. 


Affuming any number as m for the index of a power, let the quantity 

34-2" be expanded into a feries, Newton’s way, and you will have? 

m m — t m — 2 

* 4 x — x 2 J &c : make 

12 3 

m m in — - 1 m 

1-4-7 equal to 1 ~\-z , and you will* have 7— ~ 2 -f- --- x — ■-—2*4 — - 

* • * i I L 

— — 1 Til — % ^ 

x x 2 1 &c j divide both fidcs by m, and you will have *^7 

2 3 

~4 2‘-f- x -z’ &c : this equation is umveriaij be 

^ ^ 3 *>■ 

the index m what it will. Let us now fuppofe the index m to vaflifh 
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into nothing, and then the quantities , , ’ &<: will bc- 

2 3 ' 4 

come — - , — , — -■ }-?c : for the index vi being now infinitely fmall 
2 „ 3 . 4 

in companion oft lie fratTions joined with it, or rather nothing, it may 
be dropped on that itcie ; hut it mull by no means be dropped on the 
other iide, becaufe though an infinitely fmall quantity has no etfect 
when added to or fu bundled from a finite one, yet it has an infinite 
-effect when any quantity is multiplied or divided by it : therefore in the 


lad inftant of m we have - ~ - 

/U 


X X 


s-fi- — s‘4- x — 

2 2 


— Z’-f-' — X- 

2 9 


— I —2 --3 —4 ■ 

x X X X' 

’ 3 4 5 


2 3.4 j ’ . 3 4 5 o 

where the fign -{- is only uieJ to iignify that the fublequent terms, 

whether affirmative or negative, are as fuch to be added to the antece- 
dent ones* But x therefore ©r * - x 

2 


therefore 


■ x • ■ x - 


-4 "+- 1 


therefore 


-4 —5 i 

— x — 7 or - x 

5 6 5 


7 CSc : there- 


fore in the lail \ : nflant of ///, the fraction - is found to be the funi 

771 

of the following feries, s — — \z 6 -b &c ; but 
the fum of this feries is a finite quantity, which I thus demonftrate. 
The fum of the following feries, to wit,- z-{-z x -4-z i -4-z*-4-z' i -i- z* &c 


is a finite quantity, and equal to the fra&ion as will appear 

by dividing the numerator of that fra&ion by the denominator ; but 
this laft feries is greater than the former, and therefore the fum of 
the former feries mu ft either be a finite, or an infinitely fmall quantity ; 
but an infinitely fmall quantity it cannot be ; for the firft couple of 
iterjuis conftitutes a finite quantity, and every fucceeding couple makes 
fome addition to the former j therefore when in is evanefeent, the frac- 

J C/‘ ■*-* S oj® 

lion “ , or the fum of the ieries z — ---f- — — — ~ Gfr is a 

m 2 3 4 56 

finite quantity j tlicrcfore the ultimate ratio of q to m is a finite ratio j 
whence it follows that when the index m vaniffies, thfe quantity q will 
vanifh with it : but q in it’s evanefeent ftate is Napeir ’ s logarithm of 

tybq by the laft article, and conlequently of i -4-z by the fuppofition ; 

but 
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but if Nuprin’ $ logarithm of 1 -4- % be equal to q in it’s laft inftant, then 

Nupcir s logarithm of i-\-z will be - f - by art. 390, confed. 6, or the 

z 1 s’ z* z i z" 

fum of the feries z — — -+- ~ -f- 

"2 3 4 5 0 

Case 2. 


I.et us now change the fign of z r and by this means the figns of ail 
the odd powers of z will be changed ; but this will not affed the even 
powers, and therefore they will continue the fame as before, and we hall 
have Napcir s logarithm of 1 — z exprelled by the following feries, 
z" *•* z* 

£V. 

4 

Case 


Subtrad the logarithm of 1 — z in the lecond cafe fiom the logarithms 
of 1 -f--' in the nrll:, and there will remain Napcir' $ logarithm of the 

1 -4- z 2 Z S 2 z f 2 z r 

fradion hy art. 390, confed. 4,. to wit, 2 z 4- -7- + -7 — l — ~ 

1 — ~ 0 5 7 


2 . X 9 • r 

. r — _i_ & c which feries converges much fader than cither of ther 

former. Now fmcc 2z*z 1 =2z' > and 22-. 5 x~ l gi vesicas* cfc, we (hall 
have the following theorem for computing Napcir s logarithm of thee 

fradion Make 23 = A, A 2 *=B, Bz s = C, CV=D, Dz*=e 


E &c, tfW Napeir’s logarithm of the fruition 


1 + 


t — 2 


'u ; // he A d* 


B 

3 


C D E # 

-J— — — &C. 

c 7 o 

C A s Z 4* 


Let now any fradion as j be propofed, whole numerator is greater 
than the denominator, and let it be required to find Napcir’ $ logarithm' 

' p j ■ n1 1 ^ 

of this fradion. Make - = — and rdblving the equation, \ou wilt. 

S i ■ £i 

have *s=s— T“*. Make therefore —p-sse*, 3Z=A, A2 l 3ssB» Bz ’cstC^ 
r ••tr # r $ 
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r 

Cz*=D, Dz*=E &c, anil you will have Napeir’s logarithm oj ~ or of 

i-+z . B C D E . 

" ,iit '" 1 - 1 zzz A -f- — 4“ ' — *f* -f- * — &c. 

I 3 5 7 9 

JV. J 5 . The lefs the quantity ~p~r~ or is in rcipect of unity, the 
/after the feries A } B, C, D, E &c will converge. 

Case 5. 

Let now the fraction ™ be propofed, whofe numerator is lefs than the 

.denominator. Now to find Napeir' s logarithm of this fraction, fir ft in- 

r 

vert the terms, and then find the logarithm of - by the laft cafe j tliis 
.done, prefix the negative lign to the logarithm thus found, and you will 
have the logarithm of the fra&ion ~ : the reafon is, becaufe thefe two 

y So rs 

fractions — and - being multiplied together produce — or 1 ; there- 
fore their logarithms added together make nothing ; therefore the loga- 
rithm of ~ is the negative logarithm of - . 

Propositio n 3. 

400. compute Napeir’s logarithm of 10 by the help of the foregoing 
proportion. 

Briggs’s logarithm of 10 is known already, being intended to be 1, 
And confequently his logarithm of’ 100, tooo, 10000 &c is 2, 3, 4 &e 
refpedtively : but before any of the reft can be obtained, (for at prefent 
we are to fuppofe no fuch logarithms as yet in being,) it will be necef- 
fery to compute Napeir’s logarithm of the fame number ; that fo by 
obfcrving the proportion of thefe two logarithms, and confequently of all 
others pf the feme natural numbers, we may be the better able to fur- 
nifb out a feries for the computation of Briggs ’ s logarithms. Now if 

NapetYs logarithm of 10 or ~ was to be computed at one operation by. 

the Mj> of the theorem laid down in the fourth cafe of the foregoing 
jxdpofition, the work would be found intolerably tedious j becaufe the 

number . 
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number 2, which in this cafe is or — is fo near unity, that the 

1 0 -+-I IX J 9 

feries would converge too flow : let us therefore try whether we cannot 
fucceed better at two operations, thus. The number 10 may be confi- 
de red as the product of 8 multiplied into or * ; therefore the logarithm 
of 10 is made up of the logarithm of 8 and the logarithm of | put to- 
gether ; but the logarithm of 8 is three times the logarithm of 2, becaufc 
8 is the third power of 2 : therefore the whole bulinefs is now reduced 
to the computation of thele two logarithms, to wit, the logarithm of 2 
and the logarithm of *, the former of which may be had without much 
trouble, and the latter with a great deal of eafc. - 

2 2 ~ ~ j 

Firft for the logarithm of 2 or — . Here it is plain that 2 or 



= — , and z 1 -- ; therefore if we make 2 z or - = vf. Az 1 or — ~B„ 

3 9 • 3 9 

jq C 

— = C, - = D &c, we fhall liave Napeir’s logarithm of 2 equal to 

B 9 C D E F G H _ 

A *b d — 4 * —t~ — {— ~ — f~ * — t— Gif ! or if we make 2 — A y 

3 5 7 9 13 J 5 

A B C 

— — B, — =C, — = D &c 3 we fliall have Napeirs logarithm of 8 

9 9 „ 9 o'" 

, A B C D E F G H 

equal to ^-1- — -h — — -t- -- -b ” -b — ; for by making 

A~ 2 inflead of *, the firfl term of the feries, and conl&jucntly 3II the 
reft, are multiplied by 3 ; fee art. 383. 

Next for calculating the logarithm of we have z or ~~ = - , 

r 2 K ■ L M 

and 2* = rr » therefore it we make — = 7 ^ rr- = L, = M, 5-7 

bi 9 Ol ol Oi 

5 L M N 

= N &c } we fliall have Napeir ' s logarithm of — =K-\- — - -f- ~ -b 

&c. But here it luckily happens that every term of this ferae* is equal 

to every other term of the foregoing feries exprefling the logaritlim ot S: 
for beginning with the term B, we fliall have K—B> L=D, 

2 A T K 

N=zH &c, which I thus demonftrate. L> — g- 

B C LDE MFG 

^zL jy. M -~~ — __ — _ — v. N=7r = <r~ *= — = 7 /, 

8 r 9 J m ITi 81 9 81 81 9 * 

GiV. Therefore in calculating the logarithm of | we fliall have no occa- 
fion for any new feries, but may take every other term of the feries ai- 
’ L 1 1 1 ready 
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ready computed for the logarithm of 
8, beginning with the term B ; and fo 
we fbi-a.ll have Nabeir's logarithm of \ 
... . D D F H 

,35 7 

Tv. jB. It we would have a loga- 
rithm true to any number of places, 
it will be proper to compute it to a 
place or two more than are intended 
to be true, that an error in the laid 
place, or perhaps in the laid but one, 
may not influence the reih 

•See the work, where B is the quo- 
tient of A divided by g, C that of B 
divided by 9, and l'o on. 


A 

R 

s 

C 

D 


A 2 

.OOOCOGOOCOOOOO. 

B 

22222222222222. 

C 

2469135802469. 

D 

274348422497. 

E 

30483158055. 

F 

33 e 8 7 ° i 7562 . 

G 

^76335285. 

H 

*•418 £ 5O32. 

I 

* 4646 I I 5. 

K 

516235 . 

L 

57359 - 

M 

6? 73 * 

N 

708. 

0 

79 * 

P 

9 * 

9 

x . 


1 1 
G 

1 3 
If 


*7 

>9 

L 

21 

M 

*3 

N 

o 

-7 


2. 0000000000000 a. 
7 -f ° /+0740740: 
493827160494. 
3 9 1 9 - 6 3 ‘ 7 8 S 
3 3 8 7 o 1 1 5 6 - 
3O79IO687 
28948S6S 
2l 7 8 7 6 6 9, 
27330 r. 
2 7 1 7 o- 
2731. 
2 7 7. 
2 8. 

<w 

3 * 


8. 20794. 41541679 


B 

/) 

* 

F 

if/ 

7 

at 

A/ 

1 1 

O 

n 


222222 2 7222 7 . 

9 1 4 4 9 4 7 4 J 6 6. 
677403512. 
?? 7 3 5 7 6, 

> 7 3 5 9* 
5 7 9- 
6. 


£*£. 10. z .} 0 2. 5,8 509299402, 


W. B. Naptir's (rue logarithm of 1 0 lies between 2 .3V2 5 8 509299404. 
and 2 .30258509299405* 

Pro- 
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O T LOGARITHMS. 
Proposition 4. 



401. I’o find Briggs’/ logarithm of any whole number or fra ft ion what- 
ever. 


Solution. 


Briggs's logarithm of any number is to Napeir’s logarithm of the lame 
number as Briggs’s logarithm of 10 is to Napeir’s logarithm of 10 ; that 

is, by the laft proportion, as 1 is to 2. 302585093, or as ^ ^ - 

is to 1, that is, throwing the fraction into decimals, as .4342944.819 is 
to 1. Make this number ,4342944819=/*, and then we (hall have 
Briggs's logarithms to Napeir’s logarithms as p to 1 ; that is, if any of 
Napeir’s logarithms be multiplied by p, the product will be Briggs's lo- 
garithm of the (ame number : but Napeirs logarithms will be multi- 
plied by />, if the firft term of the lefies which produces them be fo mul- 
tiplied, by art. 383. If therefore - be the fra ft ion propofed, and z be 

b 

r — $ 

taken equal to inficad of making 2Z=A as before , make 2p z=A, 


Az*=B, Bz*=C&c, and you will have Briggs’/ logarithm of - equal 

B C $ 

to A+ — -+- j- &c. As for example, let it be required to find Briggs’s 

logarithm of the number 2, or of the fraction * : here I might make 

1 1 2 p M A B 

.z=— , z'=— , i.pz or — = rl — =zB. — — C &c. as before: but 

3 9 3 9 9 

for variety’s fake I (hall take another way for finding this logarithm, which 

is alio more expeditious. Firfl then I feek out for two powers of the 
numbers 1 o and 2 which do not differ very much from one another ; 
and fuch are the numbers 1000 and 1024, the former being the third 
power of 10, arid the latter the tenth power of 2 j then fince the num- 

IQ2.1 

ber 1024 is the produdl of looo multiplied into the fradion it 

follows that the logarithm of 1024 is made up of the logarithm of roo o 
and the logarithm of added together ; but Briggs's logarithm of 

1000 is known already to be 3 j if therefore Briggs’s logarithm of 
. * L 1 1 1 2 be 
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be computed, and added to the number 3, you will have Briggs ' s loga- 
rithm of 1024; the tenth part whereof will be the logarithm of 2, be- 
caufe, as was laid before, the number 1024 is the tenth power of 2. 

24 3 9 

or z— — — or ~, s* = 7 , 2 f>z or 

2024 253 h.inntV i 


„ . r 1024 r 

Here then - = , - 

j 1000’ r 

25. 3 64009 1 


fore — — or A- 


s 

9 B 

64009 


2 5 3 

Or C=. OOOOOOCC02 ; 


0102994739, g- — or B-- 
B C 


= .0000004 


64009’ 

C Gf c. But p— .43429448 1 9 ; there- 

q /1 qB 

" =.0000014482, 

641009 

= .0000000000 j thcrc- 


9 ') — 
“/ ’ 


0 5 

B • , 1024 

fore A-\- ■- ■ -, or the logarithm of — — is .0102999366 ; add to this the 
3 ’ - 1000 yyji 

logarithm loco, which is 3 , and you will have the logarithm of 1024 

equal to 3 .0102999366, a tenth part whereof is Briggs' s logarithm of 

2, to wit, .3 :> 102909 566, all which eleven places are true; fee Briggs ' s 

logarithm of 2, folio edition. But if feven of the firfb places be taken, av 

in the common tub!- , and lb taken as to make the leaft error, we fhuli 

then have Briggs ' s logarithm of 2 equal to .3010300. 


ROPOSIT ION 


402. To crnftrtiA a table of Briggs’ s logarithms of all -the natural num- 
bers from^ 1 t <7 ! oocco. 

N. B. To ihorten, or rather lo fiee our expreffions from the incum- 
.berance of word \ we Avail make ufe of the letter L. to fignify the loga- 
rithm of: tlius L. 2 iigniiies the: logarithm of 2, L. \ iignllies the loga- 
rithm of the fraction L. 8 = 3 L. 2 figuities that the logarithm of 8 
is equal to three times the logarithm of 2, &r . 

Whoever undertakes to conftruct a table of logarithms, mu ft not think 
of doing it per filium , but by a regular progrel's from one number to 
another. The logarithms of all compofite numbers, that is, all fuch as 
arife from the multiplication of others called factors, arc eafilygotby the 
addition of the logarithms of thole fat tors : thus L. 4=2!/. 2; L. 10 
= L. 2 -f - L. 5, and therefore L. 5 ft.io — L. 2 ; L. 6 = L. 2 -f- L. 3 ; 
Jj. b’ = 3 L. 2 } L. 9 = 2 L. 3, &<: ; fo that by the help of the logarithms 
of the three prime numbers 2, 3 and 7 may be had the logarithms of all 
numbers under 1 1 : now of tilde three logarithms, that of 2 was calcu- 
lated in the laft propofition, and thole of 3 and 7 may alfo be had di- 
rectly from the tame propofition, to wit, by confidering the number 3 
as the produd: of 2 xj, and fo rcfolving it’s logarithm .into 2/. 2 *+•■£. I* 

and 
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and the number 7 as the product of 6 x|, and fo refolving it’s logarithm 
7 - B C 


intoJL;6-+-X/. 


6 . But becau fe the ferres yf H h~ &c, exhibiting the 

3 5 


logarithms of \ and £ &c y converges flowed at the beginning of the table 
of logarithms, I fhall propofe other expedients for finding thefe loga- 
rithms and firft for the logarithm of 3. 

The number 8 1 is the product of 80 x§? ; therefore L. 8 1 =L. 80 - 4 - 
il. f-i but L . 80 = //. 8 -hi/. 10 or 3L. 2 ioj and maybe 
very readily computed by the leries of the laid proportion ; for if the 
logarithms be computed to ten or eleven places, in order to have feven 
of the firft places true, which we fhall all along fuppofe in theft calcula- 

(ions, the two firft terms of the feties, to wit A+~, will be fufiid- 

o 

(p 

ent i for the next term — (which is ,0 0000000000 &s) can only afFcdl 

the twelfth decimal place and thofe that follow if. Having now got 

the logarithms of 80 and their fum will be the logarithm of Si, and 

l of that fum the logarithm of 3, becau fe 8 1 is the fourth power of 3. 

The logarithm of 7 may be load moft compendiouily thus; the fourth 

power of 7 is 2401} therefore qjL. 7 =.£,.240 1 j therefore L. 7=2 

L. 24.01 ' 2401 _ T 

■ ; but 2401= 2400 x i thereiore- L. 24c 1 — L . 2400 -h* 


4. 
2401 


2400 


L. : now 2400 is the product of 2x2x2x3x1009 therefore L . 2400 
= 3 L. 2 -f- L. 3 + 2 ; therefore L. 2400 is known : it rdhmins then that 

_ . -■ — -■ — - then we 

2401-1-2400 4001 

ibal! have x? = t : ~: ; therefore in this cafe, 2p z or yf=s- 


„ r 2401 . 

wc compute by making 


23049601 ' 


.0001809183428, Ax' or JB = . 0000000000078*; , 


.868588963806 

4801 
JEt 

whence — = .000000.0000026 : whence it appears that the firft term 

A will give L. ~~ true to eleven places, (and the tart i and fccond 
JS 

terms A-\~— to feveral places more;) and this logarithm added t& 

£.2400 will give X..2401, whole fourth part i L. 7. 

Before I proceed any further, give me leave to . bftn e that the logs* 

• rithm of 3 might have been computed indepa •> vinly of ul\ oilier logo* 

rkkm 
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i 


rithms but that of io, thus: 9 x '| = i o ; therefore L.g-hL .'^ — . 
therefore 1 — L. 9, whofe half is L. 3 : here then we mull com- 
pute L.~~, by making 2;=— and z 1 ■, for then we ftiall have 2 j>z 

or .^=.045715208621, A* or £=.000126634927, Bz * or C= 
.000000350789, Cz 1 or D = .000000000972, Dad or £= 
.000000000003 : whence we have again 
^ = .04571 520862 1. 

— = .000042211642. 

8 

C 

— = .0000000701 58. 

5 

D 

— = .000000000139. 

_7 _ 

L. “ = .045757490560. 

Subtract this laft from L. 10 or 1 .ocoooooooooo, and you will have 
L. 9 = . 954242509440, and L. 3 = .477121254720, all which twelve 
places are true. 

The ten firft logarithms being now computed, or being fuppofed to 
be computed, theij? will be no occaiion after this for any other artifice 
than tliat which Allows. Let n be any prime number, and let the lo- 
garithms of all mfinbers lefs than n be fuppofed to be known : now fincc 
n is a prime number, and coniequently cannot be divided by 2, it muft 
alfo be an odd number; therefore the next number above it, n~\~ r. 


muft be an even number ; therefore 


u- f- 1 


muft be a whole number; 


therefore L. n -f- 1 muft be looked upon as known, being equal to 
JL.2-\~L. : but L. n — 1 is known cx hypothefi ; therefore the lo- 


garithm of n — 1 x«+i, or of nn — 1 will be given: but the logarithm 
of nn is equal to the logarithm of nn — 1 added to the logarithm of 

i compute therefore this laft logarithm by the feries, to wit, the 

logarithm of making ~ z > an< * ^is added to die given 

logarithm, of nn *— 1 will give the logarithm of nn> half whereof is the 
logarithm of n, Ex.gr. the next prime number whole logarithm is to 
be found is 11 > now L. 10 is known ex bypotbeft % and L. i2 = £.2 * 
HhXk 6 j therefore h. 10-+-L.12 or L. 120 is given: but u*s»i2i * 

compute 
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I 2 I I 

compute therefore by the feries L . — making — — = 29 and this lo- 

1 20 2 ai. 1 


garithm added to L. 120 will give L . 121, wliofe half is L. 1 1 } and 
in this calculation, and confequently in all thofc that follow, then; will 
l>e no occafion for more than the two fidt terms of the feries. And if 


this method be purfued, after forty of the fill logarithms are obtained, 
the fidt term alone of the feries will be fuibcient ; for the next prime 
number being 41, whofe iquare is 1681, the next logarithm to be calcu- 


lated will be that of where the hr A figniiicant figure of the fe- 


cond term — hath eleven decimal cyphers before it. And thus the noe- 

3 .... 

rator will find his labour diminifh fo fall upon his haneb, that 1200 lo- 
garithms being thus obtained, he may proceed to the roll in a more di- 
red: manner ; that is, he may find the logarithm of 1201 only by cal- 


culating the logarithm of the fraction 


r :.o i 
1 200’ 


and then adding this logarithm 


to the logarithm of 1 200, for which purpofe the firfl term A of the feries 
will be lufficient to give the logarithm of 1201 true to ten decimal places. 

Thus may an inure fyflem of logarithms from 1 to 100000 be ob- 
tained true to as many decimal places as we pleafe; but this (dunks 
fo our prcdeceflors) is already done to our hands. Mr. B>'iggs has left 
us tile logarithms of thirty one chiliads (from one to %o thou {and, and 
from 90 thou land to 101 thouiand) to fourteen decimal places; and 
M. Vhicq lias given us an intire canon of logarithms to ten decimal places*, 
and certain it is that nothing but the extraordinary ufcfulnefs of there 
numbers could ever have obliged the undertaker* to fuch indefatigable 
p..ins and induftry as they employed in their way of obtaining them. And 
yet this doctrine of logarithms was not fo thoroughly cultivated by the 
fir lb inventers, but that the moderns have found many and great ulis of 
thde numbersthat were not fo much as thought of by them : in Alge- 
bra, , as in the refolution of cubic, and conkqiu ntly biquadratic equa- 
tions ; in determining the uncut of the highef powers of a binomial; in 
the refolution of many curious problems relating to choices, &c : in 
Geometry, as in the quadrature of binomial and trinomial curves ; in the 
rectification of curves; in the menfuration of fur face c : in Mechanics, 

as in determining the centers of gravity of many bodies ; in den, n mining 
the nature and properties of feveral mechanical curves, as the cat inaria ■ 
and others.: in natural Philolophy, as in determining the denlity-ofithe 
atmofphcre at all altitudes, and upon all hypothecs of gravity; in detes* 
mining the refinance of fluids in all cafes of motion, (sc.,. • * 
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Proposition 6. 

403. To find the natural number to any of Napeir’r logarithms given. 

S o l u t 1 o N. 

Let l be the given logarithm, and let m be any indefinite number fup- 

jpofed to be increafed ad infinitum ; then will it’s reciprocal — be dimi- 

niilied ad infinitum , fo as at laft to become Napeir's logarithm of the 

number 14- — : but if 1 4- — be a number whole logarithm is • ,theu 
m m m 


will be the number whofe logarithm is / j therefore the numbet 


fought is the laft magnitude of the quantity 1 4- — when the index m is 


/ 

increafed in infinitum. Now the quantity 1 4-- when expanded in- 
to a feries according to Newton's theorem for evolving a binomial al- 

1 . • 1 , m . / m — 1 •_ / m — 2 / 

ready explained, will be 1 4 - — A ^ 4 — B — 4- — : — C 




m 


3 „ L 


m 


l 


l 


D — &c •* of which feries the fecond term - A -~—A~ , the 

ffl T ■M'l 1 * 


m 


m — 1 / m — 1 _ / 1 / ... 

third term — - — B — == B -~i x.B~ ; in like manner. 

2 m m 2 m 2 * 


•the fourth term 


m 


l 


=1 . 4-1 


— C -=i 
3 nr 1 


1 l 

— xB -. 4 - 1 
m 2 


2 / / 

— xC'- &c. Therefore 14 

m 3 m 


Z xC j- +, -** D } &e - TUsis 

universal j but if we fuppofc the index m to become actually infinity .the 
1 2 3 

quantities — , — , ~ will become aftually nothing, .and % be lajl 


magnitude of the quantity 1+^ , which is the number fought , mil be 

A l I 1 __ t 1 1* I» 

2 +A 7 +B - -*-C j+T>~ &c=i 4* ? *7^ + 777^ + 

1x23*3x4 &c# < ^ 33, I * 


Whence 
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Whence e convcrfo, whenever we meet with a feries of this kind 
II* 1» \* J * 

1 + 7 + 771+ 77777 + 7xT777i &c . the f um °.f A* « f<- 

ties will be the natural number to Napeir’r logarithm 1, or to Briggs’* 
logarithm 1x434*944^1903. But if the terms of the (erics be aitcr- 

1 > ’ V 

natcly ajjirmativc and negative , as 1 4- — 4. 


1x2x3 


1 x 2 x 3 x 4 


&c, then the fum of the j 'cries will be the natural num- 


ber to Napeirb logarithm — 1 . 

What lias been delivered in thefe few propositions mav ferve as a Spe- 
cimen, amongft an infinite number of others that might be given, to 
fhew by how eaiy, how Simple, and natural Heps this doctrine of infi- 
nites leads 11s into the molt ubftrufe, as well as the mod fublime parts of 
mathematical knowledge : and it vyere to be wiflied that thofc who are 


lb very clamorous againft it, would advance any thing like this from their 
idea of infinity to recommend it, which hitherto has produced nothing 
but jargon and confulion, noil'e and nonfenl'e. 


Proposition 7. 

404. 'To find the logarithm of any number not exceeding ten places by 
Vlacq’i canon magnus. J 

This is the only intire fyftem we have, that I know eff, where the lo- 
garithms are continued fo far as to ten decimal places : tho£p indeed pub- 
lilhcd by Mr. Briggs run to fourteen ; but the chiliads are not compleat. 

When the logarithm of any number is required, it is ufual to take the 
logarithm belonging to the five firft places out of the tables, and then to 
i'upply tine reft from a proportional part of the difference, which, where 
the logarithms run net to above eight or nine places, may do well e~ 
nought but when they run further, the proportional part may want 
correcting ; and to find that correction is the defign of this proportion. 
But fil'd 1 muft demonftrate the following lemma, to wit, Suppfng p— 
4342944819, as in the fourth proportion , let s reprefint any number trJ 
Ay} than iocoo, and t any number not greater than unity ; I Jay then 'eat 

S — f” t 

the firjl term of the (erics exhibiting the logarithm of the fraction 


to wit — 4 — , will give that logarithm true to above thirteen places, and 

confequently to a much greater degree of exa&nefs than Viacqb canon re- 
quires. , 

M m m m To 
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2 ft 


To cfcmonftrate this, let us put the cafe where the firft term ^ ^ < 

S —f“ t 

•differs moll front the true logarithm of the fra&ion 


• r that is, let 


5-+"/ 

tts fuppofe s = ioooo and /= i ; then we Avail have — — equal to the 

fradion — , the difference of whole terms is i, and their fum 20001 ; 

therefore mi this cafe. r = — - — , but it will be futiicicni for our pur- 

pole to make ?;=— ■, then fince A or the firlt term of the leries is 

B 

2 pz, we lliall have Az' or B—2pz\ and - or the lecond term of the 

P 


/cries — 


■7.pz> 


.00000000000003 : here then 


3 12000000000000 

it is plain that the lecond term of the feries, when it is greateft, amounts 
not to above 3 in the fourteenth place ; but generally /peaking, it makes 
not it's entry till the fifteenth or lixteenth place ; for certainly this term 

t ? - ? - w iU be greater or iefs in the fame proportion as z 1 is greater or 

lefs ; and therefore if in any cafe 2: be but the tenth part of what it is 
in this, the liieond term there will be but the thoufandth part of what it 
is here. 

This being allowed* let the number whole logarithm is lequired be 
I234556789 : here having put down 9 for the charadterillic of the lo- 
garithm fought, I point the number propofed thus, 12345.56789, ma- 
king the five firlt places integral, and the red, be*they fewer or more, 
decimal* fee art. 393 paragraph 2 : then making the integral part 12345 

s t 

equal to and the decimal part .56789 = /, the logarithm of 

2 p f 

will be as m the lemma ; and this logarithm added to the loga- 

rithm of s taken out of the canon , will give the logarithm of s~\~t re- 
quired. 

zpt 

Let U3 now try whether we cannot reduce this logarithm •*-—-• to a 

2 S •p t 

mote ffmple cxptelhon : in order to which, let c be the logarithm of 


i—*r 



404 . 


to any given number of ten places. 


. 5 -f - 1 


643 


d the logarithm of . and make c — d—e-, then c will be the 

difference of the logarithms of s — 1 and s, d will be the difference of 
the logarithms of s and ;+i, and e will be what is called the iecond 
difference of the three logarithms of s — i, j and 5-4-1 j the former two, 
to wit c and d, are expreffed in the canon , and this laft e will be the 
difference of thofe two differences. From thefc definitions of c, d and e, 
and from the foregoing lemma, I draw the following equations, to wit, 

2 p , 2 p . 4 p 

- — J — and c — d or e— Now fince d= 


2 5- 


l’ 


25-4- i' 


2 p 


we fhall have 2p — 2s-\~ ixd, and 


4 j x — 1 
4/- 


or e: 


25-4-1x2*/ 


2 s — t- i ■* 455 — r 4 ss — 1 ’ 

divide both the numerator and denominator of this laft fraction by 25-4- 1 , 

.2d 2 d 

and it will be reduced to — ; ; therefore <?= — r. Again, fince 


25- 


2 s ■ 


2 pt 


2 p— 2 s-\- i *d as above, we fhall have — — or the logarithm of 

2 S *"T*" * 

j f 2 j . j 

, equal to — — — x dt : let v be the complement of t to unity, that 

S 2 , S Hr ► 


is, let f-hv 


v 


= i — {— 


, t 25 - 4-1 25 - 4 -/- \rV 

1 j then you will have ^777 = -777— 

2S 4* i dtv ,J 

, . , whence —xdt=zdt-+- - — — ; fo that the logarithm of 

25-4-/ 25-4-/ 25-4-/ y 0 

5-ht , dtV 

is now found equal to dt -f- “ — r~ : inftead of 25 - 4 -/ in the deno- 

s n 25-4-/ 

ruinator of this laft fraction write 2 5 — 1, and the error when greateft 

will not amount to fo much as 4 in the fourteenth place, as will befi 

be feen after what will be delivered in the next article > then inftead of 

dtv ... , dtv 1 2d 

— you will have , or - etv, fince = e as above; and 

2 5-4-/ J 25— -r 2 25 1 

5 - 4 “/ 

the logarithm of —7— will be found at laft equal to dt-t [etv. 

This being obtained, I fhall in the next place find the proportional 
part, in order to compare this logarithm with it. I fay therefore, as 1 
the difference of the numbers 5 and M-i, is to d the difference of their 
logarithms, fo is t the difference of the numbers s and 5-4-/, to dt a 
proportional part of the difference of their logarithms ; by which wo 
learn, that of the two parts dt and {etv, which compote the logarithm 

of - ~7" , the firft and moft confiderable part dt is the proportional part, 

M m m m 2 aod 
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and therefore the other {civ may be called the correction of the propor- 
tional part. 

Let us now return to the example formerly propoted, which was to 
find the logarithm of the number 1234 556789. Here then by the canon 
we find the decimal part of the logarithm belonging to the five firit 
places equal to .0914910943, <.'—.0000351812, </= .00003 51 78 3, 
c — d or <■= .0000C0002 9 ; whence dt— .00001997741 : but in cor- 
redting the proportional part, there will be no occalion for m<jre than two 
places of the number t ; therefore in this cafe I make .57, and con- 


fequentiy 1 — / or r— .43 j whence /■:>— .245, 



.0000000005 5 


i- j this correction added to .00001997741 the proportional part before 

„ S t 

found, gives the logarithm ot — (;us far as can be evpreifed by ten de- 


cimal places) equal to .0000199778 ; and this lath logarithm being added 
to 9 .0914910943, the logarithm of 1254500000, gives the logarithm 
of 1234556789 equal to 9 .09151 10721. 

Note. Thefe operations may be contracted by Mr. Ought red ’s rule, 
which I would have the reader learn at his leifure, and pradtife as occa- 
lion requires. See Ought red's clavis, of multiplication contradted. 

Now if we would apply this rule for finding the proportional part dt, 
w r e mull obferve*. that 3, the laft figure of d, is fuppofed to be in the 
tenth decimal plr.ee, the index of which place according to Mr. Ough - 
l red, is — 10; therefore to have eleven decimal places as nearly as they 
can he obtained, I place 5, whole index is — 1, under 3, whofe index 
is — 10, that the lath figure in the product - towards the right hand may 
be in the eleventh decimal place. See the work. 

.000035 1783 =</ .57 —t 

98765 .— t inverted 34.=^ inverted 


1758915 
21 1070 
2462 5 
2814 

3*7 

.0000 1 99774 1 "dt 


228 

*7 

.245=/^ 

9200000000. =r inverted 

49 

22 


Whence 


etv 

~~2 


ss ,0000000003 5 


.0000000007 1 sxetv . 
-K 
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405. In the laft: article, the fecond difference e was found to be 

777^-7 = 7; very nearly: whence wc may conclude that this fecond 
difference will be greateft: when s is lead, that is, when s is equal to 
10000 } fubftitute therefore 10000 in (lead of s in the value 7, and you 


will have the greateft lecond difference that can ariie equal to ~~ 

1 00000000 

= .ooco 000043. Again, if inftead of \e in the correction \etv, be 

P * P t*o 

fubAituted it’s value — - , the correction will then be equal to - — : 

2$S* 1 2 SS 

whence it follows that this correction will be greateft when the produdt 
t v is greateft, and at the fame time the number s is leaft, that is, when 
/r = j, and s— 10000 : for the ft im of t and v being always equal to 
unity, their product tv will be the greateft when 1 and v are each equal 
to l, as will ealily appear upon examination : fubftitutc therefore i in- 
ftead of tv, and 10000 inftead of s in the value of the correction 
and you* will have the greateft correction that can happen, equal to 

80 000 - 00 0 ~ • <:>00000000 54 i for though the logarithms of this canon 

do not extend to above ten places, yet it will be proper to compute both 
the proportional part and it’s correction to eleven pjftces, in order to 
make fure of ten. 

From what has been delivered in the laft article, it may be further 
obferved, that towards the latter end of the fcale it is not impollible but 
that two numbers differing from one another only by an unit in the 
tenth and laft place, may have one and the fame logarithm in Vlacq s 
canon, that is, the ten firft places of both their logarithms may be the 
fame, how much foever they may differ afterwards. As for inftance, 
the logarithm of this number 10000000000 is 10 .0000000000, and 

, icooooooooo . 2 p 

the logarithm of this fraction — — — — - ■ — — is i~rrr 77,1777 — 7 

o I OOOOOOOOOO— — l 20000000000—1 

= .00000000004; therefore if 10 .0000000000 be the true logarithm 

of 1 0000000000, it will alfo be the neareft logarithm of icooooooooo 

-—I ; that is, no whole number with ten decimal figures annexed caa 

exprefs it nearer. 

Propositions. 

406. ^to find to ten places the ahfolute number belonging to any logarithm 

in Vlacqh canon magnus. . , 

Retaining 
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Retaining the notation of the two laft articles, and fetting afide the 
charadteriftic, take out the neareft tabular logarithm lefs than the loga- 
rithm propofed, and the abi'olute number over againft it will be s , part 
of 'the number fought. Now to find the other part /, fubtradt the faid 
tabular logarithm from the logarithm propofed, and call the remainder r 

j-4-/ 

.then will r be the iog.u itlim of the fraction ~~j~i hut the logarithm of 


/ 

■n 

S 


was found in the lad article but one to be dt-\- 


dtv 
2 S 1 


therefore 


, dtv . r tv 

at- f- — — = r j whence t — ~, — — ■ • But as d the difference of 

2 S **T" l cl 2 S t 

the logarithms of the two numbers s and x-f- i , is to i the difference 
of the numbers themfelves, fo is r, which is but part of the former 
r 

difference, to j a proportional part of the latter ; therefore of the reft- 


f* fr ) 

dual exprefiing the quantity t, that is, of the rciidual -y 

w 2 J>— 

r 

the affirmative and main part j may be called the proportional part, and 


the negative part or — may be called the corredtion to be fub- 

tradedj which correction can never exceed .0000125, as may eafily be 
tried by fubftituting \ for tv, and 10000 for s, as in the laft article: 

•&. y t 

therefore the proportional part j expreifes the quantity t, either exadtly, 

or if there be any error, it will not be above 1 too much in die fifth and 
laft place. 

Now to find the corredtion, let / be groflly expreffed by the two firft 
r 

places of ^ ; and then fubtradting it from unity, the remainder will be 

the two firft places of the quantity v : divide now two or three cf the 
firft places, of the produdt tv by two or three of the firft: places of 
jthfc number 2x, and the quotient will be a corredtion more than fuffi- 

T 

-dent j wbich being fubtradted from j will leave t as corredt as five de- 
cimal places can exprefs it. 

JV.J8. By the tabular logarithms here I mean the logarithms of all 
numbers from, ioooq to 100000, the logarithms of all numbers under 
loooo being included in thefe. 


Example 



Art, 4.06. 


to any of Vlacq’j logarithms given, 

Example. 

Setting afide the chara&erirtic, let it be required to find the abfolutc 
number belonging to this logarithm .O9151 10721 : the next lefs tabular 
logarithm is .0914910943, over againft the abfolutc number 12345 ; 
therefore 1=12345. Again, the tabular logarithm fubtradted from the 
logarithm propofed leaves .0000199778=;*, and ^=.0000351783, as 

in the table j therefore g = .56790, the two firft places whereof give 

t =: .57 » whence 1 — t or v = .43 ; whence tv= .245-4- *, call it .25, 
and then dividing it by 25000, the two firft places of 2 t, the quotient 

y 

will be .00001, which is the correction ; iubtradt this from*j-, that is, 

from .56790, and there remains .56789; therefore /=. 56789; and the 
digits reprefenting the abfolutc number fought will be 1234556789, 
which number mu ft be ordered as the characteristic directs ; as if the 
characterifttc be 8, the lalt figure muft be a decimal ; if 9, the whole 
mu ft be integral ; if 10, the number mull be railed one degree higher 
by a cypher to the right hand, &t\ 


BOOK IX. PART III. * 

Of the invention of Divfors . 

H ITHERTO I have confidercd no forts of equations, but only 
fimple and quadratic : but intending now to proceed to others 
of higher forms, I Avail endeavour to prep ire the learner for 
them by acquainting him with foch thing'' as may lx; of any 
ule to him in the rcfolution of thole equations. 

Firft then I fhall begin with the invention of divifbrs ; and ifecaufe- in 
this, as in almofl every thing elfe, our Countrey man Sir f/ioic Newton 
has confiderably outdone all thole who have written upon t lie lame fob. 
ject before him, I fhall give the learner his rules,, with my own expli- 
cation of them wherever they feem to want it; but dull not think k 
neceflary to purfue that matter fo far as Sir Ijaac lias done. 

Before I proceed, the reader is to underfhuid, that By the invention’ 
of divifors is meant ^ the finding out of all tho/e quantities by which- 'any 
given quantity, fimple or compound, mav be divided- without a remainder „ 

407.. 
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407. If the quantity whofe divifors are fought be a ft tuple quantity ; that 
is, ij it be only the product of the Multiplication of others , and is not made 
up of parts connected together by the fign -4- or — , divide it by it's leaf 
divifor, and then the quotient by ids leaf divifor , and Jo on till you come to 
a quotient that is not further divi/.'ble: by this means you 'will have all the 
prime numbers or Jivt/ors by wbnh ti:e quantity propofed can be divided . 

\ Then multiplying the/e prime divifor* two and two together , make out as 
many different produc'd s as you can this way : then make out as many more 
produces as you can by multiplying them three and three together , and Jo on ; 
and the/e products thus found will be all the compcjitc divifors the given quan- 
tity will admit of. 

As for example, let it be required to aflign all the divii'ors of the 
number 60. Fir (l I divide 60 by it’s leaf: divifor 2, and then the quo- 
tient 30 by it’s lead divifor 2, then the quotient 15 by 3 ; and lb come 
at lad to the quotient 5, which is not capable <?f any further divilion : 
thus then I have obtained all the prime divifors of the number to , to wit, 
j, 2, 2, 3, c; or leaving out 1, becaufe it is a common divifor of all 
numbers, 2, 2, 3, Then I make out of thefe numbers as many dif- 
ferent couples as I can, multiplying them together, and fo have other 
divifors, as 2x2, 2x3, 2x5, 3x5, that is, 4, 6, jo, 15: then I multi- 
ply them three and three together, and fo have other divifors, as 2x2x3, 
2x2x5, 2x3x5, that is, 12, 20, 30: ladly I multiply them all four to- 
gether, andfo hav<? the divifor 2X2X3X5, or Co.- 

Again, if all thg divifors be required which will divide the number 
■21 abb without & remainder; divide the number 21 abb by 3, and the 
quotient 7 abb by 7, and the quotient abb by a, and the quotient bb by 
by and you will come at lad to the prime quotient b\ therefore the prime 
divifors of the number 2 1 abb are 3, 7, rf, b, b : thefe multiplied two and 
two together give 21, 3 a, 3/3' ya, 7 b, ab, bb : multiply them three and 
three together, and you will have 21 a y 2 1 b, 3 ah , 3 bb, jab, ybb, abb: 
multiply them four and four together, and you will have 2 lab, 2 ibb, 
ythb. y.abb: multiply all five together, and you will have the - quantity 
itfelf that was fird propofed, to wit 21 abb. 

In like manner all the divifors of the number 2 abb — 6 aac may fie 
found by firft dividing by 2, and then the quotient abb — ^aac by a ; 
after which you will come to the indivifible quotient bb — 3 ac ; therefore 
the divifors of the quantity 2 abb — 6 aac are 2, a, bb — 3 ac-, 2 a, 2 bb-*-bac> 
abb — gaac ■, 2abb-—taac. 

N. B. Numbers Jingly confidered are called prime numbers , when they 
•will admit of no divifors tefs than themf elves , except unity * Thus 2, 3, 5 
and 7 arc called prime numbers; when 4, 6, 7 and 10 are called com- 
pofite numbers, as being produced by the multiplication -of others. 1 
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408. That all the numbers found as in the laft article will divide the 
quantities there propofed, appears fo evident at firft fight as to need no 
aemonft ration : but that thole quantities will not admit of any other di~ 
vilbrs than fuch as are obtained by the foregoing method, will not per - 
haps be fo obvious to every one ; this therefore I (ball endeavour to e~ 
vince by the following demonffration. 

Let abc be any number whole prime divilors according to the lad ar- 
ticle are a, b and e, and confequently whofe compofite divifors are ab, ac , 
be and abc ; I lay tlicn that this number will admit of no other divii'or.- 
befides thefe, either prime or compofite. And firft I fay it will admit of 
no other prime divifors : for let a be any prime number different from 
any of the prime numbers a, b and c then fince a and d are two un- 
equal prime numbers, they muff neceflarily he prime to each other ; and 
the fame may be oblcrved of the numbers h and d, as alio of the num- 
bers c and d. Since then the numbers a and b are both prime to d, their 
product ab will be prime to d, by art. 195 : in like manner, linec the 
number ab and the number c are both prime to d, their product abc will 
alio be prime to d ; therefore d can be no divitbr of the number abc ; 
and the fame will be true of any other prime number whatever that is 
different from the numbers a, b and c. I lay in the next place, that 
the number abc will admit of no other compofite divifors befides thole 
already fpccihed •, for we have affigned all the comppfite divilors that 
can poffibly be formed out of the prime divilors a, h and,c ; and we have 
alfo lhewn that there are no other prime divifors from* which any other 
compofite divifors can be derived. E. £). 

N. B. That the numbers a and b found as alrove directed arc prime 
numbers as well as the number c (which is lb by the luppofition) will 
be evident from hence ; that if a was not a prime number, it would ad- 
mit of fome divifor as e, lefs than itlclf : fince then e divides a, and a 
divides the number abc, e would alio divide the number abc ; whence a 
would not be the leaft divilbr of that number, contrary to the fuppofi- 
tion ; therefore a muff be lomc prime number ; and the lame may aifo 
be proved of b, which is (by the luppofition) the leal! divifor of the ffrff 
quotient be. 

409. If a quantity, after having been divided by all it’s fmpfe divifors, 
remains f ill a compound quantity , and there be any futfieiun that it *iev // 
admit of fome compound divifor , range it's fever al members a car ding to the 
dinienjions of fome letter in it ; then fubfiitute for that letter three or more 
terms of this arithmetical progrefion, 3, 2, 1, p, — 1, — 2 ; which done, 
place the numbers refulting from thefe pojitions over agawjl them, together 
with all their divifors both normative and negative ; or rf the negative di~ 
vijdrs be not put dffwn, they are at leaf to be underfood: taffy* overagainf 
, Nunn 
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theft divifors put down a 11 the deerea/ing arithmelicalprogrejfions that can be 
made cut of them, running from the high eft to the lowcjl rank, as do the 
terms of the pregrffton 3, 2, 1, o, — /, — 2; but the difference of the 
terms of the progrejjious made out rf the divifors mnjl either be unity , or 
feme other number that mil divide the h'g/xfl power rf the dividend prOfto- 
fed: if any fitch pngreffion can be fund, tithe that term which /lands again ft 
o in the JirJl progreffion , 1,0, — 1 6c c, and dividing it by the common 
difference of ike progreffion, join the quotient with it's proper fgn to the let- 
ter according to the d/imnfns whereof the dividend ions diftpofed, and you 
will have a quantity with which a dlvifon is to be tried. 

As for example, let the quantity whole compound divifor is fought 
be .v — xx — i o v-+-6. Here fuhilituting the terms 1, o, — 1 for x ihc- 
eefihely, I find the numbers refuking from thefe portions to be — 4, 
6 , 141 thefe therefore without regarding their ligns, I place together 
with their divifors, over again it the rclpedive terms of the progrdtion 
from whence they ariic, in the manner following: 


1, 2, 4. H~ 4, 
6 1, 2, 3, 6. H~3, 
14 1,2,7,14. -+-2. 


Then becaufe the ahighcfl power of the dividend, to wit .v’, admits of 
no numeral divifor but unity, I look amongft the divifors to find an 
arith metical progfelhon whole common diifcrence is unity, and whole 
terms decreafe 'after the fame manner as the terms of the full progreffion 
3j 0, — 1 j and of this fort of progreffion I find amongft the divifor? 
but one, to wit, 4, 3, 2 *, the number 4 being one of the divifors that 
fland overagainft 1, tire number 3 one of thole ovcraguiuil: o, and the 
number 2 one of thole overagainlt — 1 : of this progreffion 4, 3, 2, I 
take the number 3 that hands overagainlt o, and joining it with the 
letter .v, I try a divifiou with the quantity x-f-3, and find it fucceeds ; 
for x 1 — xx — 1 ox-1-6 being divided by x-f-3 quotes xx — 4X-+-2 with- 
out any remainder. 

Again, let the quantity whofe compound divifor is fought be 6 y A — -v 5 
— 2 1 f- 37-f- 2 o . Here putting i, o, — 1 fucceffively fory, the numbers 
refultlng are 7, 20, 3, which together with their divifors I put down 
overagajnft the terms r , o, — x from whence they arife, in the manner 
following : 

1 7 | *» 7 - 7> 7* k, —1, 

O 20 | I0j20« ^-3 ^ ) ***** I r y ~" rT " r 2 j 


•“i 3 I 3* . I# 3 # 3* , 

Then examining the divi&rs, I find amongft them four dccreafing arith- 

metical 
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metical progreflions, to wit, 7, 4, 1 whofe common difference is 3 ; 7, 
5, 3 whofe common difference is 2 5 1, — 1, — 3 whofe common dif- 
ference is alfo 2, and — 1, — 2, — 3 whofe common difference i; *. 
Since then -all thefe common differences will divide 6, the coefficient of 
the higheft term, I try with them all one after another thus : 1 firff 
begin with the firft progreffion 7, 4, 1, and dividing 4. which fhiu.ff 
overagainff o in the fir ft progreffion t, o, — 1, by 3, the common dif- 
ference of the terms of the progreffion, the quotient is this I join with 
the letter y, and fotry a divifion with y-4-*, or (which h all one) with 
374-4, and it iucceeds ; for if 6y + — y* — 2 ivy 4- 37-!- 20 be divided by 
the quotient will be 27' — $yy — 374-5 without a remainder, 
’if hen I con Oder the next progrdlion 7, 5, 3, and dividing 5, overagainff 
c, by 2, the common difference of the progreffion, 1 try a divifion with 
y-f-s or (which is all one) with 274-5, but the operation does not fuc- 
tccd. In the third place I try with the next progression r, — i, - — 
and dividing — i, overagainff o, by 2, the common difference of the 
progreffion, I try a divifion with y — ’, or (which is the fame tiling) 
with 2y — 1 ; but neither does this operation fucceod. In the luff place 
I try with the laft progreffion — 1, — 2, — 3, attempting a divifion with 
y — 2 ; but neither does this fuccced: fo that upon the whole matter, the 
quantity propofed admilti of but one compound divifor, to wit 374-4. 

Laftly let the quantity propofed he 240* — 5 otf 4 4 ~ 49 ^l , — 1 40 cff 4 -f) 4 <*’ 
4-50. Mere fubffituting 2, 1,0, — I fucceffively &r a (becaufe the 
dimenffons of the quantity propofed run pretty high, Iff the numbers re- 
fulting are — 42, — 23, 4-30, — 297 ; thefe, without any regard to 
their iigns, I put down with their divifors overagainff the terms of the 
progreffion as follows : 


2 | 

42 

1 > 2, 3, 6, 7, 14, 2i, 42. 

~h-3> *+•?> 

I | 

2 3 

* > 2 3- 

4-f, — 1, 4-i, 

O 

3° 

t , 2, 3» 5» 6 > l0 > 1 3o- 

1 , 5 , ™ 5 * 

I 

2 97 

3> 9 * IT > 2 7> 33> 99. 2 97* 

. — — i j , 


Then examining thefe diviiors, I find three, deereafing mdimrr:. d pvo- 
greffions, to wit iff, 3, 1, — j, — 3 ; 2d, 3, — i, — 3, — ■ ; ,'ff 
r, — 5, — 11 : of thefe three progreflions I take the ■ e. m- ove.ac.of'd 
o, to wit — 1, —5, — 5, and dividing them hv th'“ o>n\:v.o;> di-ff,. 
rences of their refpedtive progreflions, to wit 2, 4, (\ 1 have three quan 

■ ' * . i- "I— — I _ « s> ^ ^ .1 “* _ 


v. iteitoi only the laff 
— — zoa — 6 . 


titles to try with, namely a — 1, a — j, and a 
a — l or 6 a — 5 Succeeds, the quotient being , 

If no divifor can be dijeovered this way, w r\y J'fciy conclude that the 
‘Quantity propofed -admits of no compound divi/or rj c;;e dnnofon : but not- 

N n n n 2 withftanding; 
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witbtlanding all this, it may ilill have a divifor where the indeterminate 
quantity arttes to two or mote dimenfions, as will prefcntly be Ihcwn. 
But hril I fuppofe it will be expected that I give fume explication ot the 
method already deferihed, which lhall be done in the next article. 

410. It’ the quantity x 1 — xx — iox-t-6 be divided by x-f-3, the quo- 
tient will be .'*.v — jj.v f-a as in the full example, without any remain- 
der ; and. as there is nothing in tins dtvifinn that roll rains .v to any one 
lien ideation rather than .mother, but that it is left abfolutely indetermi- 
nate, it is evident that the con*, lu lion mull be univerlal ; that is, if.v 
be put equal to any whole number whatever, the number .\-4-3 will he 
a divifor of the number x ! — aw — io.v-l-6, and the quotietit will be 
x 1 — 4X-I-2. As for inftance, make 1 o ; then you will have the di- 
vidend x s — xx — ioaM-6— i coo — too — joc-f-6— 806, and the divi- 
for x-f- 3 = 10-4-3 = 1 3, ami the quotient xx — q.v-(-2=icc — qc-4-2 
=625 therefore is a divifor ol the number 806 5 and if the num- 
ber 806 be divided by j 3, the quotient will be 62 ; both which upon 
tryal will be found to be true. 

This being obferved, in order to prepare the reader for what follows, 
let the quantity < 7 .v ? -+-/w *-4 -rx-i-d admit of fome compound divifor of one 
dimeniion, winch we will fuppofe to be e.v-f j\ and let the quotient be 
rx'-f-Av-i- e, the figns -+•• llgnifying no more than that the quantities to 
which they arc prefixed are to be added to the foregoing according to 
the common rules' of addition, whether they be affirmative or negative : 
then it is plain that the quantities ax x +bx % -\rcx-\~d mull conllitute a 
whole number, sfs alfo the quantities cx -h/ another whole number, let 
the value of a? be what it will, provided it be a whole number. This 
(1 fay) is plain ; for it is only upon this fuppofition that the rule in the 
lail article can have any place j therefore <7, b, c, d, e, f mult be whole 
numbers > for if any of them were fractions, fuch values might he aferi- 
bed to x as would make the numbers conliitutcd by them fractions. It 
is evident alfo from the fuppofition, that the quotient gxx-\~bx~\-k mull 
be a whole number, what whole number lbever x is made to reprefont ; 
for to fuppofe, that in all cafes of x, the whole number t’.v-f/is a divifor 
of the whole number ax ! -\-bx~ &c\ is to fuppofe the quotient a whole 
number j for otherwifo any number wbatfoever may be faid to be a di- 
vifor of any other; therefore g, l>, k are whole numbers. 

Let us now fuppofe x— 1 , and we lhall have ax'-\-bx l -±-cx-{-d=a 
-i-Z> 4 -<r-T <4 and cx~\ f\ therefore if this refulting number a~\~b 

-\-c-\-d, together with it’s divilbrs, be placed overagainll 1, according 
to the rule of the lail article, the number e-\-f will be one of thofe 
divifors. 
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Again , let x=o ; then we fliail have ax'-\-bx' L ~\-cx -+-d=?d, and 
cx-\-f~f •, therefore if d with it's divifors be placed overagainft o, the 
number f will be one of them. 

Laftly, let x=— 1 j then we fliall have ax ? -4- bx l -\-cx-+- — a~\~b 
— c-\-d, and ex~\~f— — e~\~f- f therefore if the number — a~\-b — c-\-d 
together with it's divifors be placed overagainfl — 1, the number — e~\~f 
will be found amongft them: but the divifors and — H-/‘fortn 

a decreaflng arithmetical progrefiion, the common difference whereof c t 
is the number by which x mu ft be multiplied to make ex part of the 
divifor fought, and whereof the term /’, Handing overagainfl c, being ad- 
ded to the part ex, will make ex-b-f a complcat divifor : therefore if 
ax ' -p- bx 1 -\~cx-\-d admits of any compound divifor cx~\-f of one dimen- 
fion, there muft occur fuch a progreilion as we luve here deferihed j 
though it does not follow c converfo , that wherever there occurs fuch a 
progreilion, the quantity propofed will admit of a compound divifor of 
this kind. But to avoid (as far as pofliblc) all fruitlefs enquiries, tlie 
author of this rule excludes all fuch progreflions whole common difle- 
rence will not divide a, the coefficient of the highefl term ax\ and that 
very juflly ; for if ax 1 &c be divided by ex fsV, the firft term of the 

quotient will be x xx — £\vx ; whence ~ .—g a whole number; there- 
fore e muft be a divifor of a. 

If it be demanded why the author, after having obtained the quanti- 

f " ■' 

tics e andy( confidcrs the divifor firft as.v-K - l>efor& he reduces it to 



ex -\- /’ the rcaton is plain ; for it is poflible that f may b& diviliblc by e f 

f . ‘ . f 

in which cafe'- will be a whole number, as /•, or if not l'o, yet"-;- may 


fometimes be reducible to lets terms, as - ; and whichioever of thefe 

cafes happens, the divifor x-\~f in the former otic, or mx-\~l in the 
litter, will either of tliem be a more limple divifor than ex-f-/. Thcle 
cafes will happen when the practitioner ufes not the hmpk 'i progrdhona 
that are to be found amongft the divifors, that h, progreiltons whole 
terms admit of no common divifor. 

If it be objedted, that a quantity may admit of a divifor ot this form 
— cx-hf, and that the author’s rule, that prescribes only dccreafmg- pro- 
gretlions, will not find it ; I anfwer, that whatever quanoty can be di- 
vided by — rx-p/j can alfb be divided by it's coun.n v -j-ex-~j ■, and 
this is a divifor which the author’s rule will find wherever it exifts. 



654 The invention of divisors. Book ix. 

41 1. If the quantity propo fed rifes not to above three dimenjtom , and ad- 
mits of a compound divijbr of two, it ?nuft neccffdrily have another divijbr 
of one dimetijion , which being found by the foregoing rule , and dividing the 
quantity propo fed, the quotient will be the other divifor : but if it rifes to 
above three dime/ fens, and hath no divijbr of hf than two, Jitch a divijbr 
mi.jl be found by ite follow lag method. 

Let x be the indeterminate quantity of who/r powers the quantity propo - 
fed tonfijls j then fubjlituting the terms of' this progr,j/ion 3, 2, r, o, — 1, 

* — 2 fttcceffveh for x, and putting doom overagaiuf them the numbers rc- 
Julting , together with all their affirmative divifors, as before , the negative 
ones being under food ; multiply the fquares of the terms of the progrejfion bo 
Jbme numeral divijbr of the highejl term of the quantity propo fed, which ice 
will call e, and put down the produSls 9c, „ie, ie, o, ic, 4c overagain/f 
the terms of the progrejfion . 'This done, fubtrabl thef'e products from all the 
divifor s of their ref pc dive ranks, both affirmative and negative, and put 
down the remainders in the fame ranks under their proper Jigns ; then try 
if in puffing from the highejl to the lowcfl rank of remainders , you can find 
an arithmetical progrejfion of any fort, whether increafmg or decreafmg ; if 
one or more J'uch progrejjions can be f ound, put them down overagainjl the 
terms of the JirJl progrejfion , and then examine them one after another thus : 
let (in any of thej'e progrcjfions) =±=g be the term that Jlands overagainjl o 
in tbe firjl progrejfion then fubt ratling this term rfcg from the next above 
it in the fame progrejfion, let the remainder be =±=f j T fay then that the 
compound quantity* with which the divijion is to be tried, will be exx =fcrfx 
=±=g. But if no Sivijbr can be found this way, try another divifor of the 
coefficient of tlJt highejl term of the quantity propo fed for e, and fo proceed 
0/2 till you have faffed over all the affirmative numeral divijbr s of the high- 
ejl term and then if no compound divifor can be found, it will be an in- 
fallible argument that the quantity propojed admits of none. 

One example will be futbeient to illuilrate this rule. Let then the 
quantity propofed bex* — .v’ — ^xx-y-izx — 6. Here Aibftituting the num- 
bers 3, 2, 1, o, — 1, — 2 fucccfiively for x, I find the numbers refult- 
ing to be 39, 6, 1, — 6, — 21, — 26) thefe, without any regard to 
their figns, together with their divifors, I put down as ufual; then miii- 
tiplying the fquares of the terms of the progreffion by 1 , which is the 
only affirmative numeral divifor of x*, the higheft term of the quantity 
propofed, and putting down the products 9, 4, i, o, i, 4 overagainfl 
the terms of the progreihon, I fubtradt 9 from all the divifors of it's 
rank, both affirmative and negative, that is, from 39, 13, 3, 1, — 1, 

■ — 3, — 13, — 39, and the remainders, to wit 30, 4, 1 — 6, — 8, —to, 
* — 12, — 22, — 48, J place overagainfl: 9 in the higheit rank : the lame 
I do with the next number 4, with refpedl to the divifors of it’s rank ? 

and 
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and fo of all the reft. Then I examine the remainders, and find among 
them two arithmetical progreffions paffing from the higheft to the low- 
ell rank, to wit, 4, 2, o, — 2, — 4, --6, and — 6 , — 3, o, -4-3, -4-6, 
-4-9, both which I put down overagainft the terms of the firfl progref- 
fion 3, 2, 1, o, — 1, — 2. In the former of thefc two progrcliions I 
find the term — 2 Handing overagainft o in the firft progrellion j there- 
fore — 2 ; this fubt railed from o, the next term above it in the fame 
progrellion, gives -4-2 fory*; hence, fince <?=i, the divifor to be tried, 
drawn from this progrellion, will be aw - 4-2* — 2. In the other pro- 
greftion I find the term overagainft o to be 3 ; therefore 3 ; and this 
lubtracled from o above, leaves — 3 for f\ therefore the divifor from 
this progrellion, by which the divifion is to be tried, is xx — 3*4-3. 
I try them both, and they both fucceed ; that is, if the quantity propo- 
led be divided by either of theft divifors, the quotient will be the other. 


3 

39 

39 » « 3 . 3 » «• 

9 

30, 4, -*-6, —8, — io, —12, —22, —48. 

4. — 6 > 

2 

6 

6, 3, 2, 1. 

4 

2, —1, —2, -3, —5, —6, —7,-10. 


1 

1 ‘ 

V * 

1 

O, — 2 . 

O, C, 

c 

6 

i 6, 3, 2, i. 

0 

6, 3, 2, I, —"“l j —2, "^$9 —6. 

—2, 3 * 

— 1 

21 

j*i. 7 . 3> S’ 

1 

1 

20, 6, 2, *0, — 2, — 4, —8, —22. 

— 4 * 6 > 

—2 

26 

zb, 13, 2, 1. 

4 

22, 9, —2, —3, —5, —6, —I?* —30. 

—6. 9 


The/? operations may (when they want it) be lontr aisled a little thus: 
let p, q, r, s, t, v be the numbers re fulling from the pofttfons 3, 2, 1, o, 
— 1, — 2, and as fuch let them be put down overagaittfl them ; then if the 
extreme numbers p and v be pretty large, or contain many divifors , let theft 
divifors, as well as the remainders ariftng from them, be omitted , and try 
if you can find an arithmetical progreffion paffing through the remainders be- 
longing to the intermediate numbers q, r, s, t: if fuch a one can be found, 
let the terms be 2f-4-g, f-4- g„ g, — f"4-g; then it is plain that at tins 
progreffion, the next term above af-fg will be ]!+?, and the next behxo 
— i-f-g will be — 2f-4-g: add the number gc to the term ti-f-g, and try 
' whether the number 9e4“3f-+-g will divide the number p; //ft dees, then 
add alfb 4e to — af-4-g, and try whether the number — 2 l 4 -g will di- 
vide the number v : if this divifion alfo fucceeds , you will then have asfS 
a progreffion to try with, as if the divifors and remain Jen <■/ the extreme 
numbers p and v had been put down : but if neither, or bid one tj theft dt- 
viftons fucceeds t if is an argument that the progreffion thus ft mid was acci- 
dental, and did not faring from any compound divifor. All this is manifeft 
from the rule already lard down. 

U 
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If the coefficient of the highefl: term of the quantity propofed admits 
of many divifors, they may create the Analyft iomc trouble j hut in 
moil cates where tliis invention of divifors is of any ufc, I mean in link- 
ing equations from higher to lower forms, this coefficient will gene- 
rally be unity, or may caiily tie made fo il it happens to be otherwiie, 
m will be (hewn upon another occaiion. 

ZV. B. In the directions here given I have taken the liberty to vary 
from my author in a circumltaiue or two of no moment as to the 
conclufion. 

412. After what has been delivered in the lull article but one, little 
needs be laid in explication of the laA. For let any quantity have a di- 
viibr of this form rx'-~\~fx-hg then it is plain that <>, the coefficient of 
the highefl: term of the diviior, niutl be fome numeral divilor of the 
highefl term of the quantit y propolcd, from what was proved in art. 410. 
It is evident alio that if* be made equal to 3, the divifor ex l -\-fx-\-g 
will be ge-b^f-t-g ; if *=2, the divifor will be 4c-f-2/H-j, and fo on : 
therefore among!! the fcveral divifors Handing overagainfl the terms of 
the progreflion 3, 2, 1,0, — 1, — 2, there will he found thefe in parti- 
cular, running from die higheib to the loweib rank, to wit, qe-f -}/•+■£, 

e+f-hg,g t V — 2 f-bg; therefore after the num- 

bers 9c, 4c, le, o, ie, 4-e are fubtra&cd from alt the divifors of their re- 
fpeCtive ranks, there mud: lie found running through the remainders, 
this arithmetic progreflion, 3 f-j-g, 2f+g,f+g, g, —f+g, —2 if'+g : 
therefore e converje, whenever inch a progreflion occurs, it ought to be 
tried whether jt will furniih out a compound divifor or not. 

If f be negative, that is, if the divifor be of this form, ex 1 — fx^zg, 
the progreflion produced by it will be an increafing arithmetical pio- 
greffion, as —3 f^=g, —2j'=i=g, —f^g, =*=£, -+f*?g K -\-2f^g. 

Laftly, if f be equal to nothing, that is, it the divilor be of this form, 
(xxztzg, the terms of the progreflion (if in this cafe I may call it fo) 
will be all equal to z+=g, and to one another. 

413. If the quantity propofed be made out of the powers of two different 
letters , fo as to have all it's terms of the fame number of dimenjions , in- 
Jlead of one of the letters put unity ; then finding (by the foregoing rules) a 

compound divifor , if any Juch there be, fill up the deficient dimenfions of the 
divijbr by thofe of the letter that was before fupprejfed , and you will have 
the divifor compleated. 

As for inftance, let the quantity propofed be 6y* — ay* — 2 lay'-h^aty 
-Hfo a*, every term whereof confifts of four dimenfions, either of the 
letter y, or of the letter a y or of both together. Here 'then fubftitudng 
1 for the former quantity willbe changed into this, 6 y* — y'-~±2 xy* 



Art, 413,414. T H E INVENTION OP DIVISORS. 6 

437420, whereof 3744 is a compound divifor found in art,, 409 
Now as 3 7, the firft term of this divifor, hath one dimension of the let- 
ter 7, and as the other term 4 hath no dimension of any letter, I lup~ 
ply one dimenlion from the letter a, and fo make the divifor 374-4/1. 

Again, let the quantity propofed be x* — ax ' — 5<z 1 x*4 1 za'x — ba 4 ; 
this quantity, fubflituting 1 for a, becomes x 4 — x ' — 5**4- I2x — 6, 
whereof xx-\~2x — 2 is a compound divifor found in art. 411 : fupply 
the deficient dimenfions of this divifor from thofe of the letter a, fo that 
every term may have two dimenfions as well as the firft, and it will be 
xx-b2ax — 2aa. 

414. No one can be ignorant of the reafon of the rule given in the 
lad article, but he who is too lazy to try it ; for if he will give himfelf 
the trouble- to divide, firft the quantity by 4 — >•’ — 2 1/4-37420 by 3744, 
and then the quantity 6y + — ay' — 2itf‘/43« , y420<? 4 by 3744#, he will 
eafiiy fee that the numeral parts of both divifions are and mull be the 
fame ; which may al fo be obferved of the quantities belonging to the fe~ 
cond example. 

As there are but few quantities that admit of compound divifors in 
companion of thofe that do not ; if the learner has a mind to exercife 
himlelf in more examples of this kind befides thofe wc have here given, 
the bell way will be for him, firft to aft ume lpme compound quantity, 
and then to multiply it into any other of what form^he pleafes, pro- 
vided it does not al'cend to above two dimenfions j for then he may af- 
fure himfelf that the product when obtained will have leaft one com- 
pound divifor, to wit the multiplicator. # 

There are fome other cafes wherein compound divifors may be dif- 
covered ; but they are fo very troublcfome, and happen fo very rarely, 
that 1 think they will fcarce juftify my infilling any longer upon this 
fubjedt. 


BOOK IX. PART IV. 

Of the Arithmetic of furd quantities . 


H AVING as yet but nightly touched upon the doftrinc of ir- 
rational or furd quantities as occafion required, and being now 
obliged to enter more deeply into fuch parts of it as are of any 
ufe in t he refolution of cubic and biquadratic equations, I 
fhall take this opportunity to give it the reader entire and in one view* 
that he may know where to have it whenever he has occafion for it. 

- O 0 o o N&fi* 
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a 3 c 

iVate. v / a or y/a fignifies the fquare root of a j y/a or y/a fignifies 

4 

the third or cube root of a ; y/a the fourth or biquadrate root of a, that 
is, fuch a quantity whofe fquare fquared is equal to a . 


Deftnitinons. 


415. A rational number is that , whofe ratio or proportion to unity can 

he exprefjed in finite numbers j and fo comprehends all whole numbers, mixt 
numbers , and proper fractions : thus 2 1 is a rational number, becauie 2 j 
is to I as 1 1 to 4. ‘ 'Therefore an irrational number is that whoje ratio to 

unity cannot be exprefid in finite numbers : thus if the diameter of a cir- 
cle be reprefented by unity or r, the circumference muft be reprefent- 
ed by an irrational number ; becauie the ratio of the circumference to 
the diameter cannot be expreffed by finite numbers : thus y/a is an ir- 
rational number, becauie no numbers are iubtil enough to exprefs it’s 
ratio to unity, as hath been amply fliewn in another part of this treatife. 
A Tow this lajl irrational number , to wit y/2, and all others involving the 
roots of numbers thot are not to be ext railed, are particularly called Surds j 
and it is of this fort of quantity we arc now to treat. 

To reduce furds of different roots to others of the fame root . 

416. This t$as done in art. 379, paragraph 8, and I fliall here do it 
again after anotfier manner, thus. Let it be required to reduce the fquare 
root of 2 and the cube root of 3 to equal furds of the fame root : now 
as the index of the fquare root is 2, and that of the cube root 3, and as 
the leaft common multiple of 2 and 3 is t>, I raife both roots to the 

5 

fixth power, thus : put x for y/2, and y for ^3 ; then we fliall have 

3 

xx=2, and j whence x=y/S i again, as 9'= ^3 , we have 

6 

y>=3, and-.y i =9,. and y=zy/q j therefore the fquare root of 2, and the 
cube root of 3 are the fame with the fixth root of 8, and the fixth root 

in n 

of 9 refpe&ively. Unherjally thus ; let y/n and y/b be required to be 
reduced : to do this, l reduce the frabtion ~~ to it's leaf terms , and 

in that fate caff it — j then will ms, which is equal to nr* bo the leaf 
common multiple ef the two indexes m and n, as- in art., 171, carol, 2 i 

4 » . . 

Jet us call this common multiple p r and put x for </&-, then we Jhaff have 



Art. 416,417, 418. OF 8tnu> QUANTITIES, 6ft 

x m =a ; raife both Jules of the equation to the power «/*—, which is done by 
multiplying both indexes by the index and you will have x p sssa® : but 

p p 

p=m$, as above , and — =s : therefore a’, and x — y/a\ In like 

n r 

manner if y be put for y/b, we fall have y”=:b, y? — b n = b r j 


p ran 

whence y=,/b r : Jb that the fords y/a and y/b, when reduced to the fame 
p p 

roo/, <«v equal to y/a’ y/b r refpeBively. 


Of the addition and fubtraSHon of J'urd quantities . 

417. iSYW quantities tf different denominations y generally fpeaking, are 
no more capable of addition or fubtraSHon than algebraic quantities are : 
thus the film of y/3 and y/2 is y/34-s/2 > and their difference y/3 — y/2. 
But fords of the fame denomination may be added or fob trailed as eaffly as 
any other quantities that are of the fame denomination : thus 3y/io4-2y/io 
=5v/io, and 3^/10 — 2y/io=y/io. And univerfally, if two fords 
of the fame root are fuch, as that , fetting afsde the common radical fign, 
one is to the other as any one fquare number to another when they involve 
the fquare root , or as any one cube number to another when they involve the 
cube root y &c ; I fay then that thefe two fords are capable of being re- 
duced into one, either by addition or JhbtraSl ton as occafon requires. As 
if a. and b fignify two quantities, whereof & is the greater, and whereof a 
is to b as c 1 to d l j / Jay then that y/a and y/b are capable of addition and 

c* 

fubtraSHon : for fince a is to b as c 1 to d 1 , we have asss^rxb, and y/ a 

t *' , c c4-d c — d 

=g-Xy/b, and y/a4-v/b = “g-'Xx/b, and y/a — >y/b=:— g— x y/b. 

Thus y/8-f-v/2=3y/2, and y/ 8— “y/2— y/2 j for fetting alkie the 
Common radical fign, 8 is to 2 as 4 is to 1, that is as one (qua re num- 

t-f-i r — d 

ber to another ; and therefore in this cafe c= 2, 1, = 

sat. Thus v /i84- % /8=»J v / 8, and y/iS—y/S—'y/^ 

(y lie multiplication and divifion of jard quantities. 

418 , Whenever mi ford quantity is to be multiplied or divided by am~ 

* ther, reduce them firfi to the fame root (by the lajl article but one) ij they 

O o 0 0 2 In 


4 
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he not of the fame root already $ then Jetting afde the common radical jign, 
multiply or divide one quantity by the other , and prefix the common radi- 

cai Jign to the product or quotient. Thus fiaxfib gives fiaby = 

1 * 

I» fi ax fib= fiaby -— = V— t (pc ; all which 1 thus demonftrate. 

fib 

Make fiar=x, and fib~y-, then we Hull have x l =a, and y'~b t and 

AT* (l 

9 ?y x —aby and xyz=.fiab t that is, fi ax fib—fiab : wc have alfo y~-J , 

, Ja . fia . a . 3 , 3 

and - = v-p that is, = V Again, i tx=zfia, and y— fib, 

AT 5 {l 

we fliall have x'~a, and y'—b, and xj—aby and — = ; whence xy 


Yi 


3 AT 

-fiaby and - 
v ’ y a 

Other examples of this fort of multiplication and diviiion are as follows. 


366 6 

9 . fiaxfia~fia l xfia l x=.fia i , 

fia fia * 6 

10. ~ — == zfia . 

fia fia ^- 

11. fiaxfibxfic—fiabc, 

12. ^8x^2=*/ 16=4. 

v/8 

l 3 -fii=S 4 = 2 . 

444 *• 

1 4. figxfig—fi^i—fig^. 


, 3 3 3 

1. fiaxfias=.fia x . 

2. or axfib=.fia x xy'bx=zfia x b. 

a fia * f/tf 1 

3-7i=^r=V 

fia fia f fia 

4 * ~fik~~ fr' 

5 . afibxcfid^racxfibd- 
afib a */b 
6 ' Cy/J-C^J- 

7. afibxcfibr=xabc . 

,, afib a . 

8. ^~ : I 5- 2 *+'v/3 x2 — \/3~4- 1* 

16. The fquarc of v/ 2-4-^/ 3 —2-4-3 4-2 y/ 6=5-4- 2 y/6. * 

17. The cube of v / 2-+- v /3=2 V /2-i-6v/34'9^-f'3v < 3 ::::s J 1^2-4- 

9s/3- 

75 reduce roots from higher to lower denominations. 

419. by dividing both the index of the rooty and the index 

of the power whereof it is the root by (heir greateft common mcaJure, emdfo 
ufng the new indexes infead of thofe from whence the* were demised TOtt , 

v ‘ V ' 

fi* % 
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4 » is 4 *s 

y/a'zzzi/a : thus v /<j* s =y'«r •, for make x^zfa", then you will have 
x“xs:a' s i extrad the cube root of both tides, fincc both tne indexes 12 

and 1 5 can be divided by 3, and you will have x*zs=a s -, whence x=fa ( . 

To reduce furds , witf# pofftble , higher to lower terms * 

420. TKr » done by taking off the radical fign, and then refohing the 
number to which it was prefixed into it’s prime faBors or divifors by art, 
407 j for if any of the/e faBors be twice or thrice repeated , or oftener y 
the number to which the radical fign was prefixed may be rejohed into the 
produB of a fquare and non-fquare number when the fquare root is concern- 
ed , or into the produB of a cube and non-cube number when the cube root 
is concerned , &c ; and Jo it’s fquare or cube root will be reduced to the 
fquare or cube root of a leffer quantity multiplied into feme rational number. 
As if 3/7350 be propofedj this number 7350=2x3x5x5x7x7, where- 
of 5X5X7X7 is a fquare number, whofe root is 5x7=35 j and the other 
part 2x3 or 6 is a non-fquare ; therefore 7350=35x35x6, and 3/7350 
=353/6. .Again, let 1/288 be propofedj this number 288=2x2x2x2 
X2X3X3, whereof 2X2X2X2X3X3 is a fquare number, whofe root is 
2x2x3 or 12, and the remaining fador 2 is a non-fquare; therefore 

3 

3/288=123/2. Laftly, let 3/96 be propofedj this number 96=2xax 
2X2X2X3, whereof 2x2x2 is a cube number, whofe* fide or root is 2,, 

3 3 

and the other part 2x2x3 or 12 is a non-cube; therefore 3/96=23/12, 

To free the denominator of a fraSHon from all radicality y 
where the fquare or biquadrate rooty or both are con- 
cerned. 

421. This will beft be fhewn by examples, \Vhich let be thefe that 
follow. 

Let the denominator of any fradion be then if both tlx* nume- 
rator and denominator of that fradion be multiplied by \‘l\ you will 
have the denominator equal to h a rational number. In like manner if 

the denominator ©fa fradioabe s /a-hb ) multiply both H*s terms by 

4 2 . 

yf a-^-by. and you wiU have the denominator equal to s/a-\~b-, multiply 

now both terms by fa-^-b t , and you will have the denominator equal to- 
w-tb a rational number. 

Lett: 
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Let the denominator be s /a-i-y'& then multiply both terms by Ya 
~—YK and you will have the denominator equal to a — b a rational number. 

Let the denominator be f a+Y b-t-f £ > multiply both terms by Y a 
-\-yb — Y c > and you will have the denominator equal to a-\-b — c-\~zYab : 
make n~\~b — c—d, fo that the denominator may be d-\~iYab ; then 
if both terms be multiplied by d — 2 y>z£, you will have the denominator 
equal to dd — 4 ab a rational number, 

a 

Laflly, let the denominator be Y a "^~\b > multiply both terms by Y a 

4 . + 

— — y^, and you will have the denominator equal to a — Y^b—a — y^ j 

multiply again by a-\~Y^-> an d you will have the denominator equal to 

aa — 0 a rational number. 


To extraB the Jquare root of any binomial , whofe two parts 
when fquared are comtuenfurabk to each other . 

422. Note, that under the name of a binomial I here t as well as in other 
places , underjland two quantities connected together by -f- or — , though 
the latter by fome be called a ref dual. 

Let the binomial whofe jquare root is required be a=*=b ; then it is plain 
that a mujl be the greater pari ■„ for if it was othcrwile, a — b would be a 
negative number, end could have no fquare root : let x-f -y be the fquare 
root of a-\-b t and let x — y or y — x, according as * is greater or lefs 
than y, be the fquare root of a — b ; then we lhali have xx-\-o.xy-\-yy 
~a~\~b, and xx — 2 xy-\-yy—a — b j and thefe two equations will be the 
lame, whether x reprefents the greater or the leffer part of the root fought j 
lb that the fame operation that gives one part muft give the other alfo. 
Add and fubtradt the equation x 1 — 2 xy-+-y l =za — b to and from the equa- 
tion x % -\-2xy-k~y ! "=:a- J rb % and the refulting equations will be 2 x*-f- 2 y* 
=2 a y and \xy~ib j the former gives yy=.a — x% and the latter gives 
bb 1 ^ bb bb 

jy—jfTx’ therefore a~xx = — , and axx — x+ s — ; and changing 

ihe figns, x*~~ax*— 

4 

■bb 


and compleating the fquare, x*— tfx*-+- 

4 

JubJHtuie ss inf cad of aa — bb, and you will have x*~~ax % 




4 

aa ss 

extras the fquare root of both fidcs, and you will have 


3CX‘ 


$ 


wBdb- j whence xxsss 


at±zs 


that is, the Iqtiareof thegreater 


r« 


2 



part will be — , and the fquare of the lcffer part will be — there- 
fore the binomial root fought mil be =s=^~~> according at b « 
affirmative or negative. 

And here it mu ft be obferved, that If a* and b* be commenfurable to 
each other , cw<? may be expreffed in parts of the other ; and fo the difference 
a* — b‘, and confequently $, will be but one ftmple quantity , rational if the 
difference of the fquares of a and b happens to be a fquare number , and ir- 
rational if otherwife : but if a* and b* be incommenfurable to each other , 
the root fought will be more embarrajfed , and will not come down to that de- 
gree ofjffmplicity which the intent of this problem is to fnd out wherever 
it is to be met with. 

The fynthetical demonflration of the foregoing theorem is as follows. 
We are to prove that is the fquare root of the bino- 

mial adezb-y or (which amounts to the lame) we are to prove that the 
fquare of the former is equal to the latter. Now the fquare of the fura 
or difference of any two numbers is found by increafing or diminifhing 
the fum of their fquares by their double product ; but the fquare of 

V— tf is , and the fquare of V- 


, , — — - is - — and therefore the 

2 2 * 22; , 

fum of the fquares of the two parts of this binomiaUroot is a. Again* 

i/a+s ^/a—s . ^aa—ss 
v — x v — ™ gives V — — — 

aa — ss bb . . t/aa—ss 

— — . therefore V 

4 4 4 

Jp 

two parts, equals - , and the double redangle is b. Increafe now or 
diminilh a, the fum of the fquares above found, by b, the double pro- 

it "j" S tl *•*** X 

dud of the parts, and you will have the lqu.ire of y ziz \ • see • 


—bby and 


but aa — bb=zssy and|herefore aa—ss 


$ 

or the redangle of the 


adtzb. E. D. 


Example i, 


Let the fquare root of this binomial 3 =t;y'S be required. Here <1=3, 
a x — £* or i‘sr§ — 8=i, r=r, ~~ (01 the fquare of- the 

greater. part) (qr the fquare of the letter part) =1 ; whence.' 



664 The arithmetic Book ix. 

the root fought is y'2=t=i, as will further appear upon tryal j for the 
fquare of is 2-f-i=i=2V / 2=3=±=y 8* 

Example 2. 


let the fquare root of $zt=y24pc required. Here ^=.5, £=±=4/24, 
(X " s a ' * " 5 

r=i, =3, = 2 j whence the root fought is 4/3 =±=4/2. But 

here perhaps it may be obje&ed, that certainly the mo ft direct way of 
extracting the fquare root of the binomial 5=t=v'24 would be to extract, 
as far as occafion requires, the fquare root of 24, and then ag.iin the 
fquare root of 5+1/24. or 5 — 1/24. ; whereas after the extraction of the 
root tins way is over, we have ftill two roots to extract, to wit /^ 
and 1/2, before we can come to the true quantity of the root required. 
But whofcever makes this objection, does not feem to enter into the true 
deftgn of this analyfis, which is not fo much to come at the true quantity 
of the root required, as it is to enquire into the natuie and conftitution 
of the binomial propofed j that is, what rational or irrational quantities 
are the ingredients that -enter into it’s compofition. 


Example 3. 

Let the fquare root of this binomial, to wit, 1/5 2=*=/ 2 4 be required, 

. , * , , <*■+ s 4/3 2-+-4/S a — s 

Here then <7=4/ 3*, £==*=4/ 24, b, , ~j~ = 

I/32 — yS a , _ /72 + /S 

: but y 32=44/2, and yS= 2/2 *, therefore — - — 


: 5/2^/ 1 8, and 


1/ 32-—- /% 


■i/2 : therefore the fquare of the 


greater part is /itt, and the fquare of the Idler part is /?, and the 

4 4 

fquare root required is / 1 Sz±=/2. 

Example 4. 


Let the fquare root of this quantity be required, to wit, rr=±=2xx 
/r* — x*, whereof r* is one part, and 2 xx/r* — x* is the other. Here 

I make asszr* t and h=zz±=2xx./r 1 —-x % ; whence a % ssr* t i*as=4r*af*-— 4X 4 , 

a+s a-~-s 

jf—tf or 4r*x*4-4.y*, j=/**— 2**, ~^~s=r*'— — j— aasx* ; 

£ therefore fW is the fquare of one of the parts fought, and x* is the 

fquare of the other; fo that the root required is /r*~&=tx. 

Exam* 



Art. 4*3. 


OF tVKS <*J0 ANT I TIES. 



Example 5. 

Let the fquare root of this quantity be required, to wit, *""*^*L > 

or (which is the tame thing in the prefent cafe) let it be required to find 
the two parts feparatdy which compofe the fquare root of the aforefiui 


. TT v s/tf — 42,* , v* — 42* 

quantity. Here 0 = - , b=sx — , b % = 2 —, a l ~b x or <* 

2 2 

4«* ® v+zz a-hs 

= --—z 1 , s=z, ^-4- j=~-+-z= — ~ — , — — or the fquare of 

the greater part equals , ~~~ or the fquare of the fefler part 

„■ - 2 

equals i whence .the greater part is - iX /v-t~2Z, the leffer part 


\y/v — 2 2, and the whole l</v-\-2z-h\</v — 22;. In like manner, had 


the fquare root of the quantity 


V y/V l 42 1 

2 


been required, it would 


have been found to be l xS /v-{-2z — - iS /v^-zz. 


Example 6. « 

Laftly, let the quantity whofe fquare root is required be 6 4-^/8-*- 
v/i2 — v^24. To turn this quantity into a binomial, I majte the affirma- 
tive part and the negative part — s/ 1 2 — ^24 = — b ; then 

I have <?*=j 6 - 4 - 8 - 4 **i 2 y/B ; 5 S 44 "d - t 2-^/8 » A*sss:4"t24“244-2.^/288 : 
but 2 4-4- 1 2=3 6, and 21/288=24^2=12^8; therefore£*=364- 
12^/8} fubtrad this from a x t that is from 44-4-12 ^/8, and you will have 

a -4- s 

4? — l? or i l =8, and j= x / 8 } therefore — — = 3 4- >/ 8 , and — — - 

= 3} therefore die root required is — v/jj t0 3 

becaufe the fign of b was negative : but ^34-^8 was found in the 
firft example to be i-f-v/2 } therefore the root fought comes out at laft 

1 4 -y/ 2 \/ 3 ♦ . 

When more radical quantities than one are concerned in the given fquare , 

, their number muji be either 14-2, that is 3, as in the laft example * or 
i 4 -a 4 « 3 » that V 6, or I 4 - 2 - 4 -- 24 - 4 , that is 10, &c, as will eauly afw 
pear from the next following article. 

But here the great Newton according to his wonted fagacity makes 
"an obfcrvatioD, which (though obvious enough when made) perhaps but 

P p p p few 


I 
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few betides himfelf could have hit upon ; it is this: When more roots 
than Me are concerned in the given fquare f and thefe are all incommenj'u- 
rkble , Jo as not to- he reducible to fewer terms , the root (ought will confjl 
of more than two parts ; and thefe parts will hejl be found thus : multiply 
any two of thefe radicals together , and divide the produbl by fitch a one of 
the remaining radicals as will make a rational quotient , and the fquare root 
of half this quotient will be one of the parts fought - t and Jo you may pro- 
ceed till you have got as many different quotients as can be obtained this way : 
the number of different quotients will be equal to (he number of parts in the 
root fought t ana every quotient will give a correfpondent part. Thus in the 

, v /l2Xv/2.1. , 

tajl example, __ =v / 4=2> -^-—=4, =«i 

therefore all the different quotients that can be obtained are 2, 4, 6, whofe 
halves are i, 2, 3, whofe fquare roots are 1, 2 y ^3, the three parts of 
the root fought. Now as to the fgns of thefe parts , they may be thus de- 
termined i the only affirmative radical quantity in the given Jquare is ^8, 
which includes two parts of the root Jought, to wit , 1 and y/2 •, therefore 
the Jigns' of thofe two parts 1 and 2 muff be both alike : the next radi- 
cal ~VI2 is negative , and includes the parts 1 and y/i ; therefore the 
Jigns of thoje two parts 1 and muff be unlike : therefore the root re- 
quired is i-f-,/2 — v/3, or — 1 — v/2-{-v / 3j cither of which will equally 
txprejs the root off the given Jquare. 

423. In ord<ft to account for this lail rule taken out of Newton’s Al- 
gebra* I rnuft d&monfirate the following lemma. 

Let a and t> be two irrational incommenjurable quantities , but fuch whofe 
JijUtares a* and b* are both rational : I Jay then that ah the produft of 
their multiplication will be irrational. For a is incommenfurable to b 
ex hypotkeji -j therefore ab. is incommenfurable to b x j but b 1 is rational ; 
therefore ab is irrational. ^ E. D. 

This being allowed, let there be a trinomial, as a-\-b-\-c, the fquarc's 
ef whofe pasts are all rational numbers j but let the parts themfelves be 
either all, or all but one, irrational ; let them alfo be incommenfurable 
So one another, fo as to be incapable of being contracted into fewer terms : 
then if we fquare this trinomial, that by examining the competition we 
may be the better able to form a refolution, we fhali find the fquare to 
be aa-b-zab-+-2ao-k-bb-+-2b£-{-cc i whereof the parts aa-+-bb-+-cc eompole 
ft rational number, fuch as was the number 6 in the laft example ; but 
the other three, to wit 2ab y 2ac t %bc will be all irrational fey the lem* 
ma, fuch as were the radicals 4/8, iff 1 2, */24 in the kft example. 
Now whofoever considers thefe Irrational parts may eatily obferve, mat 
every part of the fquare includes two parts of die rogt,, that the product 
of any two parts of the fquare includes all the dirts parts of the root. 
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and confequcntly that if any of thefe products be divided bv the remain* 
ing part, which takes in two parts of the root, there will be but one 
Angle part left In the quotient. Thus if lab be multiplied into zac, the 
product will be 4 aabc, which being divided by the remaining part zbc^ 
will have zaa for the quotient, half whereof is aa, and the fquare root 
of that half is a, which is one of the parts of the root fought ; and fo of 
the reft. 

When there arc more titan three radicals in the given fquare, it is not 
impoflible but that Sometimes two irrational parts may be multiplied to- 
gether which cannot be divided by any of the remaining parts ; but there 
will always be as many different quotients obtainable as are equal in. 
number to the number of parts in the root fought, and confequently as 
many as are fufficient : thus If the quadrinomial a-\-b~\~c-\-d be l’quared, 
the fquare will be aa-\-Zab-\- zac-\- 2 ad-\~bb -h 2 fo-h 2 bd-{-cc-\-zed-\-dd j 
.where fetting afide the rational parts, all the other parts being* fix in 
number (3— f- 2— |— 1 ) will be irrational} that is, 2 ab, zac, 2 ad} zbc, zbd\ 
zed : now if of tbefe fix parts zab and zed, or 2 ac and 2 bd, or 2 ad and 
zbc be multiplied together, the product in all the three cafes will be 
4 abed, which cannot be divided by any of the remaining parts Co as to 
have a rational quotient : but thefe are only three combinations out of 
fifteen wherein the divifion will not fucceed, the other twelve giving 
four different quotients three times repeated, anfwerable to the four parts 
of the quadrinomial root a-\-b-\-c-\~a. * 

424. The only ufe I {hall make at prefent of tilt foregoing analyjis, 
is in the refolution of fuch biquadratic equations as 4 all under the name 
and form of quadratics. As for example, let the following equation 
be propofol to be refolved, to wit, bx 1 — ; here changing the 
figns, you have x* — 6x*s=— 1, and compleating the fquare, — 6x*-f*9 
=8, and extrading the fquare root, xx — 3=st j whence xxsss 3 

rtr^/8, and x~r±is/ 3=t=y/8 ; but -^ry/yd^y/% is y/2dt=i, bythefirft 

example of the laft article but one ; therefore — N /3=±=y'8 will be 
— ^2=5=1 } whence x=-+-y'2^=t, or — ^2=^1 •, that is, the four 
roots of the foregoing quadratic equation will be 4-^2 -h i, -h%/« 
— 1 „ — -v/2 -h 1 , and — s/z — 1 j and any of thefe being fubfti- 
tuted for x in the original equation, will anfwer the condition of the c- 

S ion. As for inftance, let x be made equal to y/z-jri ; then we 
have x^2-hi4-2 v^2===3-h<s/8 j whence 6xx=i8-h6v/8; again,' 
fince xx=3-f-v/8, we fhall have x*s=zg-+’S-+- 6 > /S=^iy'-i-bs/S * fob- 
trad how x* from bxx, and the remainder will be 1 , as the equation 
requires : and the fame will be the cafe of all the other roots of the 
equation, 

Again, 


P p P P 2 
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Again, let the equation propofed be xxx^/128 — **=8, or x 4 — xxx 
y^i28=s— 8* Here the coefficient of the fecond term is —^128, 

whofe half is — " == — = — v/3 2 > therefore compleating 

the fquare, you have x* — xxx^/ 1284-32=24 j extract the fquarc root 
and you wilt have xx — s /32==s= v /24, and xx= v /32=±= v /24 : put 
j for v /32=»= v /24, and you will have x==±= v /s ; but by the tliird 

4 4 

example of the lad article but one, ~+- v /s= v / 'i8=±z v /2, and therefore 
4 4 4 4 4 4 

—*ys = - — v/ r 8=5= y/2 therefore x=4- v /ib=i= v /2 J or — 1 8=j= y/2’. 


A Lemma* 

425- V a binomial •whole parts when fquarcd are both rational , be rat fed 
to a cube , and this cube be rejblved into another binomial in j'uch a man- 
tier as Jhall prejently be Jfjewn j I fay then that' the two parts of the cube 
will be affetiea with the fame furds as the two correjpondent parts of the 
rooty ana no other ; comparing the greater part of the cube with the greater 
part of the root , and the lejfer part of the cube with the leffer part of the 
root: and vice verfa. 

For of the two quantities x and y whofe fquares xx and yy are both 
rational, let x be greater than y j then will x — y be affirmative j and: fo 
will it’s cube, thfct is, x 5 — 3 xxy 4- 3 xyy — jy* will be an affirmative 
quantity; therefore x J -f- 3 xyy will be greater thany‘4- 3xxy j but 

'4 ft ' L - 1 _ . 

x‘-4-3Ayy=xxxx4-3y)\ and y } 4 - 3 xxv=y xy y 4- 3 xx ; therefore the cube 
of x — y may be refolved into this binomial, to wit, xxxx-4- 3 \yy — yx 
v ry-f*3xx, whereof xxxx-t-3yy is greater part : but as Vx+3 yy and 
yy-+ 2 Xie are both rational quantities by the fuppolition, it is certain that 
the greater part of the cube, can have no ford in it but what. 

is included in x the greater part of the root ; and that yx^Hh^xx the 
lefler part of the cube can have no furd in it but what is included in y 
the lefler part of the root ; and vice verfa : lb that if the fords included 
either in the cube or in the cube root,, be known^ thole in the other will 
fee known too, ^ E. IX 

lb extraEi the thirds fifth or feventh root &c of a Binomial 
whofe parts, wfitnfquared , are Both rational. 

426.. Before T enter upon this analyfisy give me leave to add to the 
foregoing kmma another obfervation of nolefs importance to owr fobfe#^ 

which. 
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which is, that If in any cafe I can find the cube root of a multiple of any 
quantity , it mil be the fame thing as if I had the cube toot of the quantity 
itfelf For let dz be a multiple of d, and let dz be alfo a cube whofe 

C 3 

cube root is c j then will c'—dz y and -=</, and ——Yd. 

Y* 

Thefe things being obferved, let it now be required to extra# the 
cube root of the following quantity, if it admits of any fuch root, to wit 
a+h, fuppofing a to be the greater part, and b the lefs. 

Now tliat I may be the lefs confined in the folution of this problem, 

f fliall enquire, not lb much into the cube root of a+b as of az*=b-*z, 
leaving z undetermined till I can fix fuch a value upon it as will bell 
ferve my purpofe. Let then x~\~y be the cube root of az-\-bz , and x — y 
that of az — bz ; and fince a is greater than b by the fuppofition, that 
is, fincc az — bz is affirmative, it’s cube root x — y will be fo too, and x 
will be the greater part of the cube root fought. Again, fince x-\~y is 

the cube root of a~\-b\z t and x — y that of a — bxz, we fliall have (by 

the rule of furd multiplication) x-f-yxx — y, that is xx — -yy, the cube 

root of a* — b'xz*. Now to the end that x l — -y* may be known, let us 
aflume for zz any rational number, fquare or no fquare it matters not, 
which multiplying a 1 — b' will make it a cube. This may always be 
done j for fhould other numbers fail, I can make z dfcjual to a x — b\ and 

lo can make a % '—b 1 xz i equal, to a cube whofe root is a' — b x - } but the 

lefs number zz Hands for, the better : let then a l —b x 'AZ l be a rational 
cube whofe fide is n> and you will have xx — *vy=/7. Having proceed- 
ed thus far, let r be a quantity nearly expreffingthe cube root of a-y-bxz, 
which may be taken in grofs, and we thall have .v-f -v=r nearly j and 

• n 

fince x-f-yxx — y, that is, rxx — y=n, we fliall have x — nearly: 

n 


add now thefe two equations together, to wit x4*y~/' and 
and you will have; 2x=r-f-^ nearly, that is, more nearly than either 

ft 

x+y was equal to r, or x—y was equal to - ■> for if r be taken too- 

Tt' • 

much, - will' be too little, and their lum r-+-. will be an interme- 
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diate quantity : fince then 2x=sr4- - , we ihall have x sx — ~ ; 


Book he. 
and 


thus we have got the value of x pretty nearly, and may be as exaft in 
it as we plcafe ; but we are dill ignorant of it’s compofition, which here 
is the thing chiefly wanted, and therefore this is what we muft next en- 
quire into. 

Now it is certain by the foregoing lemma, that x the greater part of 
the root mult have included in it the fame furd as az the greater part 
of the cube ; therefore if the quantity az be reduced to it’s lead terms 
by art. 420, and whatever is rational in it be thrown away, fo that there 
remains only one furd, which will be the lead that is included in az t 
and which we ihall call s ; the lame furd s will alio be included in x, 
that is, a- will be equal to s multiplied into fome rational number : call 

r-h- 

,.this rational number t, that is, let ts = x — j and you will have 


r-\-~ 

2S 


take then the neared whole number, or the neared Ample 

r _j_l 


fraction, if that approaches nearer to the quantity 


2S 


and you will 


-have the coefficient t, and confequently ts or x, which will be accurate 
if the quantity jSropofed admits of a cube root. 

Having thus got ts or x, the greater part of the root fought, the 
.other part will be eafily obtained : for fince XX' — yy> that is ttss — yyzsm, 

we fhall have yz= s /t x s t — «, and the whole cube root of the binomial 
a-^zbxz (if it has any) will be tsz±: s /t i s t —-n ; whence the cube root of 

tsz 


the binomial azt-b will be 




to wit, -f- or — y/t's 1 - 


according as b the lefler part of the binomial is affirmative or negative. 
Haile now this binomial to a cube ; and if it then be found equal to az±zb^ 
you have what you wanted ; if otherwife, you may realonably conclude 
that the quantity propofed admits of no binomial cube root. 

As the greater part of the root was here found independently of the 
lefler, fo atto may. the lefler part be found independently of the greater 


n 


thus. From the equation x-+-j fubtraft the equation x-— jp= — , and 




you will have aysnr— — j whence y = — : let s be the lead furd 

Included in bz the lefler part of the cube, and make tsssyi then vHtt 

/.be 



IT'S- 

Art. 426* OP 8 tr R D QJ/ ANT IT IPS. 671 

t be the neared whole number or the neared fimple fraction to 


2r 


and fo ts or 7 will be known > whence x may cafily be found, being 
equal to s /t l s i -+-n y and the binomial to be tried will be ~ ts ~ Sr ^ t s ..^ r -~ t 

s/z 

Thus may either part be found independently of the other ; and it is 
proper the learner fhould know both thefe ways, becaufe it very often 
happens that one part or the other of the given cube is.rational, and then 
s in that part will be equal to unity, and fo the correfpondcnt part of the 
root will be the more eafily obtained. 

From what has been faid, the rules for extracting the cube root of the 
binomial a-±=b (if it admits of a binomial root) are thefe that follow. 

1. 'Take zz any rational number , jquare or not Jquare , but the iejs the 

better y and Juch % that aa— — bbxzz may be a rational cube . If no lejj'er 

number can be fottnd y 7 may be taken equal to aa — bb, and aa— bbxzz will 
be a cube : let it's cube root be n. If aa — bb be itfelf a cube , zz (and 
confequently z) will be 1. 

2. Then take a whole fuimber or a fimple fra£lion y nearly equal to the cube 
root of a-t-bxz, and call it r. 

3 . This done y there are two ways of finding the cube root of the quantity 
propqfedy to wit y either by a z or bz. The former way is this : if\z be er 
J'urdy divide the number under the radical fign by the greatejl Jquare included 
in it y and the quotient with the radical fign prefixed (which I call s) will 
be the leaft furd included in a z : but if az be rational , s will be a unit. 

4. Take then the ncarefi whole number , or the ncarefi fimple fraction (if 

it approaches nearer) to- the quantity T -~, and call it t : I fay that the 


2S 


tube root of the binomial a=*=b (if it admits of a binomial cube rooty which 


mufi be tried by cubing the root when found) will be 


tsrfcy/ttss — n 


ac- 


cording as the quantity propofed was a-|-b ora — b, 

5. The other way is , by finding s the leajl furd includ'd in b s, ifbz be 
a furd quantity , (or if it be rational \ then taking s= 1 ,) and makmg 

r— -- 

t as and the cube root o/’asfab (to be tried as above mentioned) will 

2 $ 


^Atss-Htstets 

1 

y/Z * 


fit 
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Note. If az be rational, it may be convenient to work by the third 
and fourth rules, but if bz be rational, by the fifth, whereby (s being 
a unit) the cube root will be more eafily found. 

As to the fifth and feventh roots, thefe are extracted juft in the fame 
manner as the third root ; except that in thefe cafes zz mujt be fo afiumed, 
as multiplying aa — bb, the product may have a rational fifth or feventh root , 

which muft now be called n ; x-muft be the fifth or feventh root of a-f-bxz, 

j 

and inf cad of fix in the denominator of the binomial root to be tried, mufi 
5 7 

be fubftiiuted </z, fix. See. See Newton’s method of extrading the 
third, fifth and feventh root &c of a binomial in his reduction of radi- 
cals, where our zz anfwers to his ^ 

N. B. The fourth root is obtained by extrading the fquare root 
•twice, the fixth root by extrading firft the fquare and then the cube 
.root, the eighth root by extrading the fquare root thrice, the ninth root 
by extrading the cube root twice, &c. 

£x A M P L S I. 


Let it be required to extrad the cube root out of the following quan- 
tity, to wit, y/g8o-\-fiQj2. Here then a~figSo, b=zy/gy 2, a 1 — b x 
=980 — 972=8 $ therefore in this cafe a 1 — b % without multiplication, 
is itfelf a rational- cube, whofe fide is 2 ; therefore «= 2, «.*=!, = 1, 

3 * . 
and v /«=i.^ Again, ^980=3 i-f-, and ^972=31-4*; therefore 

xa.= 3 1 -4- 3 1x1=62, whofe cube root is 4 — ; therefore r= 4, 
and r- 4 -“ = 4 *-» Laftly, 980=2x2x5x7x7=14x14x5; therefore 
^980 or az = i4v/5 i therefore j= v /5 = nearly; therefore 
— -iss^asi; therefore /= 1, ts=s/$ , fs 1 — »= 5 — 2 = 3, and 


I / f 1 ' 1 - ft 

y/t*s x — »=\/3 » therefore , or the root to be tried, is 

*/<-4*v/3, and it fucceeds; for the cube of is c^/c-t-i 

+9SS+3Si***4SS+**S3=*S9*o+V97*- 


Example 2. 


Let it be required to extrad: the cube root of 4/968— 05. Here 
aa=.y g6S t bsss 25, at — ^*=968 — 62 5—343=7x7x7^ therefore nzmy T 



trl- 
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Ztssi, Again, 1/968=31-*-; therefore <T£ 3 x«= fT+^Tjx j =5 56, 

whole cifbe root is 4-— ; therefore r=4, and r-*“* = 4 — - ^ 

for I here -intend to find the leffer part of the root, as being rational ; 

7-——* Q 

therefore in tliis cafe =1, and — = ~ = x nearly; therefore I 


2S 


make t and confequently ts ==1 ; whence ; therefore 

the binomial root to be tried is |/8 — 1, and it fucceeds. 


Example 


Here 0=9, £= 


Let the cube root of 9 — y/8o be required. 

(i *■— * 'b x z^. I j I , JSsr: I 5 and as ^80=9 — , we fhall have a-i-bxz: 
whole cube root lies between 2 and 3, and therefore r may be made 


VSo; 

:i8. 


either equal to 2 or to 3 : fincc then in this tale r= 1 , we ihall have 
r-+-’ $ r 

— — — or - , according as /• is taken equal to 2 or 3 ; therefore t 

2f 4 3 

mull be the fimpleft fra&ion between * and J y that is j ; therefore t and 


3 

confequently ts = - ; whence y/£*s l ~ 


~n: 


Ss 


to be tried is 


3 — >/ 5 


and Co the binomial 
■« 


which fucceeds ; for the cube of the numerator 


2 ♦ 

is 72 — 32^5, and the cube of the denominator is 8, and the former 
divided by the latter gives 9 — 4^5=9 —\/ 86 . 

In all thefe cafes where the value of r cannot be expt-ejfed by the nearejl 
•whole number but very grojfly, it will be more advtj'eable to exprefs it by 
fome Jiniple fraction, which may eafily be obtained thus.: let the cube root of 
any given number be required, and let a* be the nearef left cube : now if 
to this cube a 5 be added aa-f-ja, you will have the cube of a-f>? nearly ; and 
if again to this lajl fum he added aa-l-a, you will have the cube of a-f-s 
nearly : whence it will be very eafy to fee whether the cube root fought lies 
between a and a-H‘» or between a-h' ( and a-f-*, or between a-4-* and a-f-r. 
As for initance, in this lad example we had occalion for the cube root 
of 1 8, where the neared lefs cube was 8, and <?= 2 ; now if to this 
cube 8 be added a 1 -b\a, that is 4j, you will have 12' lor the cube of 
„2 1 ; add again aa-\-a or 6, and you will have 18* for the cube of 2 1 j 
whence I infer that the cube root of 1 8 lies between 2 {■ and 2 *, but 
much nearer 2ji make then rss|, and (nice »=i andr=i, you will 

t |- *_ j | ^ 

2 ”^*48’ t ^ ere ^ ore t an d confequently = ~ 


buve 


as 


before. 


2* 
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Example 4, 


17 . l6o 

Let the cube root of — 1 2-4-5 ^ required Here <?tf=-gyxi2 


676 m 675 , 

-f— , bb= 2 5= , a *- 
27 * J 27 * 


-£*= — , »: 
2 7 


1 A . 676 

, 2=1. Again, -- 


r=2 c-J-, whole fquare root is c j therefore a + bxz — 10, whofe cube 

, „ » 1 2 A . 676 

root is 2 ; therefore r= 2, and rH-7 = 2 — = 2 — . Again , — ■ 


27 


26 

*7 


26 


676 


: 26 x — = 26 x rr - X2; therefore v/~ — or az ■. 
01 J v 27 


26 


y/3 j therefore 


7 r-f- 

!=./'! = 1 — ; therefore 
va 10 


21 


2 5 2.o 2 1 2 

— 7 : now — - = — ; therefore —7 
3 1 * 3 3«o 

2 2 2 v/3 \Z 12 

nearly ; . fo I make / = - ; whence if r = — - — = — ~ — , and /V 

3 3 3 3 


12 


— n— — — ~ = 1 ; therefore s/t l s ' — «= 1, and the root to be tried is 

9 3 

1 .+. which fucceeds : for if the cube of the nume- 

3 3 

rator be divided % the cube of the denominator, the . quotient will be 

~ v/ 124-5. * 

9 

In this example I found the irrational part firft, becaufe of fome Teem- 
ing difficulties in it; but the rational part is more ealily found : for lince 

r — — I 

y=2 9 .»=j, and in this cafe, 1=1, we lhall have = 1 


21 


12 


therefore ts the rational part of the root fought equals i, and 

. , * 2 2y/3 v/12 , r 

the other part equals -7- = — — = — — as before. 


Example 


Let the cube root of 68-4-^4374 be required. Here a 1 =4624, 
£*=4374, a K -~- =250=2x5x5x5; therefore in this cafe a x ——b x <. 
muft be multiplied into 4 to make it a cube, to wit 8X5X5X5, whofe 

3 3 

fide is 2x5=10 ; therefore «= 1 o, 22=4, 2=2, and v /2= v /2. [A- 

gain, 4 3 74=6 6 j therefore n-4-£x , s=68 -4-66x2=268, whofe cube 

* rqot 
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root is almoft in the middle between 6 \ and 6 j ; folmake r= 6*; 

ft I 20 I r-f-L 1 

whence r- — =6 — j- 7 - s=s 8 -7 j but s— 1 ; therefore - — 1=4.— -• 
r 2 13 20 2 s r $2 

make / s the rational part, equal to 4, and you will have ttss — «=s:6j 
whence — - the root to be tried, is and it fuccceds; 

</& - s /2 

for if 1364-54^/6 the cube ©f the numerator, he divided by 2 the 
•cube of the denominator, the quotient will be 684-27^6=68-4-^4374. 

Example 6. 

Let the fifth root of 291/64-4 1 1/3 h e required. Here <?*= 5046, 
^=5043 j therefore a x — £*=3 ; therefore in this cafe a' — b % muft be 
multiplied by 81, to have a rational fifth root; for then it will be 243, 
whole fifth root is 3; therefore »==3, and 2=9. Again, -1/5046=71, 

and 3/5043=71 ; therefore <z4~£x£= 142x9= 1278, whofe fifth root 

n 3 

is 44-; therefore 7=4, and r 4-^ =4^-. Laftly, <*£=29x3/6x9; 

x t* ‘H - * •" ■» ^ 1 

therefore =1/6=2 ; therefore L. = - J '= 1 — — ■ ; therefore 

r a 2s 5 20 

■■ — — — 0 

/=i, ts=z/ 6, — =3/ 3, and ; of the root to be 

v/* 

tried, is — ' , and it fucceeds ; for according to Newton's theorem, 

s/9 

the fifth power of </(>-¥</% is 36^64-180^34-180^64-180^3 
4-45v/64-9v / 3==26 1^64-369^/3 ; which being divided by 9, the 
fifth power of the denominator, gives 29^64-41^/3 number firft 
propofed. 
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ELEMENTS of ALGEBRA 


BOOK X, IN TWO PARTS. 

I. Of Equations in general, and their roots. 

II, Of cubic and biquadratic equations in particular, 

PART I. 


Of equations in general > and their roots . 

* Depin i.t. ions. • 

427. i QUATIONS are ufuatty denominated from the higfie/t 
1^ power of the unknown quantity that is alone concerned in 
■ j them. Thus if the unknown quantity arifes to the third 
— ■'* power, the equation is called a cubic equation ; if to the 
fourth, a biquadratic ; if to the fifth, a quadrato-cubic * if to the fixth, 
a bicubic, &c. But if an equation can (by a bare redubiion of the powers 
of the . unknown quantity) be brought down to a lower form, it then receives 
it’s denomination from that form. Thus the equation x 6 — <we»-J-£=s= o, 
where x is- the unknown quantity, is called a quadratic, becaufe, by fub- 
fitituting y for x\ it may be reduced to one : thus again, the equation 
x 6 — ax*-\~bxx — c=o is called a cubic equation, becaufe it may be re- 
duced to one by fubftituting y for xx. 

The root of an equation is fuch a quantity, as being fubjlituted for the 
unknown quantity , will make the two fules equal one to the other j or (which 
is the fame thing) if all the parts of an equation be thrown to one fde, and 
Jfc be made equal to nothing on the other , then that is fatd to be the root of 
the equation , which being fubfiituted for the unknown quantity , will make 
the whole equation to vanijh. Thus the roots of the equation xx — 8*-+- j 5. 
wto are 3 and 5, became cither of thefe numbers being put for x will 

make 
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make the whole equation to vanifh ; and there are no others befides in 
the whole fcale of numbers that will have that effe&. 

428. Every equation hath as mam roots, pcjjible and impoflible, as there 
are dimenjions in the higheji power of the unknown quantity. Thus every • 
cubic, equation has three roots* every biquadratic four, &c. But it oft 
tan happens that fomc of thefe roots are impoflible, and fometimes that, 
they are all fo, if the index of the higheft power of the unknown quan?» 
tity be an even number j for if it be otherwife, the equation will al- 
ways have one root at leaft poflible, as will be evident from what will 
be laid hereafter when we come to treat of the conftitution of equations. 
Thus, the equation x’=i hath indeed three roots, but it hath but one 

reafroot, to wit unity, the other two being importable, to wit, — £ 


and 


m V — 3 


Let ,us fee however how thefe impoflible numbers, 
being fubilituted for x } will make x l = 1 : and firft let us make x =sa 
Make — 1 =<2,, and — 3=^ j then you will have: 

x % — , whereof a J = — I ; 2aab=-t- 3X)/ — 3=? 

3-V — 3 : a g a ’ n > as ha=zY — 3 ,-we fhall have b*= — 3^ and 2°b l ~ — 3 * 
x — 3 = -+-o: laflly b\ or b'x b = — 33/ — 3 ^ tlierefore = 

~‘+?r-3-t^3V-3 .^} M| Let us no* put - ^-3 

for Xk; and making — 1— *7, and — 3/— -3—^, we fhall have the firft 
term of x\ wherein b is not concerned, and the third term, wherein 
’& O'nly concerned,. the fame as before } but the fecond and fourth terms*, 
whereia b and. b ! are concerned, will have their ligna clianged ; there- 

■i — 3>V — 3-t~9-*~3v/ — 3 ' 


fore in this cafe x J = 


8 




Of the rife of thefe impoflible roots in quadratic equations we hawx 
fpoken already; and how by theic means, they creep into equations o£. 
higher, degrees, fhall be (hewn hereafter. 

Of the generation of equations* 

7b form an equation that fjpati have any number, of given. 

* roots. 


a*. This is eqfily done , jirjb by changing the fgns of all the roots given * 
and then joining them fever ally to fome indeterminate quantity > for if tke 

quantities 
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quantities this conjlituted be multiplied all together , and the produSt be made 
equal to nothing , you will have the equation defired. As for inftance, kt 
> it be required to form fin equation that {lull have thefe three roots and 
no more, to wit 1 , 2 and 3 : now if the figns of thefe roots be changed, 
ami they be feverally joined with the indeterminate quantity x, they will 
- conit itute the quantum..' x — 1, x — 2, x — 3 ; multiply all thefe together, 
and making their product equal to nothing, you will have the equation 
dclircd, to wit, x' — 6xx--b 1 1 x — 6=0, whole roots are the numbers 
hrlf prop> fed, to wit 1, 2 and 3. 

This may calily be tried by fubftituting thefe numbers (one after ano- 
ther) for x in the equation : but the realbn of this method will beft be 
perceived bv refolving again the equation into it’s firit factors thus, 

.v — 1 x.v — 2 x.v — 3 — o ■, I fay then that the roots of this equation are 
thefe three and no more, to wit, x, 2 and 3. For firft, if 1 be fublti- 

• tilted for x in the equation ,v — x x x — 2 xx — 3 = 0, you will have 

i — 1x1 — 2 x 1 — 3—0 ; which mult nccdlarily be fa, bccaufc one of 
the Kuftors, to wit z — 1, equals o. Make now x equal to 2 in the fore- 
going equation, and you will have 2 — -1x2 — 2x2 — 3 = 0, becaule 
2 — 2 is fo. Laltly, make x equal to 3, and you will have 3 — 1x3^2 
X3 — 3=0, becaufe 3 — 3 is fo ; therefore the three roots of this equa- 
tion are the numbers j, 2 and 3, from the very definition of a root. 

Let us now fe# whether this equation can have any other roots befides 
thofe already mentioned ; and (ii poffible) let r be a fourth root diffe- 
rent from any of thefe: then if r be fubfUtuted for x in the equation, we 
fh^uld have r — ixr — 2 xr — 3=0 ; but now as r is different from any 
of the numbers 1, 2 and 3, by the fuppofition, it follows that every one 
of the factors r — 1, r — 2, r — 3 mull be fomething; and if fo, it will 
'be impoflible for thefe, when multiplied together, to produce nothing,; 
therefore the foregoing equation admits of no other roots but thofe al- 
•ready mentioned. 

If I would add a fourth root to the foregoing equation, to wit 
I might either put it thus, x — ixx — 2 xx — 3 xx-f-5=o, or I might 
♦multiply the cubic equation before found, to wit, x' — 6xx-Mix — 6 
v by x-i-5, and fo make the .produdt x * — x’-— 1 9XX-F49X — 30=0. 

Whenever an equation may be wholly divided by the Jimple power , or by 
■ the fquare, or the cube of the unknown quantity without a remainder , it is ’ 
an infallible argument that one or two or three of the rdbts of fuch an equa- 
tion are equal to nothing. Thus the equation x* — 6 xM-iixx — 6x3=0 
may be divided by x without a remainder; whencp I conclude that 
one ofdt’s roots is .equal to nothing, as willbe. evident, either by fubfti- 

tuting 
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tuting nothing for x in the equation, or by consid ering the equation as 
refolved into it's co nftitu e nt favors th us, xxx— - 1 xx^2 xx— -3 =0 ; as 
if I had faid x — oxx — ixx — 2xx — 3=0 : whence it is evident that o 
lias as good a title to be a root of this equation as any of the reft. 

430. From what has been laid down in the lajl article it appears , that 
if any number of equations whofe parts m one fide are all equal to nothing 
on the other , be multiplied together , they will produce an equation of a j'upc- 
r’tor form > whofe roots will be the fame with their s. Thus if the follow- 
ing equations be multiplied together, viz. x — 1=0, whole root is i,, 
x — ‘2=o, whofe root is 2, and x — 3=0, whofe root is 3, they will 

produce the equation x — ixx — 2xx — 3=0,, whofe roots are 3 , 2 and 3, 
by the laft article. Again, let thefe equations be multiplied together, 
viz. 2X — 3 = 0,. whofe root is {, 4* — 5 = 0, whofe root is * , an d 6x 
— 7—0, whofe root is 5, and they will produce the equation. 2x — 3 v, 
4* — 5 x6x — 7=0, whole roots are {, * an d }: for i l 2x — 3x4* — 5X 
^—7=0, we fhall have by divifion x—~{xx — *xx — l~o t and the roots 
of this equation are *, s and l by the laft article. Laftly, let thele two 
equations be multiplied together, to wit xx- -ttx-\~h=: o, whofe roots we 
will call p and q, and xx^-cx-+-d~ct, whofe roots we will fu p polc to be 
r and s : I lay then that the roots of the equation xx — ax-\-bxxx — cx~hd 
=0 will be />, q , r, s. For firft, as p is one of the ipots of the equation 
xx — <zx-{-£=o, it follows from the nature of a root* that if x be pit 
equal to p y the quantity xx — ttx~\~b mud vanifh ; butjjfxx — ax-{~bx^o-, 

then xx — ax~\~lxxx — cx~\~d mud be equal to nothing > therefore p hone 


of the roots of the equation xx — tfx-f-^xxx — cx -\-d~o : and the tame 
may be obferved of all the other roots q, r y s. 

Idcncc it is that impoj/ible roots creep into equations of all orders and de- 
grees whatever: for if the roots of one or more quadratic equations that en- 
ter into the compolition of an equation of a fuperior form, he imporiible,. 
the equation fo formed inuft nccefflirily have the lame im.poihblc mo t .. And 
this is the realon why In every equation , tin number f imj cjjitde > <'•' -s af- 
t ways even-, becaufe the roots of a quadratic equation mull .daays ha both 
poffible, or both impoflible, as was fhewn in another place : /''<*.;/ the tn~. 
dex of the highejl term of an equation be an odd number, it u:u,t A< :v at leaf, 
one root pcjjtble, becaufe fuch an equation cannot be formed v- i.oily of qua- 
dratics ^ it muft have a limple equation in it’s competition, over sod above j. 
and the root of limple equation is always poffible. 

431. The converfe of the laft article will alfo be true, it well under- 
ftood j to wit,, that If any equation of a fuperior form be f'cpojed, whofe 
* parts on one fide* are all equal to nothing on the other, and tj the quantity 
which 



68o '’The generation or equations; Book*. 

which in the equation is fuppofed equal to nothing , can be refohed into more 
jhnpk faSlors, in all which the unknown quantity is more or lefs concerned, 
and laftly , if thefe factors be made each equal to nothing , you will then have 
a jet of equations of an inferior rank , which all together will have the fame 
roots with thofe of the equation propofed: but thefe roots mujl now be more 
Ciijily obtained, as being to be extracted out of equations of a fimpler kind. 

It may perhaps be objected, that it is no good confequence to infer* 
that becaufe a quantity is equal to nothing, therefore all it’s conftituent 
factors muft be fb too; fince if but any one of thefe be equal to nothing* 
that will be fufficient to deftroy the whole : but whoever makes this ob- 
jection, does not apprehend my conclufion ; my inference was not from 
a quantity’s being equal to nothing, that therefore all it’s conftituent fac- 
tors muft be equal to nothing, or to any thing; that matter is purely ar- 
bitrary, and certainly the Analyft is at liberty to equate them to what lie 
pleafes, being under no reftraint from the nature of the thing ; but what 
I contend for is, that if he will have a fet of equations, which all together 
will have the fame roots as the fuperior equation propofed, he muft then 
make all his factors equal to nothing. 

When the unknown quantity iignifies the fame thing in different equa- 
tions, it will then be lawful to multiply thefe equations together, ana we 
may lafely pronounce the product of all the antecedents on one fide equal 
to the product of Jill the confequents on the other , that is, we may do 
this without chaining the ftgnmcation of the unknown quantity. But 
if in different equations the unknown quantity has different values, and 
thefe equations be multiplied together, there will then be but one cafe 
wherein we may conclude the produCt on one ftdc equal to the product 
on the other, without taking the unknown quantity in a -different fenfe 
in the conclufion from what it had in any of the premHTes } and if the in- 
ference will not hold good in compolition, much lefs will it in the refb- 
lution. 'But one cafe there is wherein equations may be thus united 
■without changing the fenfe of the unknown quantity ; and that is, when 
the fecond fide of every conftituent equation is nothing : this, I think, 
was thoroughly made out in the laft article ; and if the compofition be 
'juft, we muft allow of the relolution, or be liable to infinite contradic- 
tions and abfurdities. 

432. Hence it is that the invention of dhi/ors comes to be of any uj'e m 
the reflation of equations : tor by finding all the divifors that will divide 
the quantity which in the equation is fuppofed equal to nothing, without 
any remainder, we can refolve it into it’s moft fimple factors. As for 
inllance, let this equation be propofed, ad=i, or x 1 — 1=0 : now if 
we examine the quantity x 1 — 1 according to art. 409, we fhall find it, 
hath this divifor of one dhnenfion, to wit x—~ 1 , ana that the quotient 
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is joH-x-4-i : make therefore x— - 1=0, and xx4-x4-i=o, and the 
equation propofed will be refolvedinto a iimpie equation and a quadratic: 
the root of the iimpie equation x — 1 =0 is 1 , but tire roots of the qua- 

dmtic equation xx4-x4~ 1 =0 are impoftible roots, to wit, 


and 


— , — y/ — 3 
2 


j but that either of thefe two Lift quantities, 


as well 


as the firft, being fubftituted for x, will make fci, was (hewn in ait. 
428. 

Again, let the equation he x* — xx — 10x4-6=0. This quantity* x' 
— xx — 1 ox-L- 6 was examined in art. 409, and was found to have a th- 
vifor, as x-4-3, and the quotient was xx — _jx4-2 : make x 4-3=0, and 
xx — ax-f-2=c, and the root of the former equation will be — 3, and 
the two roots of the latter 2 4- y e and 2 — f 2 ; therefore the roots oi 
the cubic equation propofed will be — 3, 24 ~f 2 and 2 — y'l. 

Lailly, let the equation propofed be x‘ — .v ? — jxx4-i2x — 6=0, This 
quantity x 4 — x* — 5XX4- 1 2X — 6 was examined in art. 41 x , and was found 
to have this divifor, to wit xx4-2X — 2, and the quotient was xx — 3X 
4-3 : make xx4-2x — 2=0, and alfo xx — 3x4- 3=0, and the biqua- 
dratic equation propofed will now be refblved into two quadratics ; the 
roots of the former equation will be — 14-V3 and — 1 — y'3 ; but the 

roots of the latter equation will be impoftible, to wi£, and 



therefore the four roots of the biquadratic equation propofed 


will lie — i4“V3> — 1 — V 3> 



and 



Of the coefficients of the terms of equations . 

433. If the, roots of an equation have all their fgns changed, a>;d the 
equation if /elf be fo ordered as that all it's terms on one fide may he < qua! to 
nothing on the other , having unity for the coefficient of it's fir/ l term I fay 
then that the coefficient of the fecond term will be the Jinn of all 1 1' roots 
thus changed the coefficient of the third term will be the f tun of all the dif- 
ferent products that can be made out of them by multiplying them two and 
two together , the coefficient of the fourth term will be the’fumot ah the dif- 
ferent products that can be obtained from them by multiplying them three and 
three together , the coefficient of the fifth term will be the fum of all the dif- 
ferent produSls that can arife by multiplying them fur and four together, &c r 
"and thus may an equation be formed that jhall have any number of given 

Rrrr roots. 



682 Of the coefficients of the terms ofequations. Book v. 

roots , without continual multiplication. As for inffance, fuppofe I would 
form an equation that {hall have thefe four roots, i, 2, 3 and * — 5: 
now thefe roots when their figns are changed, will be-— r, — 2, — 3, 
-+-5, whofe fum is — 1 } therefore — t will be the coefficient of the fe- 
cond term. Again, all the different products that can be made out of 
them by multiplying them two and two together, are — 1 x— 2, — -ix — 3, 
—ix-4-5, — 2x— 3, — 2x+5, —3x4-5, =-+-2, -4-3, —5, +6,—io, 
—15, t=t' — 1 9 ; therefore the coefficient of the third term will he— 19. 
All the different products that can arife by multiplying them three and 
three together, are — jx — 2x— 3, — ix — 2x4-5, — 1X — 3><4- 5, • — 2 
x— 3x4-5, = — 6, 4-10, 4-15, 4-30, =4.9 ; therefore 49 will be the 
coefficient of the fourth term. Laftly, there will be but one product 
obtainable by multiplying them all four together, that is — ix—2x— 3 
x4*5= — 30 ; therefore —30 will be the laft term of the equation, and 
the whole equation will now be formed, to wit, x* — x' — 1 9XX4-49X 
— 30=0. 

The truth of this propofition will eafily appear by reprefenting the roots 
in general terms thus : multiply x — a, x — b and x — c together, making 
the product equal to nothing, and you will have an equation whofe roots 
are b and c, by art. 429} and this equation will be found to be x l 
— a — b — cy.xx-\-ab-fac-\-bc*x — abc=s 0, which is ufually written thus : 

-HI 4 ~ab 

x' ~*-b xx 4 ~ac x —abc=o. 

— *c 4 ~bc 


If x — a, x — ^ x — c and x — d be multiplied together, you will have an 
equation whole roots are a t b, c and d, and the equation will be found 
tp be 


x* 



-hab 

4 -ac — abc 

4 -W —abd 
-\-bc x ~-acd x 
-\~bd — - bed 

+cd 


-^-abcdsszo. 


After the fame manner may all the other cafes be demonftrated, be their 
figns or their roots what they will. 

From what has been faid it follows, that if the coefficient of the frf term 
of an equation be 1, the lajl term will be the produft of all the roots multi- 
plied together , and confidently that no rational number % can be the root of 
fitch an equation, that ts not an affirmative or a negative divifir of the 
lafi term » 


of 
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Of the number of affirmative and negative roots in an 

equation. 

434. When the roots of an equation are all poJJibk\ and all it' s parts are 
thrown to one fide Jo as to be made equal to nothing on the other , the num- 
ber of affirmative and negative roots may be thus determined: as often as the 
figns change in pajjing from the highejl term to the loweffi jujl Jo many roots 
of the equation will be affirmative ; and as often as like figns follow one ano- 
ther , Jo many will be negative. As for inftance, in the equation x* — x* 
— 19XX-4-49X — 30=0, where the order of the figns is 4-, — , — , -h, 
in the firft term being followed by — in the iecond, argues one 
affirmative root ; — - in the iecond term followed by — in the third, ar- 
gues one root to be negative ; — in the third term followed by -f- in the 
fourth, difeovers another affirmative root ; and -h in the fourth term fol- 
lowed by — in the fifth, a third : To that if all the roots of this equa- 
tion be poffible, there will be three affirmative roots, and one negative, 
which is true; for the roots of this equation are -f-i, -f-2, -1-3 and — 5, 
as was lhewn in the lall article. 

This rule is ufually afcfibed to our Countreyman Harriott , who was 
undoubtedly the firft difeoverer of moft of thofe general properties of 
equations hitherto delivered, or to be delivered. Bufc wholoever it was 
that firft hit upon it, this is certain, that he left no demonftration of it j 
nor have I ever met with one in any treatife of Algebra, that has hither- 
to fallen into my hands, though moft of them make mention of the rule. 
And indeed, whoever confiders the immenie number of cafes that mu ft 
neceftarily come under confideration in a demonftration of this nature, 
will not be very ready to attempt it univerfally ; I lay univerlally, for 
equations of lower degrees arc lefs embarrafled, as 1 have {hewn already 
in the cale of quadratic equations, and fliall further (hew when I come 
more dillindtly to con fide r cubics. On the other hand, it feems much 
more probable, that this rule was found out by experience tlian from 
any regular inveftigation of it : for let ail the roots of an equation be af- 
firmative, as -4 -a, - 4 -c ; then the equation will be x — axx- — b\x — c 

=o } that is, 

— a -f -ab 

x f — b xx -4 -ac x —abc—o, 

where there are aS many changes of figns as there are roots. Let us now 
iuppofe all the roots of a n equ ation to be negative, as — a t — b, — c ; 
then tlie equation, will be x-H*xx 44 x x-f-<r== 0 , that is, 

R r r r 2 x 1 
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-\~ab 

ac* -\-b xx -\-ac x -+-abcz=zo t 

-4-c -\-bc 

where there are no changes of figns at all : and from the formation of 

equations in the laft article it is very vifibl'e, that thefe two extreme cafes 

will he the lame, how high foever the equation rifes ; that is, when all 
the roots are affirmative, there will be as many changes of figns as there 
arc roots; and when none arc affirmative, there will be no changes at all. 
Now the queftion is, whether an ingenious artift would not take the hint, 
which could not well efcape his observation, and immediately let him- 
ielf to try, whether in all other cafes the number of affirmative root« be 
not equal to the number of variations in the figns as they follow one 
another. 


'this rule (as I before obferved) only trikes place where all the roots of an 
equation are fojjible ; for if any of them happen to be otherwile, it will 
then be impoliible to determine the figns of the real- roots. Impoffifele 
quantities, properly fpeaking, belong to no clafc, either of affirmatives or 
negatives, and yet they always appear under one form or the other ; nay 
fuch is the capricioufnefs oftnefe quantities, (if I may call them fo,) that 
the very felf-lame roots often appear in both ffiapes : of this I have given 
fome inftances in art. 1 09 with relation to quadratics ; and give me leave 
to produce one or«two more in this place. 

The equation — r=o is defective for want of a fecond term, 

and therefore canfeot be examined by the foregoing rule till that defeat is 
fopplied by -fsoxx or — oxx:- let us then put the equation x’-t-exx-f-yx 
— r=o, and then by the foregoing rule it appears, that this equation has 
©ne affirmative and two negative roots : let us now put the equation 
vV i — oxxH-yx— *r=o, which differs nothing from the former iHit in the 
manner of conceiving it and now according to the foregoing rule, all 
the roots are affirmative. This is a plain indication that there lie con- 
cealed in this equation two impoffible roots, adorning the fhape of affir- 
mative quantities in one light, and that of' negatives in another. 

Again, let this equation x’-f -pxx-^-^ppx — y— o be examined by the 
foregoing rule, and, it will be found to have one affirmative, and two-ne- 
gative roots : let us now add another affirmative root, as -4-2/*, to this 
equation,, multiplying it by the equation- x — 2p=o,. and we ihall have 


-frppxx 


— 4jp 


x -4-2/7: 


this equation ought to have two affirmative and two negative roots; but 
according to the foregoing rule, all it’s four roots are affirmative ; which 
ffiews, that in the foregoing equation there were conceded, two negative 
impoffible roots, width are changed into affirmative ones in this. 


a 
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43 5. But here the reader ought to be put in mind, that It very often 
happens , ejpecially in geometrical problems , that the roots of equations are 
po£ible y and yet the fchemes to •which they relate may exhibit them impoJjible T 
upon the account of fome limitation or other in the problem which Joes not 
enter the equation. An inffance or two will clear uu this matter. (See 
Plate vii. Fig. 6 r) 

Let ABC be a circle whofe diameter is AC, and let AB be any chord' 
infcribed in it ; from B, the end of the chord, draw the line BD perpen- 
dicular to the diameter AC ; and let it be required, having given the lines 
AB and AC y to compute AD\ the fegment of the diameter intercepted 
between the point A and D the foot of the perpendicular. Join BC } and 
call AD x: then will the fimilar triangles ADB and ABC give the 
following proportion, to wit, AC is to AB as AB is to AD or x; whence 

x~ yl(f > therefore x,.the root of this equation, will be equally pofli- 

ble, whether AB be greater or lefs than AC ; but the problem will not 
be pofllble unlefs the chord AB be lets than the diameter AC. Here 
then we have an inffance of a problem’s producing an equation whole root 
continues to be pofllble, even when the problem ceafes to be lo, on ac- 
count of the limitation abovementioned, to wit, that in the problem, AB 
mult be lefs than AC. To explain this myffery, let AC and AB be 
any two given lines, and let it be required to aflign'k third proportional 
to them, which we will call x : fince then AC is to AB as AB is to x y 
AB * . . * 

we have again x = : but this problem is as unltmltytd as the equa- 


tion it produces; for it is certain the two quantities AC and A B will ad- 
mit of a third proportional, whether AB be greater or Ids than AC. The 
cafe then Hands thus : here, is an equation anting from a limited problem ; 
hut this equation is alfo intended tuloive another problem that is ablalute- 
ly unlimited; therefore it ought not to be expected that the equation 
fliould be liable to any reffridtion, whatever, may be the cafe of the. pro- ■ 
blein that produced it. 

In the j22dand 123d articles we had an inffance of’ two- problems 
producing one and the fame quadratic equation ; and accordingly two roots 
were found which would equally lolve the equation ; but the problems 
theinfelvcs were under inch different limitations, that the lame root would 
not fojve both problems, but one root lolve J one problem and the other 
root the other.- And I believe I may venture to lay it down for a gene- 
ral obfervation, that whenever a problem produces an opinion that ad- 
mits of two or more roots, whereof there is but one that will folve the 
•problem, I belieye I fay, we may generally conclude tiiat there arc other 

problems 



686 A limited prliblem-may exclude feme pojjtble roots. Book x. 

problems producing the lame equation, and that the reft of the roots are 
intended to Iblve thofe other problems. 

Another inftance to fh$w that the roots of equations may fometimesbe 
pofiible when the nature of the problem to which they are applied may 
be fo limited as abfolutely to exclude them, take as follows. 

Let it be required, having given the lide and folid content of a cone, to 
find k’s altitude, and the lemidiameter of the bafe. 

Let p be the femiperiphery of a circle vvhofe femidiameter is i ; then 
will p be alfo the area of that circle, and the fquare of the femidiameter 
•of every circle will be to it’s area as i to p ; which is as much as to lay, 
that if the fquare of the lemidiameter of any circle be multiplied by />, the 
product will be the area of the circle. This allowed, let s be the given 
lide of the cone ; and dividing the given folid content by p> call die quo- 
tient q y and pq will be the folid content itlelf. Put x for the altitude 
of the cone, and y for the femidiameter of the bafe ; then will pyy be the 


p x y y 

area of the bafe, and — ~ the folid content of the cone 


therefore 


pxyy 




*yy , Vi 

and — = q } and yy = 


x 


Again, xx 4 -y>’=w, by the 47th of 


the firft book of the Elements ; (for by the lide of the cone we mean the 
hypotenufe of the generating triangle, or a line drawn upon the furface 
of the cone from ifs vertex to the circumference of the bafe;) therefore 


39 

yyz=ss — xx— — , Sand ssx — x 5 =3 q, and x’ — jjx4*3<p=o : this is a cubic 

equation, and when s and q are expounded in numbers, may eafily be 
refolved, either by the rule of divifors already explained, or elle by fome 
•of the rules hereafter to be delivered when we come to treat more parti- 
cularly concerning the refolution of cubic equations. As for inftance, let 
s the given lide of the cone be equal to 5, and pq the given folid con- 
tent be equal to 12 p \ then will <7=12, and the equation x’ — ssx-V^q 
=0 will now be changed into this, x* — 25x4-36=0 : now by the rule 
of divifors it appears, that the quantity x* — 25x4-36=0 admits of x — 4 
for a divifor, without any remainder ; tlierefore 4 is one of the roots of 

this equation. Divide now the equation x 5 — 2 cx-J~36=o by x — 4, 
and you will have the equation XX4-4X — 9=0, which being refolved will 
give the other two roots, to wit, — and — 2 — v/ I 3* This 
equation then, to wit x’ — 25x4-36=0, has three real roots, whereof 
two are affirmative, as 4 and — 24-%/ 13* an( ^ one is negative, as — 2 
— v/i3 > but this negative root, though it will folve the equation, will 
by no means folve the problem ; for it fuppofos an impoffible cafe, to wit,* 
that mot only the altitude of the cone is negative, but greater than the fide. 
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as will be found upon tryal. But this is not all*, for izp the folid con- 
tent of the cone, is an affirmative quantity j therefore if the altitude be 
negative, the area of the bafe, and xonfcqucntly the fquare of the ferni- 
diameter of the bafe mu ft be fo too : this root then fuppoies what is not 
to be fuppofed, but is abfolutely impofiiblc in the nature of the thing. 
Hence it appears that this problem, though producing a cubic equation, 
admits however but of two folutions. If 5 be the fide of the cone, and ; 
the altitude be taken either equal to 4, or to — 24-v/* r 3> the folid 
content of the cone will be 1 2 p. The former cafe is eafily tried, and 
the latter maybe tried thus : make rr= 1 3 , and the altitude of the cone 
will be r — 2, and the fquare of the altitude rr — ^4-4=17— \r ; fuh- 
tradt this from 25 the fquare of the fide, and there will remain ^r-4-8 
for the fquare of the femidiameter of the bafe ; therefore 4r-f-8x/> will he 
the area of the bale'; multiply this into r — 2 the altitude, and yon wilt : - 
have the produdtof the bafe into the altitude equal to 4 rr4-8r — 8r — 16 
x/==4rr— 1 6 5 2 — i6xp=$6p, the third part whereof up, is the. 
folid content of the cone, as it ought - t therefore the altitude r — 2 was 
rightly afligrted. 

I obierved before, that the negative root — 3/ 13 — 2 would folve the 
equation x 5 — 2 5x4- 36—0, though it would not folve the problem : for 
making rr= 13 as before, and putting x for —r — 2, we thall have 
.v 1 = — r % — 6 rr — 1 2 r — 8; put 13 for rr, and t fieri you will have 
— I3r — 78 — I2r — 8= — 25;* — 86: again, — 25^== — 25X — r — 2 
=4-2 5r4-^o ; therefore x r — 2 5x1= — 25/* — 8 64- 2 5^4- 10— — 365 add 
36 to both tides, and you will have x' — 2 5x4-36—0. 

Of the transformation of equations. ■' 

436. I11 order to fit and prepare equations for a more eaiy refolution, it 
will be proper that the Analyft be well acquainted with all the various 
ways of transforming equations one into another, inoft whereof he will 
meet with in this and the following article : as 

lit. When there are fractions in any equation, they mu ft be taken away • 
after the fame manner as in Jimple equations, to wit, by multi pis tug tie whole 
equation into all the denominators Jucceffivefy : and if after t bn, tie htgbejt 
power of the unknown quantity is affe&ed with any coefficient but unity , that 
coefficient mujl alfo be taken off in the following manner. Lei the equation* 
when reduced to integral terms , be ax J 4-bxx4-cx — d— o, where 1 Zv coef- 
ficient of the bighejl power of the unknown quantity is a ; then affumtng 

y y .. 

any indeterminate quantity, as y, make - = x, and fubjlitutmg ~ injleaal 

‘ *f 



m 


The Transformation 


of x ill the equation , it mil jland thus, - 


y l 


aa 


Book 3f. 

byy cy 

4 - — d=o ; multiply 

the whole equation by aa, and you will then have an equation wherein the 
coefficient of the hitfbejl power of the unknown quantity is unity, to wit, 
yM-byyH-acy — aau— o 3 and when by the rcfolution of this equation the 

■ V 

value of y /« di [covered, that of"-- or x, the root of the primitive equation , 

will alfo be known. Since then every equation may be reduced to another, 
wherein the coefficient of the higheft power of the unknown quantity is 
unitv, I lhall hereafter confider all equations in that form. 

adlv. After the fame manner may Jur J quantities be jbmetimes alfo thrown 
cut of an equation. As for inilance, let the equation be x 1 * -hqx — 

V 

i/r~ o. Now to get rid of the furd quantity y'r, fubftitutc -- - in- 

v r 

yl q\a 

ftcad of .v in the equation, and it will Hand thus, y~f~. * 4~ ~~r r — 

5=o 3 multiply the whole equation by ry/r, and you will have v' *- 4- 
qrv — rr—.o 3 and when in this equation the value o f y is known, that of 

y 

or x will alfo be known. 

A/r 

3dly. Thus alfo® may the roots of any equation be multiplied or divided by 
any given number whatever. As for in dance, let the equation be x’4 -qx 
- — r— o, and letcit be required to multiply the roots of this equation by 
3 3 that is, let it he required to find an equation whofe roots (hall be 
triple of the roots of this, each of each 3 and it may be thus done ; be- 

.v y 

caufe 3 is the multiplicator, make 3*=/, and then fubftituting - inftead 

3 

y ’ ay 

of x in the equation, you will have 4-— r — 03 multiply all by 

2 7, and you will hzvey } -\-qqy — 2jr—o. In like manner may the roots 
of an equation be divided by 3 when occalion requires it, to wit, by 
x 

making j=y, and fo fubftituting y iriftead of x in the equation. 

4thly. If you would change all the affirmative roots of an equation into 
equal negatives, and vice verfa, it may thus be done : let the equation be 
x 4 — X } — 1 9XM-49X — 30=0, whofe roots are -hr, -b2, 4-3 and — 5 3 
then fubflituting — y inflead of 4-x in the equation , you will have yM-y 1 
— 1 937-^497— 30»o, an equation whofe roots are — 1,— 2, -—3, 4-5. 

5thly. It wtU Jbmetimes aljb be of ufe to change all the roots of an equation 
into their reciprocals, thus: refume the foregoing equation at 4 —#*— 19*?* 

4-49* 
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ones taken together. For iince, by art. 433, the. coefficient of the fccond term 
is equal to the fum of all the roots with their figns changed ; when the fecond 
term is wanting, that is, when it’s coefficient is equal to nothing, the fum 
of all the roots muft be equal to nothing; that is, all the affirmative roots 
taken together muft be equal and contrary to all the negative roots taken 
together. As for inftance, the roots of the equation y l *—497-4-120 
=0 will be found to be 3,5 and — 8 ; where the fum of the affirmative 
roots 3 and 5 is equal and contrary to the fingle root — 8 . 

By this way of transformation, and by the refolution of a quadratic cqmu 
tion, may the third term of an equation be alfo taken away , which in /omc 
geometrical confruSiitms of equations is required to be done. As for example, 
let the equation whofe third term is to be taken away, be x* — 3* , -f-3x I 
— $x — 2=0, and make y — z—x as before ; and then you will have 
x*=y 4 — 427 ’ 4 ~ 6 zf&c, — 3**= — ©V, 4 - 3 .v t = 4 - 37 t Cdc ; 
and now the equation '& V— o will be converted ipto this 

-4-62:2? 

y^ ^*7* -4-92. 7* Gfr = o,. 

3 +3 

(zz 

whole third term is -4-92,7" ; but this equation- is to have no third-term, 

4-3 ^ 

by the luppofition ; therefore 6sz4-9~4-3=o ; divide by 6, and you 
will have zz-\~{z-+-\—o ; tranfpofe |, and compleat the lquare, and you 
will have zz + [z -\- whence by extracting the fquare root, 
and z,=-*4 or — 1, and y — £=y 4 -i or y 4 -i ; lubftitute 
therefore 744 or 74-1 for x, in the equation ,v 4 — 3 * , 4 - 3 * t — $x — 2=0, 
and you will have either way an equation whofe. third te :n is wanting ; 
for if 74*1 be made equal to x } the. equation will be y* — -y \* — ’/y 
— ^=0: if 74- 1 be made equal Co x, the equation will be 7* 4-7’ * — 47 
— 6=0. 

Here follows a general theorem for taking off the third term. 


Let the equation be x n, 4 ~px‘ r "~ , 4 -qx R 


"O, and make 


A p 

— ^L===55SS, and the quantity to be fubjlituted for x w;U be y — ™rt-s, 

which the reader may trace out at his leifure. Here then we are to take 

m — 1 , . 

notice#, that If <\ be affirmative, and greater than i! ' £ % vaf} ttty 

s, and cmfequently this, extermination , will be impojfible > in all other eafmit 
will be po] 0 le* PA&T 


8 X f f a 
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PART II. 

Of cubic and biquadratic equations , 


Of cubic equations . 

438. If all the roots of a cubic equation be real t that is t none of them im~ 
poJJible , and if all the parts of fuck an equation be placed on one fide accord- 
ing to the dimenfons of the unknown quantity , and Jo be fuppojed equal to 
nothing on the other fae ; I fay then t that as often as unlike Jigns follow one 
another in pqfjingfrom the frjl term to the lajf jo many roots of this equa- 
tion will be affirmative , and as often as like figns follow one another , Jo many 
roots will be negative. 

Case i. 

Let the three roots of a cubic equation be a y b and c, and all affirma- 
tive: then will the equation be 
— a -i-ab 

x i — b xx -\~ac x — abc=.Q by art. 433 ; 

— c frbe 

where the figns a $e H-, — , - 4 -, — . 

** C A S E 2. 

Let now all the roots be negative, as — a, — b, — c : then the equa- 
tion will be , * 

— ' ”4 -ab 

x 1 -f ~b xx -k~ac x -\-abc — o, 

~\~c - 4 ~bc 

where the figns are H-, -+- ; fo that for three variations of figns 

in the laft cafe, there are none in tin's. 

Case 3. 

Let now the roots of the equation be 4-<z, -f ~b y — <r, that is, let two 
of the roots be affirmative and one be negative j and the equation will be 
— - a -+-ab 

x* -z—b xx — ac x -babc—o 1 

-f.r 

therefore in this cafe the abfolute or laft term of the equation will always 
be affirmative. Let the quantity c when taken affirmatively be left thaft 

ab 

a+lf 
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-f-49A' — 30=0, whofe roots are 1, 2, 3 and —5 ; and let it be required 
to find an equation whofe roots fhall be the reciprocals of thefe: lubftitute 

- incftead of x, and the equation will be — A — — -f- ~ — qo rr= o : 

y . y* y\ f y J 

multiply the whole equation byy 4 , and you will have 1 — *y — t 97*4-497* 
— 3qy 4 =o, or 307 4 — 49/4- 1 — 1=0, an equation whofe roots are 

_ , - , - and . Where it may be obferved, that — 5, the greatelf 

1 2 3 5 

root before, that is, the moil remote from nothing, is now — the neareil 
to nothing. 

437. There 'is another transformation of equations no lejs ufeful than the 
foregoing, e/pecially in the resolution of cubic and biquadratic equations, 
which is that , whereby the fecund term o f any equation may be taken a wax. 
yJs for example, let this general equation be propo fed, x m -f-p.v""‘ hec — o, (for 
nr fhall have no occafion for more terms,) a>ul let it be required from this equa- 
tion to derive another which (hall have no fecond ter m, and whole roots jhaU 
have a known relation to the roots of this, Alfutning any two indeterminate 
quantities y and z, make y — z.~x, and lubllitute v — £ initead of x in the 
equation, and you will have .v"=jr" — (Sc, by Newtons theorem 
for the evolution of a binomial ; you will have moreover px n ~~ l — p*i m -~ i 
(Sc, and the equation x w -+ ■px m ~ t (Sc =0 will now be changed into this, 

y*~k‘P — 0 whole fecond term is ^ : but this euua- 

tion is defigned to have no fecond term therefore to Remove this term 
out of the equation, we mult fuppofe p — miz.—o j in which cafe we lhaii 


have z: 


P , P 

■ , and y — z or . 

m J J m 


The rule therefore for (triking out the fecond term is this. From y, the in 

P , 

tended root of the new equation, fubtraEl the coefficient of the fecond ter, 


m o; 


the given equation divided by the number of dimenjtons in tie firf and you 
.wilt have a refidual, as y — which being fulfil titled for x, the root of the 


equation propofed, will change it into a new one whole fecond term is wanting, 
and •whofe roots have all a knoivn relation to the roots of the equation green : 

for if from the roots of the new equation be fubtradled you \a!l have the 

roots of the equation firfi propofed. As for example, let ir be required to 
take away the fecond term of this equation, x l — 6xx — ro™o : 
Here p. the coefficient of the fecond term, is — 6, and this divided by 3, 

S f f f the 
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the number of dimenfions in the firft term, quotes —2, which being fub- 
tra&ed from)’, gives y ~\~2 ; therefore I fubftitutey-h*2 inftead of x in the 
equation, and the work (lands thus : 

x' h ,! -4-6/-4- 1 2 v 4 - 8 

— 6 a* 1 — 6 V 1 — 24)’ — 24 

— 37 * —37)— 74 

*4-210 -f-210 

y l # — 49_y-+- 1 20=0. 

Therefore the equation — 6 xx — 3 7r 4 - 2 10=0 is now converted into? 
this, y 1 * — 49)' 4- 120 = 0, whole fccond term is wanting, and whofe 
roots, when extracted by rules hereafter to be given, will be found to be 
3, 5 and — 8 j therefore the roots of the former equation were 5, 7 and 
— 6 , to wit, greater by 2 than thofe of the latter, becaufe x was made 
equal to y-f-2. And thus may ail the roots of an equation be increafcd or di- 
minijhcd by any known quantity whatever, even Jo far as to become all affirma- 
tive, or all negative. As for iuftancc, fuppofe that in the equation firft pro- 
pofed, inftead of making y4-2=.v, I had made y — 7=* ; I ihould then 
have had an equation whofe roots would have been 12, 14 and 1, to wit 
greater by 7 than thofe of the equation propofed, and all affirmative : on 
the other hind, if I had made y- f-8=.v, 1 ffiould have had an equation, 
whofe roots would have been — 3, — j , — 14, that is, lefs by 8 than, 
thofe of the equation firft propofed, and all negative. 

When the coeffigent of the fccond term of an equation cannot be divided by ■ 
tfe number of ffmenfions in the firft without a f rail ion, the bejl nay will be to 
multiply the roots of the equation by the denominator of Juch a frail ion, and. 
tpen to take away the fecond term out of the equation refilling from this mul- 
tiplication . Ex gr. let. the equation lie x'-\-zxx — 3* — 4=0. Now be- 
caufe '2 the coefficient of the lecond term, cannot be divided by 3 the 
number of dimenfions in the firft, without a fraction, as *, multiply the 
roots of the equation by the denominator 3, by making 3 x = y, and fo 


y * . V s 2VV <V 

putting “ inftead of x in the equation, and you will have ~ 4- ~ — ~ 

— 4=oj multiply all by 27, and you will have y J 4 - 6 y* — 2jy — 108 
=0 : take now away the fecond term of this equation, by fubftituting- 
z — 2 inftead of)*, and you will have a third equation whole fecond term 
is wanting, and which, for that reafon, will be the more eafily refolved. 
When all the roots z of this laft equation are discovered, make t> — 2=)’, 


and ~ =a, yon will have all the roots of the aquation firft propofed. 

When the Jkondterm of an equation. is wanting, ft is an argument that all 
the affirmative roots taken together are equal and contrary to all the negative 


ones 
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JtL.. then it will be much lefs than a + b> which is equal to 
a^rb 

aa-^rtab^rbb ^ — t-\~c the coefficient of the fecond term of 

a+b * 

, no 

tlje equation will be negative : it is evident alio, fincc is greater 

than c t that ab will be greater than ac-^bcy and confequently that 
f i a c f c the coefficient of the third term will be affirmative ; there- 
fore if c be lefs than the figns of the terms of the equation will be • 

lib 

t 4_ j 4-. Let now the quantity c be greater than but ffiU 

lefs than a-k-b } and by a like way of reafoning as before, the fecond term of 
the equation will be found to be negative, and the third to be negative alio ; 

therefore if c lies between a+b and the figns of the terms will be 

> -f.. LafUy, let c be greater than a-\-h ; then will the fe^- - 

<ond term of the equation he affirmative, the third will be negative, and 
the figns will now be 4~> *+-, » ~b* 

C A' S E 4. 9 

Let now the figns of thefe roots be* ail changed by changing the fign of 
.v in the equation, which indifferently reprefents them all : tlien it is plain, 
that the figns of the firft and third terms of the equation wilt be by this 
means changed, but thefe of the fecond and fourth terms will Hill re- 
main } and now we {hall have two negative roots, and ite affirmative ; 
and where in the former cafe the figns were — > ■+, ~K they will 

now be , — , — , •+* > where in the former calc. the fign? were -I-, — >- 

1 _ ) they will now be — , — , -h, *+* ; and hilly wk*re in the for- 
mer cafe the figns were - 4 ~, H-, — , -K.tlsrv wifi now be -h, 

_l_ . tlierefore m pafling from the tirft term to the hit or a cnnv equa- 
tion, there will always be as many variations of ugns as there .ire affir- 
mative roots, and vice vcrj'a. . ; . . . 

4-10. If the fecond term of a cubic equation be to ten cr>:a\ , nut, /s mr 

equation be reduced to this form, x’=tpx==tq ; l jay tboh U -'M 
quantities be the roots of the equation x>=trpx=--K]> the urns uo -> fat 
fims changed will be the roots of the equation x'=fcp«= q; nnd vice veil*. 
*For firft, let the equation be x>+^=4 q;> then changing the HgnoU, 
and confequently of all the roots repreiented by it, the equation will be 
* x’— hut this equation is the fame with x'-^pxzs* q t as 
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appears by tranfpofitibn j therefore the roots of the equation x x -\-px 
ss= — q are equal and contrary to the roots of the equation x x -\~px^=~{-q. 

In like manner if the equation be x l — px=t-\-q, by changing thefign 
of x we lhall have — x 1 -\-px—-\-q y which is the lame with x i — px=. 
— - q : whence it follows, that the fame operation which finds the roots 
of the equation x , -=t.px=i-i~q, will find the roots of the equation x'-±zpx 
“ — 7, to wit, by changing the figns of the former roots. 

440. Every cubic equation may be reduced to this form , to wit, x’dt^aax 
=;=t;2aab : for having cleared the firfl term from it’s coefficient by art, 
436, and taken away the lecond by art. 437, the equation will be re- 


duced to this form, x'zs=.px—z±zq 


make -+-• 


zaa 


then the equation will be x l ^i=^aax=iztiZaab. 

44 1 . Let x and y be two variable quantities , but in a confiant relation 
to each other-, as for infiance , let y be univerfally equal to x J — 3aax — zaab, 
let the value ofx be what it will: then if we fuppofe x firjl of all to be an 
infinite affirmative quantity , and from that fate tofiow downwards through 
all degrees of affirmative and negative magnitude into an infinite negative , 
we may mark down in a table fame of the principal ftations of x during this 
defiux , and overagainfi them the correjpondent values of y, thus : 

When x is infinitely will be fo too : for if x be infinite, xx, and xx — 3/7.2 
will be infinite, and confequently xxxx — 3 aa, that is, x J — 3 aax, and 
x 1 — 2 aax — zaab cr y will be infinite ; therefore overagainfi infinite in the 
column figned ,x denoting the firfl flate of x, write infinite in the column 
figned y denoting the like llate ofy. 

The next fl tion of x to be taken notice of during this deflux, is when 
x"2a- } in which cafe 'x* will be 8a\ and — 3 aax will be — 6/*’, and 
x' — 2 aax — zaab or y will be za? — 2 aab therefore putting down 2 a in 
the column figned x, overagainfi it write za % — zaab in the column fignedy. 

Whenx=tfxy'3, we (hall have x , =3<7 , xy' 3, and — \aax — — 
in which cafe — ^aax — 2 aab or y= — 2 aab -, therefore write in 
the column x, and overagainfi it — zaab in the column y. 

When x=/7, y will be — za? — zaab , both which put down. 

When x=o, y= — zaab. 

When x=-*7, y=-+-2/7 1 — zaab. 

When — a *Yi> > J ,5== — zaab. 

When ate — za, y= — za?—zaab. 

' When x is an infinite negative, y will alfo be an T infinite negative: all 
which mult be regiflered, and lb the table will be finifhed, which the 
reader {if he pleafes) may tranferibe into a piece of paper and lay it be- 
fore him while he reads the following article. 
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if 

H- infinite 
*+• 2a 
Hh^xy'3 

O 

—**Yz 

— 2 a 
— infinite 


E QJU A T 10 N S, 

y 

II M IKMMM 

4- infinite 

-+-2fl’ — 20 db 
— 2 aab 
—2a 1 — 2 aab 

—zaab 

-\‘2(i i —2aab 
— 2aab 
— la* — zaab 
— infinite. 


442. Every cubic equation of this form , x’ — 3aax==:±:2aab 'will have 
all it's roots pojjibk, provided that b be mi greater than a cr lefs than — a, 
but lies between thofe two limits . This will be diffidently demonllrated it 
we prove it of the equation x 1 — y:ax~-\~2aab or x y — 3 aax — 2 , 
by art. 439. Let us then fuppole x and y to be two variable quantities 
as in the lalt article, and let y be univerfally equal to x'- — 3 aax — 2 aab as 
before ; then to enquire into the roots of the equation x 1 — 3 aax — zaab 
=0, will be the fame thing as to enquire into the values of x when v~o. 
Now in the foregoing table when x was 2a, y was za l — laab, which is 
an affirmative quantity, becaufe b is fuppofca lefs than a : when x was 
4x3/3, y was — 2 aab a negative quantity ; therefore ^yhilc x flowed down 
through all degrees of magnitude from za to 4x3/ 3, y 9 flowed down horn 
an affirmative to a negative date : but no diminilhigg quantity can pais 
through all degrees of magnitude below it, out of an affirmative into a 
negative flate, but it mull at lead; once pafs through nothing : therefore 
of all the intermediate values of x between 2 a and a-*.*/ 7 , there mull be 
one where y or x l — 3 aax — zaab mull be equal to noth! g > and that va- 
lue will be a root of that equation. 

When x was equal to nothing, y was equal to — *-2 a : b a negative an- 
tity j and when x was — a, y was -\-za l — za l b an affirmative quantity ; 
therefore while x flowed downwards from nothing to — a, y ilowui up- 
wards from a negative to an affirmative lhatc, and again mull have paffiei 
through nothing; therefore we have another root of this cqu.i£!on lying, 
between o and — -a. 


When x was — a, y was -\~ 2 a r — 2 a L b an affi.i math v qvanffty ; and 
when x was — 4x3/3, y was — 2a 1 b a negative quantity: here, then we 
find a third root of me equation, lying between — a and — a x yf, * lb 
that upon the whole matter we have pointed at three n >ots id the equation . 
propofed, and three are as many as it will admit of ; the greaufl w hereof 
is affirmative, and lies between 2 a and 4x3/3, or at lead does not tranicend. 

thofe 
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-thofc limits; and the other two are negative, one lying between o and 
— a , and tlie other between —4 and — - a X3/3 . 

This is upon a fuppofition that the equation is x’ — 34 *x=r-f- 24 *£, that 
is, that b is affirmative : but if b be negative, tliat is, if the equation be 
,v’ — yinx=. — 2 aab, all things will happen contrarywilc by art. 439 ; 
that is, the greateft root will now be negative, lying between — 2 a and 
— <7x^3, and the other two roots will be affirmative, one lying betwixt 
o and 4 - 4 , and the other betwixt 4-4 and 

If />=-|~4, which is the highefl limit preicribed it by the theorem, the 
•equation will be .v 1 3 aax=. za\ in which cafe we lhall have x 1 — \aax 

— laab—Zii 1 — 2. aab : but when x 3 — 3 aax — 2 aab or y—2d t ~~-2aab ) x 
will be 4-24, or — a by the table ; therefore in this cafe two of the 
roots of the equation will be -4-2 a and — a ; but if one of the negative 
toots- be — a, the other mufl alio be — a, bccaufc both together mull be 
equal and contrary to the affirmative root -4-2 a, to deffroy the fecond 
term of the equation, by art. 437: therefore when b rifes as high as 4, 
«>ne of the limits preicribed it by the theorem, the affirmative root will 
a (Lend to in, which is as high as it can rife, and the two negative roots, 
whereof one lies between o and — a and the other between — a and 
— 4x3/3, w *h now meet in their common limit — a. 

If b— — a, which is as low as it can defeend according to the theorem, 
all things will happen contrary to the former cafe ; that is, the greateft 
root will now be negative, and equal to — 2 a, which is it’s loweft limit ; 
ami the two affirrrfetive roots lying between o and 4-4, and between 4-4 
and - 4 - 4x3/3, will in this cafe meet in their common limit 4-4. 

Laflly it b, and confequently 244^=0, that is, if the equation be 
.x 1 — 344X— 04 one of the roots x will be equal to nothing by art. 429 : 
and if x 3 — 3 ad'x be divided by x, and the quotient xx — 344 be made 
equal to nothing, you will have the other two roots of the equation, to 
wit lHfexy'3 and —-4x3/3 > therefore if o, the three roots of the equa- 
tion will be 4x3/3, c, and — a%Y 3 j that is, the greateft root, which lies 
.between 4-24 and 4-4x v /'3 > will now fink into it’s loweft limit -+-4x^3 ; 
and the greater negative root, which lies between — 4 and — 4x3/3, will 
alfb fink into it's loweft limit — 4x3/3 > ^ ut the other negative root lying 
between o and — 4 , will in this cafe afeend into it’s highefl limit o. 

443. Setting ajide the cafe of the lajl article, I fay that in all other cafes , 
the equation x , n=3aax==4=2aab can have only one root foffible, •which root 
•will be affirmative or negative according as b if lb , that if, according as 4- 
or — 2 aab is concerned in the equation. To uemonllrsite which, I need 
only to confider two ofthefe equations, to wit x 3 — 344x=4- zaab, where 
we fiippofed b greater than 4, and x^-i-^aaxss.-^riaab, where b may be 
any affirmative quantity whatever. 

* .Case 
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Let us then confider that equation firft, which borders next upon the. 

equation of the laft article, to wit, x 5 — ^a t x=z- J i-2a , b i or x } — 3 a l x 

2^=0, Where b is fuppofed greater than a. In art. 1 07 it was demon- 
strated, that if the two roots of a quadratic equation, by approaching to- 
wards each other, come at laft to be equal, the next ftep will be into a 
ftate of impoffibility : but if this be the cafe of a quadratic equation, it 
muft be the cafe of any other equation whatever that is above a quadratic : 
for if r and s be two roots of any equation whatever, they will alfo be 

the two roots of the quadratic equation x — rxx— *=o. 

To apply this now to our prefent cafe ; it appears from the laft article, 
tliat in the equation x ! — '^a'x^z.zcfb where b is lei's than a, the nearer it 
approaches towards a., the nearer will the two negative roots approach to- 
wards one another; when b becomes equal to a> thofe two roots will be 
equal to one another ; and therefore when b becomes greater than a, the 
two roots muft be impoffible. But becaufe this indirect way of rtafoning 
may probably not go down with all forts of readers, I lhall demonltratc 
the thing more di redly and more diftindly thus : 

Let x andy be variable quantities related to each other as in the two 
laft articles, and from the table there referred to it appears, that when x 
is infinite, y will alfo be infinite ; when x=2 a, y muft be 2 a* — 2 cC-b t 
which (we are to take notice) is now a negative quantity, becaufe b is fup- 
pofed greater than a ; therefore whilft x flows from an infinite to a finite 
ftate fo as to be equal to 2 a, y flows from a like ftate of infinity into a 
finite negative, and therefore muft have pa fled through nothing in the 
meantime; therefore the equation x* — ^a'x—za'b muft \ive one real 
affirmative root, and greater than 2 a. Let us call this affirmative root r ; 
then will x — r be a divifor of the quantity x 1 — ~d l x—2ti x b i by art. 4 5 t 
and 432 ; let it then be divided by x — r, and the quotient will be x* 4-rx 

-4-r 1 — 3 rf‘, and the remainder r 5 — 3 a x r — 2 a x b will be nothing, becaufe 
as r is a root of the equation x ! — ^a z x — ?.cfb=o, if r be pur inthwd ci 
x in that equation, you will have r* — 3 a l r — 2.r‘/>=0 ; therefore ii X s — 
3<2*x — 2 a'b be divided by x — r, the quotient will be x\v-H 4 - > — V r t 
and there will Jbe no remainder : make this quotient equal ro o. end you 
will have a quadratic equation including the other two roots o! the cubic- 
equation propofed. Since then xx-f-rx-+-r’--~3«r==:o, you '*«jU Live by 
tranfpofition, xx-f-rx=34f* — r’; by cpmpleating the iquarc, .YAH-r.v-hJrr 

-ss 3<j* — Jrr ; and by extracting the fquareroot, x 4 - l r =-- i: - } 

but it has been proved already, that r is greater than 2 a whence r* is 
gfcater than 4 4*, apd Jr* greater than <?a, and Jr’ greater titan 3 a * ; therc- 

Tttt 
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fore 3^* — ir 1 is a negative quantity, and as fuch, can have nofquare root j 
therefore the two roots of the quadratic equation x'-brx+rr~~-i ) a t ~o, 
and confequently two of the roots of the cubic equation propofed, will .be 
impoffible; therefore if b be greater than a, or lets (that is, rftore nega- 
tive) than—- a\ in a word, if b l be greater than a % , the equation x J — ^x 
3==±=2tf*^ can but have one poffiblc root, which root will be greater than 
2 a or lefs than —2 a, according as the abfolute term of the equation is 4- 
or — 2 a*‘&. 

Case 2. 


Let now the equation be x ? 4- 3 aax rrzzaab'. then it is plain that in this 
equation x cannot be negative 3 for if it was, both x 3 and 3 aax would be 
negative ; fo that xH-3 aax could not poffibly be equal to any affirma- 
tive quantity whatever 3 therefore if the equation x^iaaxsszoab has. 
any roots, they mull all be affirmative : but ope root it has, by art. 430, 
which we will call r, and then we (hall have x — r a divifor of the quan- 
tity x J -f-3<wx — 2 aab 3 and fo the demonllration might proceed as in the 
lalt article 3 but more briefly thus : 

Let x be greater than r, and you will have x* greater than r } , and- %aax 
greater than 3 aar, and x'+^aax greater than r l -\-^aar, and conlequent- 
ly greater than 2 aab, lince r'+^aar^zaab : in like manner if x be left 
than r, x } 4-3<r<7x twill be lefs than zaab 3 therefore there is but one va- 
lue of x, to vvittr, that can make x'-^-^aax—zaab 3 therefore the equa- 
tion x'‘-\-i > aaxr=$.aab can have but one poffible root, which will be af- 
firmative or negative according as the ablolute term of the equation is 4- 
©r — 2 aab. §>. E. D. 

444. For .fie better diflinguifliing thefeveral cafes of cubic equations,, 
we confiderec£,.hem all under the form of x^^^aax —JL- zaab. Let us now 
rellore them to their primitive form x J =fc^x==±=y, and then The Jiim of the 
two laft articles will amount to thus much 3 that the equation X s — px==t=q, 


If ~ which is fcb, be lefs than 4 - ^ , which is aa, all the three roots will he 

poffible 3 that the great ejl of thefe roots will be affirmative or negative accord- 
ing as q is fo, and that the fgns of the other two will always be contrary to 
t/jat of the great eft 3 that as to their fituation , the greatejl root will always 

lie between 4*2 V-jp W 4 -v/p, or — 2V £ and — yp; that of the other 

O J 


two, that which is nearejl to nothing will be between, o' and 4- VE t or o 
. 3 

and — and that the more remote will be between and 4- v /f> > 

3 3 
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or and — V'p S tha* in^ll other cafes there will be but one poffible 


wr — r J ^ ww* v/ff 

rw*, which mil be affirmative or negative according as the abfolute term q 
w affirmative or negative j and particularly, that in the equation x ! — px==i=q f 

the only poffible root will be greater than 2^~, or lefs than — . 

This I fay, is the amount of the two laft articles : but here we may 

obfcrve, that if in the equation x'^—px—^q, be greater than •> 

we fhall have by multiplication and divifion — greater than whence 

4 # “7. t 4 

we have another mark for determining the pofiibility or impoffibility of the 
roots, which is this: If the cube of affirmatively confide red be greater 

than the fquare of all the three roofs will be poffible^ otberwife not. 


Of the reflation of cubic equations . 


445. tfore/bhe any cubic equation that hath but one poffible root. 

Here are two cafes * firft, when the equation to be^efolved is in this 
form, -4- or — q ; fecondly, when it is in this form, x l — px 


=-f- or — -q 


P 

■q j in which iaft cafe, the cube or— affirmatively taken ts 


'n 

lefs than the fquare of becaufe by the fuppofition the Equation hath 


but one poffible root. 


Case i. 


Let the equation be x^pxss^tzq : then fuppofing m and n to be two 
unknown quantities, whereof m is the greater, fubftitute m — n in (lead 
of x in the equation x’-+-px=~f-f, becaufe the root of that equation is 
affirmative, and you will have m r — ^mmn -+- 3 mnn — n'-+-p>n—‘pnx=iq. 
Now fincc as yet we have but one equation for determining the values of 
m and n, to wit m — »==.*, we are at liberty to feign any other equa- 
tion we pleafe that may ferve to render the equation more fimple. Let 
us then luppofe 3 mn=p, and we ffiall have pm — -pn=ynmn — gmnn; and 
the equation will now rand thus, m* — ynmn+-$nmn — n'f^mmn — 3 mm 
assy, that is, m'’—n'zszq : but 3 w « =j& by the fuppofition; therefore 

was-^, and : fubftitute now — infecad of — n J in the c- 

^ m Ttt t 2 7 quatioa. 
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d, , . .9 / 

qwation %vq t and you will have m*** -p^ssxq : multiply all by 

’ fi* p* 

and you will have m 6 — — =qm' j whence — qm' =s= which is a fort 

of quadratic equation : compleat the fquare, and you will have w 4 — qm 1 

***-« * make^-£ 


27 


27 


root, ct j — f- = =*= r : whence /»’ : 
7 2 


and by extracting the fquare 
q 

L r±= s : of thefe two values of m\ 
2 ' 

the latter, to wit j, in the prefent cafe is negative ; for finee -- 

p* a a q & 

-+- — =ss, we {lull have — lefs than ss, and ^ lefs than i, and r 

2 7 4 ’ £ *2 

q q 

Id's than nothing : make then - -Hssjw’, and you will have z - — 

2 ’2 

fince w’ — 7r 3 =y ; and m will be the cube root of the affirmative quantity 

<7 <7 

- -H, and — n the cube root of the negative quantity — s, and m — n 

will be the root of the equation propofed. If the equation be x J -f-px= — q, 
firji find the root qf the equation x‘-4-px=-+-q as above , and then change it's 
jign by art. 439^ and the fame mujl be obferved in all other cafes . Thus in 
the prefent cafe fjhe root of the equation x'-+-px — — q will bew — m. 

| Case 2. 

ff the equation be x'—fxz=i-+-q, that. is* if p be negative, to add the 

} 

n 


cube of — -Snihis. cafe will be the fame as to fubtrad the cubeof-^ 


3 3 

qq p l q q 

and as ss is now equal to — , s will be lefs than and ~ — will 

be an affirmative quantity; therefore — in the former cafe will now be 
changed into •+*«’, and the root m — n into m-hn, and the following canon 

will include both cafes, to wit, To or from the fquare of add on fubtraB 
the cube of ^ according as p is affirmative or negative in the equation pro- 
pofed % and call the ftm or remainder $9: make the cabi net of jjj 

and the cube root of ^*rr ***«fatt according as that qua pi% ~-f-s is qffr* 

*••• 1 * ' matim 
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matmcor negative, and the root of the equation x T =ppxass-f-q will be 
m=fcn according as n comes out affirmative or negative. 

For Ac fake of what follows in the next article, it may not be amifs 
to obferve lucre that In tbe equation x' =±=px — -f-q, the fign- of "n in the 
root •will always be contrary to that of p : thus in the fir ft cafe, where th* 
equation was x'-\-px=r.q, the root was m — w, and in the .fecond, where 
the equation was x 1 — y>x=zg, the root was m~{~n. 

This fecond cafe might al£b be demonftrated from it's firft principles 
like the firft, thus: put m-\-n for x in the equation — px — -p q y and 
you will have — pm — pn—q: make 

and exterminate «as before, and you will have the equation ra l ■ 


f 


27 f V i 


whence m 6 

P± 

z 7 


■ qm 1 


PL 

2f 


and ;//’• 


. im ^n = n_tL, mA ,v 

1 4 4 , 27 4 


ss, sujd you will have m'^=. ; therefore fince in this cafe m % 

q I 

*fw*be made equal to -W, we (hall have n l = s ; whence 


may Jy» deduced the rule as above. 


P 


i.ut here it muft be obferved, that if the cube of - be greater than the 

q t '■ 

fquarc of — , the quantity s in the fecond cafe will be impoflible, and then 

the equation cannot be refolved this wav, at lea ft not by ppm hie numbers : 
not becaufe the defired root becomes then impoihble, fo* there arc more 
poflible roots in this cafe than in any other > but becaufe t jn the cubes tn 
and become impoflible, and lb their cube roots m and /cannot fo eafily 
be extracted ; where this can be done, the impoi Ability of tliofe roots 
will be nohinderance in the application of- the foregoing rule : as for in- 
ftance, let — b, and n~n — f — 1\ then it is plain that w and 

n are both impoflible; and 'yet their fum m~\~n , that -is, the root or the 
equation will be a real quantity, as 2 a, the impoflible part 4 deftroymg 
one another: but. of. this more hereafter. The very fuppoiition upon 
which this analyjis is founded plainly fhews, that the foregoing rule drawn 
from it cannot be univerfal, becaule the fuppofuicn itillf i not univcnully 
true. There it is fuppofed that the root x may bo db-aled into two fucb 

/» 

parts, as that the produdl of their multiplication m.tv be ^ ; but what ft 

the root x fhould be fo fmall a quantity as not to be capable of I big Co 
divided? why jthen this method of refolving cubic equations sSauft n«r 
' 7 ’ ‘ celFanly 
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-ceflarily become impracticable by poffible numbers. 'When a number i# 
divided into two parts, the product of their multiplication will be greateft 

X X 

when the parts are equal ; ( fee art. 1 1 i, obf. 2dj ) therefore - x ~ or 

z « 

XX 

— - is the grcatcft product that- can arife from any two parts of x multipli- 

T 

XX i) 

ed together : fuppofe now this greateft product — - to be lefs than and 

4 3 

you will have xx lefs than — , and x lefs than 2 V- : now that x will be 

3 3 

lefs than aVj in the cafe where all the roots are poffible, and that in this 

p Q 

-cafe alfo thexube of - will be greater than the iquare of was fuffid- 

-ently demonftrated in art. 442 and 444. ^ 

N . B. Though the rule here given for refolving thefe two cafes of cu- 
bic equations be by Cardan himfelf aicribed to one Scipio Ferreus, a noted 
Mathematician before his time, yet it is generally known by the name of 
Cardan's rule. 

E X A M P t E I. 

Let the equation to be refolved be x l -f- 30* =117. Here/ =30, 

f=i 17 the Iquare o f ~ = — — - the Cube of - =1000=^—^, the 

2 4 3 4 * 

t l 7^ 

fum siz=z~ d ~-f-„ s 

V 


m q q 

— --j-i = i2s,-— 8, w==5, — « 
=— 2, m — n Si x=3, which will anfwcr the condition of the equation. 

Example 2. 

Let us try the more general rule in this fimple cafe, to wit x » = q. 


Here then /=o, qs =j, ~-=o, the fum ss 


n 


4 

3 


4 2 7 


.1 l 

z * 2 


-p— , rssto, mszzi/q, «=o, m — n or x=^/q, 

z _ i 

Example 3. 

Let the equation be x l — 36#= 91, Here 36, g^sgi., 
1728=——, the difference ssss^~$, 
s»7, 4, HS3S3, #M-» or *=7. t 


^4> f*— * 


Exam- 
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Of CtJirC EQUATIONS. 

Example 4, 


7®3 


Let the equation be — i2x= 16. Here /»i2> 2=16, 22 

4 

= 64, “= 64; the difference *j=o, |-*+-f=ss8» \ — r=8, « = 2 ,. 
# 3 = 2 , «?*+■» or *=4, which is one root of the equation: but bccaufe 

:P ... 


in this cafe the cube of ~ is equal to the fquare of ~ , this equation will 

alfb have other two roots which will be negative and equal to one ano- 
ther, by art. 442 ; therefore each of the other two roots mu ft be — 2, 
that both together may be able to balance the affirmative root 4 in taking 
away the fecond term. 

Example 5. 

21 

4 

1^=343, thefum ^=96 8/ *=1/968, |-f-r= 2 54-/968, | — *=25: 

— y/g 6 S‘, now the cube root of 25-4-^/968 is 1 and the cube 

root of 25—- ^968 is 1 — v/8 by art. 426, ex. 2 ; therefore /#=i 4 ~ 
— -«= 1 — 3/8, and m — # or jc=2. 

Example 6. 

g 

Let the equation be x l — 3* =18. Here^ = 3,*j= 18, — =81* 


Let the equation be x* 4-21 *=50. Here/>=2i, ^ = 625*. 


4 I f 

:i the difference «=8o, j=y'So, " 4 -i= 94 “ V / S% “ j:=9— 

y/8o : now the cube root is - — - — , and trie cube root ol 


27 


3~V5 


9— V' 80 is z 

3 — *S 5 


by art. 426, ex. 3 ; therefore- m— 


3 MV 5 


n- 


and /#4-« or *=3. 

2 J 

Example?. 

Let the equation be x’4-x= 1 o. Here />= i , r-~ ' v, " — -Li » 27" 


26 


X./ 


V' r 


- ^ s s/ 12 , 
g 3 


4 - ; the fum uses . ^*7 = i s 

27* • 27 01 

; S 4 . 4 -Vl 2 , i=5 — ^ yi2 : now m tbc cube root of S~*~ 

^ 158 ^ 



The resolution 


7«4 

II # \/iz 

-—y i a is i — j— , and — n the cube root of 5 
by. art. 426, ex. 4$ therefore m — n or x=2. 

Example 8. 


13 , • 

— rv'ia is I 


Book x, 

s/l2 


qq 

'Let the equation be x , +6x=s=36y'3. Here ^=.6, ^==3 64/ 3, — ; 

4 


97 2 . 


27 


u 

= 8 , the fum ^= 980 , *= 13 / 980 , 4 -*== 18 ^/ 34-^/980 == 


V 

^9724-4/980, -'—•*=3/972 — 1/980: now «z or the cube root of 

M 

■3/9724-3/980 is 3/34-3/5, an( i — K the cube root of 3/972 — 1/980 is 
y^3 — 3/5 by art. 426, ex. 1 j therefore #; — ;/ or x—2 *S 3* 

This laft equation, to wit x 5 4-6.y=36 v / 3, might alfo have been thus 
relolved : make ^x v /3=x, and you will have **=3 v/3 x 7 J > 6x=6y3 
xy, and the equation will be 3^/3 x .? 3 4-6v / 3 x 7=3 6 v/3 : divide the 
whole equation by 3^/3, and you will haveyH-2y=i2, where p— 2 . 


: 12 , 


il. 

4 ' 


: 3^i 


£1 


8 


a? ^.thefum it=^, «=^~,|-+J=6 + 

V2L°. 

27 2 27 3 3 

ory=2, yx^/3 ot jf=2v/3. 

446. Wheneve^a cubic equation of the foregoing form has a whole 
number for it’s root, the rule in the laft article will certainly find it, ci- 
ther with or wfhout the extraction of the cube root of a binomial $ for 
no binomial \vV offer itfclf in this cafe that doth not admit of a binomial 
cube root, and jftat root may be found by the directions given in art. 426 : 
yet after all I yiuft own, that I cannot but think this way of refolving a 
cubic equation,* by extracting the cube root of a binomial, tohe fomewhat 
unnatural, as engaging us in enquiries that have not a diced tendency to 
the point we would be at j therefore I fhould rather chufe to recommend 
the following Praxis , which to me appears much more Ample and diredt. 
Retaining the notation of * the lajl article, and J'uppoJing what was there 

demdnf rated , m k the cube root of the quantity - 4-s: take then the near ~ 

ejl whole number 49 that root or the nearejl mixt number con/ifting of a whole 
number and Jbme fmple fra&ion annexed, and call it m j then face 3 mn=p, 

yfiU will have n= and the root of the equation will be near- 
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fyi that is t if the equation be x'-f-px=q, the root mil be m $ but 

3 m 

if the equation be x* — px=q, the root will + the fgn of p in 

the root being always contrary to what it is in the equation by an obferxathn 
in the lajl article. \ Take now the ncarejl whole number to the quantity 

P 

m =±= and that will be the root of the equation if it has a rational root ; 

but if it has not , that number will however be the ncarejl whole number to 
the root , and will be a proper bafis to found an approximation upon , where* 
by we may approach as near the true root as we pleaje y as will be Jhewn 
hereafter. 

N. B . The extraction of the cube root m will be made fomewhat ea- 
Tier by an oblervation at the end of the third example in art. 426, which lee, 

Examples of this method of refolving cubic equations , 

Example i. 

aq 

Let the equation be x 5 -— 20x1=96. Here p= 2 o t 0 = 96, ~~ 

*r 

P 1 8 OOO 

ass 2304, — = = 296 nearly, for the utinq|t cxaChiefs is not 

2 7 2 7 

q 

here required; therefore the difference ss =2008, saqy 45, ~ -W—93* 


1 JL. 

2 * 3 in 


I p 

■ ", m-\ 

54 3 m 


■; therefore th;| neareft whole 


nunriber to m- f- ~~ is 6 : with this number 6 i try the equation, and it 

fuGceeds ; for if tc be put equal to 6, you will have x*— ^20^=96. 

Example 2. 

Let the equation be x’~f~x= 10, which is the fame with that in 

qq 

the feventh example of the iaft article. Here then />= 1, y= 10, — -=* 

T 

2 ~ the fmn ss =2 e-f- — : but becaufe the fraction ~ is but 

fmali in refpeCt of the number 2 5 joined with it, I make ^=25, whence 

| +«sx°* “ = ! and«— " = 2 — 6 J to Which thC 

neareft whole number is 2 5 therefore 1 try the equation with the number 

2, and it fucccedS, r , 

v « « « Example 


V ▼ v v 



rofr 
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Book x. 


Let the equation be x 5 — i6x=4o. Here /= 16, . <7=40, - 


m 


4 00 > 


PI 

Ty 


40 9 6 


= 1 52,. the difference *>=248, j=i6, ^ ~±~s ~- 2 -> 
>;/= 3.3 or 3- nearly, ~ = 1 .6 ; therefore w-h = 4 .9, to which the 


3 >« 


neareft whole number is 5 ; therefore I try the equation with the num- 
ber 5, but it does not fuccced ; whence I conclude that this equation' 
has no rational root, but that 5 is the neareft whole number to it. 

If the root of a cubic equation be required true to /even places without an y 
approximation , the bejl way will be to extract the cube root bv the help of 
logarithms, as in the following example. 

Example 4. 

q 2 r 

Let the equation be y 5 — 2y = 5. Here the fquare of - it --- r 

6 .25, and the cube of - is — =.296296296296 ; whence we have the 

3 z 7 

q 

difference ^=5.933703703704, and s— 2.440021 ; and or 

^'=4.940021 ; log, m l (tlvat is, the logarithm -of m % ) =0.6937288 ; 

t, p 

whence log. w=o .23 12429 ; log. 3 ?«=o .7083642; log. 7 


>n 


1 .5926658 ; k .703 in; -- =.39 H4°5 '» m +{m 0 O’” 2 -°94 55 1 5 


yn 


Nine of the fqft figures of the root arc 2 .0945 5148. See art. 458. 

447. In th<| laft article but one I obferved, that the rule there given for 
reviving a cubic equation of this kind, x 1 — fx=z=k:q, fublifts even in 

P 0 

the cafe where the cube of - exceeds the fquare of - : and that it might 

3 2 

be applied here with the fame fuccefs as in other cafes, had we any cer- 
tain rule for extracting the cube root of an impofiible binomial ; I mean 
a binomial, one part whereof is an impofiible quantity. Give me leave 
to produce one inftance of this out of an infinite number of others, if it 
be only to fhew the irrefiftible force and immutable nature of truth, which 
is able to penetrate even through impoflibilities, and can never be fo di- 
ftrefled or lb feverely tried, as to be found inconfiftent with herfelf. Let 
then the equation to be relbived be x ? — 1 5^=4 : that this equation does 
not belong to any of the cafes hitherto confidered is plain, becaufe / las 

hete 



Art. 447. 


O F CUBIC A T I O K S. 


V 

here a negative fign before it, and 125 the cube of - is greater than 4 

3 

a 

the fquare of ~ ; here then' «= 4 — j 2 5= — 1 2 1 =4- 1 1 1 x — 1 ■, there- 


fore i= 1 1 %</ — 1 ; therefore — -f-j— 2-f- ] i y — j , and - — -s~ 2 — 

4 

I is/ — i . Now the -cube root of the irnpolfiblc binomial 24- 1 1 /- — ! 

is, 2-4-1/ — i, which I thus demonftrate: the cube of a-\-b is a’-y-yiab 
•4-3^-4-^j make tf=2, and b—/ — 1, and you will have 
yiab-=-.i 2 / — i, 3 «f&k= 6 x — i-— — 6 , and b'-z=. — / — i, and the fum 
of thefe terms is 24-1 1 */ — 1 » therefore the cube of 24-/-— 1 is 24-u 
/ — r ; therefore e converjo the cube root of 2-4- 1 1 / — 1 is 24-/ — r, 
and the cube root of 2 — 1 13/ — 0 is 2 — / — 1 > to that in this cafe m— 2 

— I, n— 2 — / — r, and m-\-n or a*— 4, which is true; for if x 
be made equal to 4, you will have v r — 15^=4 : but this is a cafe where- 
in all the three roots of the equation are pofhble ; therefore if the other 
two poflible roots are defired, all the equation mult be thrown to one 
fide, and then that tide mult be divided by x — 4 thus. If x' — 1 5-V“4, 
we lhall have x i — j §x — 4=0; divide x’ — 15.V — 4=0 by x — 4=0,, 
and the quotient will be xx4-4**4“ x =0 ; which equation when refolved, 
gives x= — 2-4-3 / 3 or — 2 ” — s/ 7 * : that three Boots of the equation 
propofed arc 4, — 24-4/3, and — 2 — y/y any of which being fubiii- 
tuted for a in the equation, will give x l — 1 5.v=4. 9 

It may perhaps be demanded, lincc there is no known rule for ex- 
tracting the cube root of an impoflible binomial, how I ame to diicover 
that the cube root of 24- 1 1 / — ,1 was 24-/ — 1 : bn my anfwcr to 
this is, that no fuch difeovery was made ; that this cube ^ot was known 
by compofition and not by refolution thus : I alfume twi impoflible bi- 
nomials whofe impoflible parts are equal and contrary to Aue another, as 
24-/ — i, and 2 — y / — i ; and then making 24-/ — and 

2 — 3/ — 1 =», I multiply thefc together, and find marssy. lor — b 

gives aa — bb\ make a — 2 and bs=z / — ; and you will have aa=4 t 
b*=z — 1, and — ^*=4-ij whence aa — ^=5: lince then.w/=;, we iball 
have 3 in n =■ 1 5. Again, m % =24-11 y — 1 as above, and >r = 2 — 

I I / — 1 > therefore wi ! 4~;/=4. Now' from the aiiakfh in the lad article 
but one it appears, that ynn is equal to the coefficient p in' the equat ion 
to be refolved, and that in the cafe where p hath a negative ngu before 

it, w’4-^k IS e€ l ua ^ to the abfolute term q ; thereiore I form an equation 

making ^=15 and <7=4, and it will Hand thus, v ; — 1 > and this 

'equation may ntjw be eafily refolved again, lince the cube roots of the 
impoflible binomials 24*1 1 / — 1 and 2 — 1 1/ — 1 art; known, 

V v v v 2 Whether 
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Whether any one has found a way of extrading the cube root of an 
impoflible binomial, I know not j moft authors make no mention of it, 
and tliofe that do, pafs it llightly over : Dr. Wallis indeed has made fotna 
taint attempts towards it in a tentative way, but with little fuccels. 

448. I come now to confider more particularly this laft cafe of cubic 

p 

equations, to wit x' — ^x?=*=±=y, where the cube of — affirmatively con- 

3 

q 

fidered is greater, than .the fquare of L-; for which purpofe it will .fc* <lif. 

ficient only to confider the equation x' — fx—^-q, accordingto art. 439. 
Now though this equation cannot be refolved accurately in a dired way,, 
even when the root is rational, yet indirectly it may j and when the root 
is irrational, the. following rule will find it true in three of it’s firft figures 
at leaft, if not in more ; fo that whenever the root is required to a greater 
degree of exadtnefs, this will be abundantly more than fufficient to found 
an , approximation upon according to. Newtons rule hereafter to be ex- 
plained. 

Make V j=ra, ~=b, ■■ ~= c, and y/b-f-c^rd : / Jay thin that the 

affirmative, root of the equation pr.opofed will be £H-d very near. 

In art . 442 and. ft 44 it was demanjlrated that this affirmative root ne~* 

ver afeends higher than 2 Vh > that is, according 'to our prej'ent notation > 
c 3 , ' 

liftyr higher than 2a, nor defends lower than .j/p or ay/ 3 •} that in the for- 
mer cajc, the Jr vw of -- will be equal to the cube of}- j whence q will bn 
: ' 2 3 


equal to twice ^ he fquare root of -- or the Jquare root oj ; and that in 
i 27 27 

the latter cafe . [ will be equal to o fo that q has it’s limits as well as the 

root of the equation. Moreover it will appear from the demonflration of this 

rule , that whji the affirmative root rifes to it’s highejl limit 2a, the rule here 

giveti will be exalt, and that it will fail mojl when the affirmative root falls 

into it’s lenveff limit ay/^, where q=r=o. Let us therefore try the rule i» 

this moft disadvantageous cafe* and let us fee whether even in thiscaf© 

H will not give us a root true to. three places. 

Let the equation to be refolved be x'-njxaia, Here dividing by x; 
we have xx-^~3=s=o j whence x the affirmative root of the equation b 4^3 „ 
that b, 1 .732 by which the foregoing rule may be triads but be- 
fore Lean apply it I mu ft take notice, that as in this calc <7=3= r, wfc lhall 
have \a (which is the greateft part of the root fought) a* sj .25 j whence it. 
appears, , that the three firft figures of this root will confili of . one inte- 


4 P* 
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gral, and two decimal places ; fo that the terms defined in this rule-, where 
they are not exa<ft, need not to be computed to above two decimal places 

thus: />=3, jws o, a=z i, b—o, c=. 23, ^=.48 , --=1.25} therefore 

__ ~-|-r/==:i..73 > which is the root of the equation propofed, true to three 
pi ices. 

Again, let the equaiiori be x 1 — 3#=. 929203. Now when p~i as 

the higheft limit q can arrive at is H-2, and the low- 
ell o; tlierefore in the equation lall propofed, q is almoft in the middle 
between it’s two limits, but fomewhat nearer the loweft : let us try how- 
ever whether in this cafe our rule will not give us the root of this equa- 
tion true to four places, obfervmg here as before,*, that of the four firll 
places of this root, one is integral and the other three decimal, and confer 
quently that the quantities y, a y b y r, /, where they are not cxadl, muff 
be computed to three decimal places thus: p=. 3, y= .929, a~\ y b=.i 5$ y 
c =.229, d±=z.6zo, ~<r — i .250, .870 r the true root is 1.87; 

therefore our rule finds the root of this equation true to four places. 

Again, let the equation of the lall article be propofed, to wit, x x — 15V 
=4*. Here as p— 1 5, the higheft limit q can arrive at is y/joo, that is, 
22 and the loweft is nothing j therefore in this equation, q is fo near 
its loweft limit that we mull not expedt to have the spot true to above* 
three places, whereof one will be integral, and the qther two decimal, 
becaulc in this cafe 5. Here then /= 15, y=4, <*=2 .24, b=. 30,. 
r— - 1.15, d~ 1 .20, \ct—2 .80, 5 / 7 - 4 -//= 4.00 s the truef-oot is 4 by the 
Lft article. _ 

Laftly, let the equation be x l — 8x=3; where the limitd$f y are S .7 and 
o. Here />= 8, y= 3, 77/7=2.666667, /r=i .633, /=.^o6, r=. 61 r, 
</= .958, *<2=2 .042 , 2 .999,. which is too little b* an unit in the 

fourth place ; for the true root is 3 . ( 

I oblerved before, that though an equation of this kind •cannot be re~ 
folved in a diredt way even when the root is rational, vv’ intliredlv ir 
may ( ; for who. can fee the root thus-found approaching <0 very near die 
number 1, without trying the number 3 itlelf? and if he docs, lie will find, 
it. to be the true root of the equation. 

Being now to demonftrate the foregoing rule, 1 ihalt only obfcrvc be- 
fore band that the affirmative root of a cubic equation k comprehended’ 
within much narrower .limits than either of the other two, which is the- 
reafon why it is the moll cafily found : for betwixt the higheft limit 2a t 
^nd the loweft a ^/ 3 is little more than \a difference * lb that if 2 a — t bd'- 
put equal to tha affirmative root fought, the quantity e when leall may* 
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be equal to nothing, and when greateft can never much exceed la. Thi» 
being obferved, put 2a — e for the affirmative root x in the equation x* 
—px^sq, or x’— and you will have .v‘=8<* ! — 1 2 aae-\rbae*—e\ 
— -3<wx’= — and x l — -$aax=2a' — gaae-t~ 6 aee — e'z=q : now 
from what lias been already obferved, the quantity e will be but imall in 
refped of za the other part of the root joined with it } and if fo, it’s cube 
<r* is of fo fmall account in the foregoing equation, that if it be thrqvfn 
out, the equation will not be much affected by :t ; let it then be thrown 
out, and the equation will be baee — ^gaae-i~ 2 a , =q t o.' qwxzf 

3 0—2 tf* (f 

2 a* : divide all by 6 a t and yovi will have ee — ^ ae-=. — j~~ ; but r~ ~ 


: but 


3 9 

- ae-\-—raaz 
2 16 


-b 1 1 ~ aa ~\ ~ 
3 


* I/* , _ 

— x’laazzz — — ==r j therefore 
*44 5 144 


aq aq 2 *' aa y c 3.9 , 1 

=ss -- =0. and 7— = — ; therefore ee — - ae- h aa-=.b — - <w-f- 

ba 2p * Otf 3 2 10 3 

0 . 1 9 * 1 11 11/ 

: but aa-\- ~aa=. -r: aa = - — x’iaaz=. — — ==r j therefore 

16 3 16 4b 144 J 144 

3 Q 

ee — ^ ~^aa=^b~\-ci ex trad the fquare root, and you will have 

/ — 1 rf = dtzd ; whence ez=.\a^±=.d : but r in the fenfe it is 
here taken, cannot be \a+d t becaufe it can never much exceed \a j there- 
fore e muft be \a — d, and 2 a — e or the affirmative root fought mult be 
\a-\~d very near $ and nearer, as? approaches nearer to nothing, that is, as 
the affirmative root approaches nearer to its higheft limit 2 a t or as q ap- 


proaches to 




Definitions. 


7 

449. All cu‘<* ic equations comprehended under the two firfl cafes, that 

P 

i§, where x l -b:&x=:=±=y, or where x’— -/wr==fc zq, and the cube of ~af- 
; 3 

q 

firmatively taf en is lefe than the fquare of all thefc equations I lay, may 

he refolved fwo ways, either groffly by the foregoing rules, and then 
more corredly by an approximation, or elfe at once by a more accurate 
extradion of the fquare and cube roots without any further corredion, as 
was ffiewn at the latter end of art. 446 ; and this cannot be more expedi- 
tioufly performed than by a good table of logarithms. And as theie two 
cafes may be refolved by a canon of logarithms, fo may the third and laft 
cafe be refolved by a canon of fines, as will be taught hereafter : but firft 
it will be proper to acquaint the reader (if he knows it not already) what the 
fine of an arc or an angle is, aod what is meant by a canon of fines. 

' 





Arf. 44^450. o f cvrrc. i^attoss, 

Ike fine then of any ate of a circle , is a line drawn from either extremity of 
that arc , perpendicular to a diameter faffing through the other extremity of 
the fame arc . Thu* in the circle ABCD (Fig. 62 J whofe diameter is 
AEC, the fine of the arc AB is the line BE, which falls fromB one ex- 
tremity of that arc perpendicularly upon a diameter palling through A the 
other extremity : by which definition it appears that the lame line BE is 
al(o the line of the arc BC j for it fails from B one extremity of that arc, 
perpendicularly upon a dia.t^eter that pafifes through C the other extremi- 
ty o£,the fame arc mat whatever line is the fine of any arc, the lame 
will alto of its complement to a femicircle. It follows alio 

from this definition, that I’hefine of any arc is half the chord of twice that 
arc : for if BE be produced through E till It again meets the circle in 
D, the line BE will be half the line BD and that line BD will be the 
chord of the arc BAD which is twice the arc BA j and the lame line BD 
will be alfo the chord of the arc BCD which is twice the arc BC. 

Fhe fine of an angle is nothing el/e. but the fine of the arc that meafitres 
it : as if F be the center of the circle ABCD , and the line BFbt drawn, 
the line BE may be laid to be the fine of the angle AFB> becaufe it is the 
line of the arc AB ; and it may alfo be faid to be the fine of the angle BFC , 
becaufe it is the fine of the arc BC * 

A canon of fines is a table orderly exhibiting the fines of all arcs from one • 
minute to ninety degrees : that is, fuppofing the radium! every circle to be 
divided into ten millions of equal parts, the canon esprefles how many 
of thefe parts are contained in the fine of every degree ajid minute of a de- 
gree, from one minute to 90 degrees: and they need go no further, becaufe 
(as I oblerved before) whatever line is the fine of any ail, the fame will 
alfo be the fine of its complement to a femicircle; there f-^e if I want the 
fine of an arc of 1 50 degrees, I muflt look in the tables if the fine of 30 
degrees ; now over againft 30 degrees in the canon of lineal find this num- 
ber, 5000000, which Ihews that if the radius of a circle Ibe divided into 
10000000 of equal parts, the fine of 30 degrees will connfn 5000000 of 
thole parts, and conleqnently that the fine of an arc or an v.igie ot 30 or 
150 degrees is equal to half the radius ; and lb of the rdl. '* 

Note. Whenever the fine of an arc is mentioned without the nidus, 
the tabular fine mull always be underftood, whole radiu. k known to be 
lOOOOCOO. 

Note alfo, that a degree is the 360th part of the eiruirn ter once ot any 
circle, and a minute the 60th part of a degree. 

A L E m m a. 

450. In every quadrilateral figure inferibed in a iirck, tL re£I angle un - 
* der the diagonals if equal to both the rc&angles under the off oft e files taken 
together. (Fig. 63 .jl id 



ytl The resolution Bookie. 

fi 3 UrC i nfcribcd in a drcIc whole diago- 
nals arc AC and BD: I fay then that the re&ande ACxBD k Jj 5 ** 

the two Wangles ABxCD and AD x BC taken fogeler. For fromthe 

to the diagonal BD draw the line^B, fo as to mal^ theTnSc 

if l eqU vl , t0 the an ^? P-° > then ^ the intermediate ande^B 
added to both, you will have the angle CAB equal to the ande EAD- 
moreover the angles ABB and ACD are equal, q as Handing tth ^fhc 
f^iie are ^D ;,and for a like realbn the angle . ./fDB is equal to the ande 
ACB as Handing both on the lame arc AB. This duality of andes ewes 
"V7/ PUir ^ mila t tnangles, to wit ABE, ACD, in 
the formCTlimilar triangle^ to wit ABE and ACD we havcAB to BE 
as ^CtoCD. whence ACxBE—AB xCD : in the other firndar trifn 

^ th tilefe e q u;ltl ons together, and you will have 
f £ h +? C * ED =MxCD+AD*BC: but tletwo rcaJSS 

*? th f reaan B k , therefore ALbdJjb 

1S ’ the Wangle under the diagonals is enual toboth 
tit dtangles under the oppofite tides taken together. ^ ED. 

A Lemma. (Fig. 64 .; 

M B C in D, amlttbt .circle in E ; and join theThords BE^CE 
CE pun'og et bt r .‘ l ^ E W “ lte '** * ‘^ um °f ,be tm ‘br* BE ~{Z 



A Piojum, fi%, 65 , 66 J 

Sssr i af - - 

«« iz’,"lS V Z/ b< c tntfl b ‘ ABD - ^ 7 ^ 
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fct off- on each fide the arcs FE and FG, equal each to the arc AB% and 
then join the chords AB, BC, CD, DA, AC, BD ; as alfo the chords 
AE, EF, FG, GA, GE: call the known diameter AF za , and the known 
chord AD zb\ call the chord AB or BC or CD or EF or FG x and 
the chord AC or BD or EG y : and becaufe the triangle AEF in a femi- 
circle is right-angled at E, we (hall have AE X —AF % — FE'^j^a xx. 

and AE or AG—^/qaa — xx. Thefe pofitions being obferved, the two 
quadrilateral figures ABCD and AEFG furniftt the two following equa- 
tions by 450, to wit, ACxBD=^ABy.CD~hADxBC, that is, yy — - v v 

-\-zbx j and AFxEG=ABxFG-{-AGxEF, that is, zay~yfa l —X 1 X 2 X^ 

s/\ aa — xx xx yaaxx — x* , 

whence y =■ , and yy=z -- : but in die former cqua- 

4 ciaxx — x* 

tion we had yyssxx+zbx.i therefore z=xxx-{-z bx : multiply 

P 

by aa and divide by x, and you will have 4 aax — x'=zaax-f-2aab ; and 
by trarilpofition ^aax — x'= zaab or x % — 3 aaxzsz — 2 aab : whence it ap- 
pears at Lift, that the chord AB will be one of the affirmative roots of this 
cubic equation x* — 3 aax= — 2 aab ; and if Co, then the chord of a third 
part of the other arc on the other fide AD mud: be the other affirmative 
root of the dune equation : for whether x be put for $he chord of a third 
part of one arc or the other, the equation will b^the linac, and therefore 
mud equally refpeft both chords: this will appear by applying the fame 
reafoning to both figures : but here we are to take notice, that in the equa- 
tion ** — 3«w.v= — zaab, the quantity b affirmatively confifiered mu ft not 
be greater than a ; for then zb or the chord AD would : greater titan 
2 a or the diameter AF. 

A Problem. 


453. Allowing the trlfeclion of a circular arc, it is rcqulr 7 to conftruS! 

p 

a cubic equation of this form x* — px===»=q, where tht. cube of - is 

3 

fuppofed to be greater (or not left) than the fquare of};. 

Throw the equation into this form x’ — ■^aax ^.-jL- Zanh by art. 440 5 
then iince — is greater titan ~, that is, fince a* is greater ihssufbb, we 

27 ^ 

(lull have aa greater than bb, and ^2 greater than b. 

With the radius a deferibe a circle (Fig* 67,) wherein let be inscribed 
the chord AD=zb j take the arc AB equal to a third part of the whole arc 
ABD, and from the angle B inferibe in the circle the equilateral triangle 
■>** *X x x x BHK, 
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BHK, and join the chords AB, AH, AK.: I fay then that/theje three chords 
•with proper Jigtis before them will be the three roots of the equation propofed. 
For firft, let the equation be x 1 — — 2aabi then it is plain from 
the laft article, that the chord AB, that is, a chord of a third part of the 
arc ABD will be one of the affirmative roots of the equation propofed, and 
that the chord of a third part of the arc AKD will be the other : but the 
chord AK is the chord of a third part of the arc AKD , which I thus de- 
mon Urate: The two arcs ABD and AKD make both together an entire 
circumference, and the two arcs AB and AK make up a third part of that 
circumference by the con IT ruction : but the arc AB is a third part of the 
arc ABD by the conllrudtion ; therefore the arc AK is a thud part of 
the arc AKD : therefore the two chords AB and AK will be the two- 
affirmative roots or the equation propofed, and their fum with it’s lign 
changed will be the thiid root, bccauie the fecoiul term of the equation is 
wanting : but the fum of the two chords AB and jIK is AH by art. 45 1 ; 
therefore the three toots of the equation propofed arc the chords -\~AB\_ 
■+-AK and — AH, Therefore fecondly, if the equation be at 7 — 

%cuib, it’s three roots will be the chords ~\~AH y — AB and — AKi 
N. B. In this conflruclion, the quantities a y b and x arc fuppofed ei- 
ther to be lines, or to be reprefented by lines. 


« A Problem. 

* <4. Svppofing^ all things as in the lajl article , let it now be required ta 
rcjblve the f ongoing equation by the help of a canon ojjines. (Fig. 67.) 
Let p represent in degrees and minutes the arc whofe line is b y that is, 
half the arc > 1 BD ; then we ffiall have the arc AB D~2p , the arc 
2 p •; p 

AB—-, ant. the chord AB equal to twice the fine of the arc - : again, 

fine* the arc BAK is a third part of the whole circumference, that is. 


360 

T* 


we dull have the arc SlK- 


twice the Che of the arc 


180 — p 
~~3 " 


360 — 2 p 

7 


, and the chord AK equal to 


: laffily,. the arc ABH is equal to 

*}6o-4~2/> 

* alid therefore the chard jiH is twice the fine of the. are 

„ 3 

— * but the arc 1 80 — p is the complement of the arc p to. a - 

circle, and the arc is the complement of the arc 180 — p to aii 

entire circle : find therefore, in a circle whofe radius is a y three arcs, /, q 
and r y whereof/ h the arc whofe fine is b y q is, the complement of / ta a 

femicircle*. 
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femicirclc, and r the complement of q to an entire circle, and the three 

roots of the equation propofed will be the double fines of the arcs ~ 

and - , their figns being determined as in the iaft article, 

N. B. The more exadly the arc p is taken, the more exad will be the 
roots ; but if there be any error in taking that arc, (and fome there mult 

p r 

be.) it will affedt the fine -of - mod, and the fine of- lead ; therefore as 

3 . 3 , 

there is no occafion to find above one of thefe roots trigonometrically, it 

r 

will be mod convenient to find the fine of the arc — . 

3 


Before I proceed to give an example of this cafe, I mud advertile the 
young learner, that in a table of fines, we have not only the fines of all arcs 
that can be exprefled in degrees and minutes to 90 degrees, hut their loga- 
rithms alfo, placed over againfl them, to fave the trouble of taking them 
out of a table of logarithms and die logarithm of the fine of 90 degrees 
or of the radihs is 10 .0000000. 


This premifed, let the equation to be refolved be a : 1 — 1 ij?*— 324 ; 
here 39, and ; therefore in this cafe the radius or die circle 

yJBHKh v/39> and the fine of the arc p in diis circle is \\ : but the arc p 
cannot be known by this fine, becaufe we have no tables calculated for 
this radius. Since then the arc p can only be known J?y its tabular fine, 
that mud be found by the rule of proportion thus : as ^39 the radiut of 
the circle ylBIIK whofe logarithm is 0-7955323, is to t! e tabular radius 
vvhofe logarithm is io.oocoooo, fo is jj the fine of the x p in the cir- 
cle yJBHKy whofe logarithm is 0.6184504, to the tat W line of the 
lame arc, whofe logarithm is 9. 8229181. This logarithm was found by 
adding together the logarithms of the fecond and third terms of the pro- 
portion, and fubtra&ing from the fum the logarithm of th fil’d. 

Having thus got the logarithmic fine of die arc p, th arc p if felt is 
found thus : amongd the logarithmic fines, and over againi 9,8228302, 
I find 41 degrees 41 minutes, and over againlt 9, 822972 1 , 1 degrees 42 

minutes } therefore the arc p lies between 41 degrees 4] minutes, and 
41 degrees 42 minutes; and to find it, 1 take not only the difference of 
the two neared logarithmic fines above mentioned that lie on each lute 
die line of p, but alio the difference between the fine of p and the neared 
lefs tabular fine : the former difference I find to be 1410, and the latter 
879 ; then 1 fay, as 1419, the difference between the two neared fines on. 

* each fide the fine of p, is to one minute, the difference of their arcs, fo is 
879, the difference between die line of p and the neared lefs tabular line, to 

X x x x 2 *619, 
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j 6 1 9, the difference between the arc p and the neareft left tabular arc : 
fince then the neareft lefs tabular arc is 41 degrees 41 minutes, the arc p 
will be 41 degrees 41 .619 minutes. Subtract now the arc p from afenn- 
circle, that is, from 180 degrees 00 minutes, and you will have the arc 
y=i 38 degrees 18.381 minutes ; fubtradt again this arc q from an entire 
circle, that is, from 360 degrees 00 minutes, and you will have the arc 

r 

r=22-i degrees 41 .619 minutes; whence -= 73 degrees 53.873 mi- 


nutes. Now before we can find the fine of the arc — in the circle ABHK, 

we mu ft find it's tabular fine thus : the logarithmic fine of 73 degrees 53 
minutes is 9.982587 1, and the logarithmic fine of 73 degrees 54 minutes 
i§. 9. 9826236, and. their difference is 365; therefore I fay, as one mi- 

r 

nute, the difference between the two tabular arcs on each fide the arc - , 

is to 365, the difference between the fines of thofe arcs, fo is .873, 

r 

the difference between the arc - and the neareft lefs tabular arc, to 319, 


the difference between, the fine of the arc - and the neareft lefs tabular line; 

3 

u r 

therefore the tabular .fine of the. arc - i&,9 .98261 90* 


I now come to find the fine of the fame arc - in the circle ABHK thust 

>. 3 


as the tabular r< dins , whole logarithm is io .ooooopo, is to ^39 the ra- 
dius of the circ : ABHK, whofe logarithm is o *7955323, fo is the tabu- 


lar fine of the arc - , whofe logaritlim-is 9 .9826190, to the fine of the fame 


arc in the circl; ABHK , whofe logarithm iso. 778 151 3. This work mu ft 
alfo be performed by logarithms, but the intermediate proportions muft 
be wrought t ie common way. 


Having n6w got 0.7781513 the logarithmic fine of. the arc - in the 

circle ABHK, I take the natural, number belonging to it out of tie table 
of logarithms, and find it to be 6 .000009 ; and the double of this natural 
fine is the root of the equation, to wit 1 2. cqoooq. I. try. with the . num- 
ber 12, and it jfucceeds, . 

This foot 12 Wing found, the other two roots wiU.be eafily obtained 
hy divifion as ufoal, thqsr according to art. 431 and 432, threwthe' 
equation progofod itbri 1 to: one. fide,, and then divide 


3.H 
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—324 by x — 12, and the quotient will be x*- 4 - 12x4- 27=0; refolve this 
equation, and you will have — 9 and — 3 for the roots; therefore the 
three roots of the equation propofed arc +12, — 9 and-* — 3. 

A Problem. 


455 * C F° fad tw0 mean proportionals Between any two given numbers , - 
Let a and b be the two given extremes, and let x and v be the two 
mean proportionals fought, that is, let a, x, y and b be continual proper- 

<Z X 

tionals; then fince a is to x as x is to^, and as y is to by the fra&ions - 

x y 

y a x v , <r a' 

and j will be all equal, and we fliall have ~x ~ x that is, y = ~ =. 

't 3 : the firft equation j = ~ gives xzsy/a'b, and the fecond equation 


jy gives y—fab 1 . In words thus : Multiply the fquare of the grea- 


ter extreme into the lefs, and the fquare of the lejs into the greater, and the 
cube roots of the two products will be the two mean proportionals fought . - As* 
for inftance, let it be required to find two mean proportionals between the 
numbers 27 and 8 : now the fquare of 27 is 729, which multiplied by 8 
the other extreme, gives 5832, whole cube root is 1 8* the greater mean : 
again, the fquare of 8 is 64, which multiplied by 27 the other extreme, 
gives 1728, and the cube root of this is 12 the Idler #nean : fo that the 
two mean proportionals fought are 18 and 12, and the numbers 27, 1 8, 
12 and S are in continual proportion, the common ratio be in j; that oi 3 to 2.. 

When the two middle proportionals fought are irratmia numbers , they 
will left be found by their logarithms thus: to twice the logarithm of the 
greater extreme add the logarithm of the Idler extreme, and a third part 
of their fum will be the logarithm of the greater mean fought: again, tor 
twice the logarithm of the ldfer extreme add the logarithm >f the greater, 
and a third part of their fum will be the logarithm of the Idles mean fought. 

For the better underfunding the following artiele, it may be proper to 
take notice, that this invention of two mean proportionals between two 
given extremes, is in other words called the trifetlion- of a ratio. Thu# > 
fince the ratio of 27 to 18 is equal to that of 18 to 12, and this again is 
equal to the ratio of 1 2 to 8, the ratio of 27 to 8- is juftly laid to be di- 
vided into three equal ratios by the intervention of the terms 1 8 and 12 ; 
and fb the ratio ofay to 8 is faid to be three times the ratio of 27 to 1 8, 
or three times the ratio of 3 to 2 : and on the other hand, the rati© of 3 
to 2, or of 27t© 18 isfaid to be a third- part of- the ratio of 27 ta p8, 

• w Mk 
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Mr. Cotes*/ method of refolving cubic equations confidered 
and demonftrated. (See Fig. 68.) 

456. The late ingenious Mr. Cotes in his Logometria , page 29, con- 
fidcring all cubic equations as under this form x'z±ziaax=izi=:2aab, re- 
fblves all the three cafes by the help of a right-angled triangle ABC, 
right-angled at A, whereof two fides are always given, as reprefenting the 
known quantities a and b in the equation, thus. 

Case i. 

If the equation be x’-f-3aax==i=2aab, make AB=a, AC=b, and let 

m and n be t<wo mean proportionals between BG-J-CA and BC — CA : then 
•will m — n be the only poffible affirmative root , or n — m the only poffible ne- 
gative root of the equation , according as the abfolute term is -f-2aab or 
— 2aab. 

Case 2. 

If the equation be x’— 3aax==i=2aab, and a be lefs than bj make AB=a, 
BC=b, and let m and n be two mean proportionals between BC-J-CA and 

.BC — CA ; and m-f-n will be the only poffible affirmative root, or — m — n 
the only poffible negative root , according as the abjolute term is 4- or — 2aab. 
e C A S E 3. 

If the equation ^be x’ — 3aax===*=2aab, and a be greater than b j make 
AB=b, BC=a, and let m be the fne of a third part of the fum of the two 
angles A and B and n the fne of a third part of their difference, in a circle 

whofe radius .BC $ and the three roots of the equation will be m-J-n, — m 

and — n, or -f-m, -+-n and — m—n, according as the abfolute term is 
or — 2aab. 

The analogy of thefe three cafes confifls in this $ that whereas the two 
firft cafes were refolved by the fum and difference of the two fides BC 
and CA, the laft cafe is refolved by the fum and difference of their op- 
pofcte angles AirAB , and whereas in the two firft cafes, the roots were 
obtained oy the trife&ion of a ratio, in the laft they are had by the trifec- 
tion of an angle} and indeed nothing is more common in nature than a 
tranfition from a feCtion of a ratio to a like feftion of an angle ; innumera- 
ble inftances whereofwe have in that incomparable treatife above cited. 

If the curious reader would fee a demonftration of tKefe three cafes, hfi 
mu ft not icruple beinefent back to the 445th article for the two firft, and 
to the 4^d and 454th for the laft to refrefh his memory, and the dc* 
monftraUon is as follows. 


Case 
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Case i. 

Let the equation be x % - 3 r'$aaX' :=z ~ 1 t-' 2 -aab ; then will pz=z^aa t qszziaab, 
sssd 6 , make aa-\-bhz=hb, that 

u, in the triangle ABC right-angled at A, make AB=ui, AC=b, and BC 
=i, and yon will have ss-=a'tb, s=aab, | -H or m'=raah-\-aab—an-r 

i+b: but aa=bb—bb=J+6*b = bi therefore i»’=W»i+fcM. 

In like manner we (hall find | — J or -»'= £=J*5=3x4+4 ; and +»• 

— 513 x 1 ^ 3 x 5+3 i therefore » and », whofe difference is the root of the 
equation, are two midd le proport ionals between H-* and fi — b by the lad 

article, that is, between BC-\-CA and BC CA. 

Case 2. 

Let the equation be *.- 3 «*=-+W, and let n be left than b , then 

n oil Uom tc a*hb a (, z=.a‘ r A>b — aa ; make bb — aa-=hl\ that is, in 

Z aforementioned triangle, let AB=a, BC=b, ard CA=b, antl you 

will have ss=^bb, s=aab , |-H or m'=*a*b+b-. but in this cate «— 

bb—hh^b+byS^b ; therefore m'~b+h x£P* R;; and for a like 
reafon, n'^b^b*£—h*b-\-h\ therefore m arid n, whof ium is the root 
of the equati on, are two middl e proportio nals between K : and that 

is, between BC-\~ CA and BC CA. 

Case 3. 

Laftlv let the equation be x* — > 3 aax^^aub, and let a he grater 

$£ md Bc":tet;o g rr:ftT^e of 
g’i^^ewhofe radius is a : forif upon the center C, aiJ wnhrhe £ 
dius CB an arc of a circle be defertbed, cutting the leg 1 , ^ which 

B^fwiUbe the fine of the arc BD, aud consequently o t jj erc _ 

■~s$btzs.i. 53,-ssatf-s^s 
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that is, from 2 A, affd £6u will have q=A+B ; but - and ~ are the two 

arcs or angles whole double fines in a circle whofe radius is BC or a, or 
whole Angle fines in a circle whofe radius is 2 BC, are the two negative 

. A+B 

roots of the equation j therefore if m be the fine of — ~ — , and n the fine 

of in a circle whole radius . is 2 BC, the three roots of the equation 

3 

will be m-+-n, —m and — n. The other cafes where the ablolute term 
2 aab is negative, are the reverfe of thefe by art. 439. 

.Another method of refolvmg cubic equations , which finds 
all the three roots at once. 


457. Having given this account of Mr; Cotes' s method of refolving 
cubic equations, 1 lhall but juft touch upon another, which neverthelels 
for its elegancy deferves a more diftinft confideration than I can here al- 
low it, having faid lb much already upon this fubject. The method I here 
Jpcak of is in the Philofophical Tran factions, N°. 309, by the learned 
'Mr.John Col/on , a Gentleman whofe great genius and known abilities in 
thefe fciences I lhali always have in the higheft admiration and efteetn. 
Mr. Coif on % melhbd is univerfal, but for brevity’s fake I lhall here apply 
it only to fuch cukjc equations ashave their fecond term wanting or taken 
away ; nor will there be occafion to conlider above one cafe of thele, 
from whence a .ranfition may be eafily made to all the reft to which this 


q* pj 

.method extend?’ Let then the equation be x’-f px=q j and let — - f- — 

4 27 


ms in art. 445 ; and let the cube root of the irrational binomial - --f-s be 


d-+-y'e : I fay then that the three roots of this equation will be, frjl 2d, 
Jecondfy — d-h 3c, and thirdly — d — y — 3c : for if d+ye be the 


cube root of the binomial \ H-r, d — ye will be the cube root of ~ . 

2 2 * 


therefore e will be the lame with m in art. 445, and d — </e wilt 

be the lame with •— »,* whence m — n, which is one of the roots of the 
equation propofed, will be 2d. Now to find the other two roots, let 
us divide the quantity x ! -H>x — £=o by m d as ufual, and the quoti- 
ent wilLbc *rx-4'2</x-+-4^w-f-/' \ and the remainder, though it haw die 
form. of fomething, will be adually nothing; fee art. 443, Make then 
sex- r|- zdx-t- qdd o, and you will have **•+• zdxss#^4dd-~f> t and 
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aw-+-2 dx-\~ddzsz—~^dd—-pi but if and d~— k /c-^=. — v, we 

(hall have — mn^=.dd — e, and —ynnzsz^dd- — 3^ but ynnz=.p by art. 
445 j and therefore — 30m or -j- ^dd—^y^/—p ; fubffitutc now 3 dd — y 
inftead of — p, and you will have xx-\- zdx-\~dd= — y ; therefore 
*■+•*/== i=v/ — y, and x= — d-+-s/ — 3?, or — d — y' — 3^, which are the 
other two roots of the equation propofed. If s and conicquently s/e be 
poffible, / — y will be impoffiblc, in which cafe tbcfe two laft roots of 
the equation will be impomble ; but if s and confequently s/e be im- 
poffible, then %/ — y will be poffible-, whence it follows, that if the cube 
root of an impoffiblc binomial could be extracted, this rule would extend 
itlelf to all the cafes of cubic equations. A few examples of tins rule will 
be fufficient. 

Example i. 


Let the equation be x , -f*3x=4. Here 


P 77 P l 

:2> J T = i, f -h or* 
0 4 27 


k ^ 

j.t=5, sz=y/ 5, - -+- s = 2 -f* s/ 5 » hut the cube root of this irrational 


J~KA 


binomial 2-hv/‘5 is — therefore </— - , yV= - </$, and 2/ 
which is one root of the equation, will be 1 : as for the other two root', 
iincc v/t’= we ffiall have c— - , — y =. — # and s / — : 

* — 1 5 j therefore the other two roots are — * -+- ’ s/?**- 1 5, and — ' — 

W — *5- 


Example 


Let the equation be x ! -~ 96x236576. Here ~ =288, ~ 5=32, ~~ — - 

2* • 3 " *r 

~ or rr= 50176, 1=224, ^ — }-r=5 1^2, ^ — *=64, d - hy ' e ^ S , a —\' • 

= 4 j add the two laft equations together, and you will have 3 a , 
fubtracl the latter from the former, and you will have 2} V=4, w-'enc^ 
v /e=s2, e=»4, and — 3<’= — 1 2 ; therefore the three root-, of thi* equa- 
tion are, firft 12, fecondly — 64- y' — 12, and thirdly — 6 — y— ir. 

Example 3. 

y 

Let the equation be 39X-— x’srsyo, or a 1 — 39^= — 70, Here - =-— * 


■to. Here 


t 

ii9 3 ' 


M * Z 1 

:I 3 » 4— ^ or «> 


i 8 xi 8 x- 
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q 

L-f.^sss— *3 54*1 8 ^““3 » wkofe cube root is i~ 2}/— -3, as will appear 

upon tryal; therefore d~\-\'e-=. 1 -*-z — 3 , if=i, zd—2 x -4-^/^ = ■ 

2v/— 3* *=+4* — 3=— 12, — 3 *=-t-3 6 > </ — 3 f = 6 » — <*+-v/ — 3<* 
=5* ^ — ✓ — 3^= — 7, and the three roots of the equation are -4*2, 
-4-5 and — 7. 


Newton V method of approximation applied to the refolution 

of cubic equations, 

458. This method is bed taught by example, and a better cannot be 
produced than that given by the author himfelf. Let it then be required 
to approach as near as we pleale to the root of this cubic equation y' — 27 
— 5=0 : here, according to the author’s direction, 14 r e are JirJi to find 
a number •which differs not above a tenth part of it /elf from the true root ; 
(and how to find a much more accurate number than this, if occafion re- 
quired, is abundantly fhewn in the foregoing articles ;) let that number be 
2, and accordingly let it be written down as the firft figure in the quotient 
that is to exhibit the toot fought j let p reprtient the reft of the root, that 
iq let v in the equation y i — 2 y — 5 = 0, and you will have 

jv" — 2 y — $—p'~\-6pp~\-icp — 1 ~o, as may be feen by the work; only 
there, this latter quantity />’-+- 6/>/>-|- 1 op — 1 is inverted. Now the whole 
difficulty is reduced to this, to wit, to find the root of the equation 
p'-\-tpp-\~ 1 c/~ k i =0 : to effed this, we are to take notice that the quan- 
tity p muft be ^-proper fradion, as not being above a tenth part of the 
number 2 by the fuppofition •, therefore p x will be lefs than p, and/>’ Ids 
than p- , therefore if in the la ft equation the terms wherein p' and/) 1 are 
concerned arc dropt, that is, the terms />’ and 6 f\ and if the two remain- 
ing terms 1 cy — 1 be made equal to nothing, the root of this equation 
will be nearly the fame- with the root of the whole : make then ic f — 1 


=0, and you will have 7= — or o .1 which ,1, muft be written after 

2 in the quotient: fometimes indeed it happens that three of the laft terms 
are to be retained in order to obtain a proper value o ip ; but thefe cafes 
lhall be more diftinctly coniidercd afterwards. I.et us now refume the 
former equation, to wit^ J -t-6/>*-{-io/> — 1=0 ; and having already found 
that p the'root of this equation equals o .1 nearly, let us make p=o. H-f, 
and we fhall have/H-6^M-io/>-~- is5=j»-}-6.3jM-i i.237-f-o.o6i=so, as 
appears by the work : drop y 1 — as before, jmd you will have 

0.061 


1 1.23^-4-0.061=0 -very near ; whence q-. 


11.23* 


reduce this frac- 


tion to a decimal, and you will have q ==>—0.0054 nearly, which being 

negative 
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negative, muft be written in the lower part of the quotient for the con- 
veniency of fubtra&ing it afterwards : and here it muft be obferved, that 
In dividing the numerator of the fraction by the denominator , the dhijion 
muft be continued to as many places from the ftrft ftgmficant figure inch- 
fivcly , as there are places between this fir ft figure and the ftrft figure, of 
the main quotient exclufively : as for mftance, the firft Jignificant' figure 
arifing from this divifion is 5 in the third decimal place, and the firft fi- 
gure in the main quotient is 2 in the place of units, and betwixt thefe two 
figures 2 and 5, and exclufive of both, are two places o and o ; there- 
fore in dividing the numerator of the fraction by the denominator in or- 
der to reduce it to a decimal, the divifion muft not he continued to above 


two places, to wit 5 and 4, and fo q muft be made equal to — 0.0054-4/' 
in the equation 7H-6. 377-4- 1 1.2 37-40.06 1=0 : and thus may you pro- 
ceed to as many figures in the root as you pleafe : there are indeed calcs 
wherein the abovementioned divifion may he further continued than the 
rule here hid down allows; but it would not always be fafe to alTiim; 
fuch a liberty. If the next operation (where — 0.0054-4-/' is made equal 
to q in the equation q'-\- 6 .37M-1 1 .237-t-o .061=0) is intended to he 
the Lift, all thofe terms wherein r 5 and r* are concerned maybe neglected; 
for they muft be dropt at laft without ever being refumed, and therefore 
they may as well be dropt at firft j and then you will have, firft <]'--■ 
0.00008748/' — 0.000000157464, fccondly 6.3 7*= — o ,06804 /- -4 
0.0001S3708, thirdly 1 1.237=1 1.23/* — 0.060642 f fourthly c.c(>\ 
=r=o.o6i : add thefe equations together, and you wilfghavc f-f 
1 1.237-4-0.061 = 1 1. 1 6204748/' -f-o. 0005415 5O556-— -.ugA }u nee 


0.000541550556 ... . . 

— 77~i 6204-^48 — * tlis operation was intended for the nil. /' and 

the terms wherein r l was concerned were omitted, as above : but let m 


now fee whether there do not fill remain fume parts which ought to he 
dropped, or rather, which ought not to have been taken notice of in t Jit 


work: we have already two quotients, which both together will o pro's 
the root fought to five places, to wit - 42 . 1 000 and — 0.00 , , the retore 
the firft new figure gained by this operation will he in the fivih Hut ; 
but betwixt the firft and fixth places are included four internu-duti o'.u ; 
therefore according to the rule already laid down for continuing the di\i- 
fion, four new places are as many as can be expected from rid- opera- 
tion: if therefore in the fraction exprefiing the value o! >\ he thrown 
out of the numerator all after the four firft iignificant figures anti out of 
♦he denominator all but four or five of the firft, became the firft figures 
of the denominator are but fmall, the fraction thus reduced will ft ill ex- 
hibit the value of r as accurately as can be expected from this operation. 

* Y v y y 2 Thus 
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Thus then we have r — — which when reduced to a decimal 

1 1. 102 

fraction is — o .000048 52 ; place tills to the other negative part of the 
quotient which is* — o .0054, and the whole negative part will be 
— 0.00544852; fubtratt this from the affirmative part which is 
-4-2. 1 0000000, and the remainder 2.09455148 will be the root of the 
equation firlt propofed, true to nine places : fee the work, wherein all 
lueyond the third decimal in the feveral coefficientyof r, and all beyond 
the leventh in the abfolute terms are cancelled by lines drawn through 
them. But if this operation is not intended for the laft, then all the can- 
celled terms mull be taken into the account, and — *0.000048 52-W mull 
be made equal to r. 


yl 2V 5=0. 

1 

4-2 .10000000 
— 0.00544852 

4- 2 .094 55148 &c —y 

2 -\-p—y. 

+ r 
— 2 ,y 
—5 

4- b- 4 - 1 2/4- bp 1 4-/' 

4 2 / 

5 

fum 

. J&. 

— I -+- 1 o/»~f- 6p x ~{-p i 

1 

o.i 4 -J=/- 

-+- /b 

■+■ 6 /* 

, * 
-4-10/ • 

— {, 

4 - 0 . 0014 - 0.03^4-0 . 

4-0.06 4- 1.2 4-6.0 

4-1.0 4-10.0 
— 1 .0 

film 

0.0614-1 1.23^4-6.3^4-^ 

— 0.0054 | 
-H— y. 

4 - 6.3 f 
4-1 1. Z$q 
4- 0.061 

— 0 .000000 1 gigfljt 4 - 0 .ooodfr/^r — .Mi r* 
4-0.0001837^ — 0.068^ 4-^,^ (4»/- } 

— 0.060642 4-11.23 

4-0.061 

fum 

4-0.0005416 >4-H.i62r 

‘^—0.0000 {,852 



459. The greatcfl difficulty in thefe approximations is in the firft T 
. .mean, in finding a Angle figure that lhall be a Efficient approximation to 
■/ the quantity/; for though not above one fingle figure is to be taken vet 
if proper caution be not ufed, even that figure may be miftaken too The 
rule therefore to be obferved in this cafe is as follow! ; Retaining the three 
kft Significant term -of the equation exprejfing the value ofp, if the fmari 
y the meddle of thefe three term be equal to or greater than ten times the 

produSf 










Art. 4$<?. 


cirsrc E0ATia)js, 


pnduSl of the extremes^ without any regard had to their fans, then it will he, 
jujjjcient to make the two laft of thofe three terms equal to nothing , and to 

equation for an approximation 


r firft figure of the root of t 


to the quantity p : but if it happens otherwife l then make all the three terms 
equal to nothing t and extract the lefj'er of the two roots of that quadratic 
equation whether it be affirmative or negative , and the firjl figure of this 
root will be fuch a part of p as will be proper to found the next approxima- 
tion upon. Thus in art. 458, the equation expreffmg the value of p was 
p K -4- 6 p % -f- 1 op — 1 = Oj whereof the three laft fignificant terms were 
1 op — 1 • now the fquare of the middle term 1 op was 1 00/*, and 
the product of the extremes without regard to their figns was 6 p l : now 
as 100/* was more than ten times 6 p\ it was fufficient to make the two 
laft terms 1 op — 1=0, and io to make the firft and only figure of the 
root of tliat Ample equation the moft confiderable part of p but if it had 
happened other wife, then 6/M- 1 op — 1 muft have been made equal to 
nothing, and the firft figure of the lefTet root of that equation muft have 
been taken for the neareft approach towards the quantity p. 

The reafon of this rule I thall eafily deduce from the nature of a qua- 
dratic equation thus: let ap i ~hp~ s rc or ap* — bp — <■= o reprefent any qua- 
<lratic equation whatever, where the unknown quantity is /, and let us in 
the firft place drop the firft term ap\ and then the equation will be redu- 
ced to this, — bp — c—o j where if the firft part of the ,/ule obtains, / will 
c 

be equal to — ^ nearly, as will prefently be ftiewn : atet us now take in 

all the terms of the equation, and make ap 1 — bp — c=o, aid we ftiall have 

bp c . bp bb bb c bb-\-t\ac 

.... il 1 - J 11 . L J Xl . ■* I , . .. t - — - 


-lp—c> and/ 1 —- = - and/‘- 

b — yW+^ac 


» bb 
4 aa 


and/— — = — ~ 2a~’~ * * % — fbb-k-^ac, becaufe the leffer root 


. bb-^r^ac . .. .. . ..... 

is to be extracted j whence we have/= ; but s /hb-\-\aL\ 

whether it be extracted according to Newton’s feries, or the common way, 

2 ac 2 aacc — 2 aacc 

is b-\~ &c i therefore b — s/bb-¥ — -y* ■+* ~ p* » 

therefore — — , — ~ _p. ~ ; thus then we have two different 
2w a a 1 

toots drawn from two different equations j one lefs exact, as — ^ from a 
, funplc 
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C (ICC 

fimple equation; the other more exaft, as — j •+■ -jf from a quadratic 


<quation ; and their difference is -j~- : now the queftion is, what muff be 

the relation of the three quantities a, b and c one to another, fb that this 

c 

difference may not affcdt the firff figure of the common part — j ; for 

wherever this happens, one equation will be as much for our purpofe 
as the other: but this queflion is foon anffvered ; for it is very eafy to 
fee, that if the common part be equal to or greater than ten times the dif- 
ference, then that difference cannot diredtly aflfedt the firff figure of the 
common part, but only.thofe that follow; fo that the rule as it firff 

C 10 (JCC 

comes out, ftands thus: if -y be equal to, or greater than — rp- , make the 

two laft terms of the equation ex prefling the value of p equal to nothing, 

c 

otherwifc make the three laff terms equal to nothing : now if ^be equal 


, 10 acc m 

to, or greater tlian — , then multiplying both tides into you will 

have bb equal to, or greater than iQac, and bbpp equal to, or greater than 
i oacp 1 , agreeably -to the rule firff laid down. After the fame manner it 
may be demonftr^ted, that If j of the three laf terms of the equation ex~ 
prejjing the. value of p, the fcjuare of the middle term be a hundred or a thou - 
fand times great r than the product of the extremes , ice may make the tivo . 
laf terms equal to nothing, and may take tivo or three of the firfi figures of 
the root of that equation , to found the next approximation upon. The author 
tells us, that if not only the firff figure of the root, but all the reff be tri- 
ed in the manner above deferibed, that is, (if I apprehend him right,) if 
nil the quantities p, q t r &e were found by the help of quadratic equations, 
the analyft might then venture to take twice as many figures into the root 
at every operation, as he might do in a like cafe the other way : which 
is true ; but then, if 1 am not miftaken, that greater number of figures 
will be dearly bought by the laborioufnefs of the work, unlefs the pra£ti* 
tioner has fagacity enough to forefee and retrench all fuch decimal places 
as fcannot influence thofe he intends to have in his conclufion ; my what 
is more, he that will make, the beft of this method, muff have fkill enough 
too, to avoid all fuch fuperfluous operations as are employed in finding 
numbers that afterwards deftroy themfelvcs, and never enter into the main 
root. But I fhail not here take upon me peremptorily to determine in 
patters where I have fb little experience; 1 fhail rather $hoofe to fubmit 
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the whole to the p 
the method itfelf. 
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ra&ice of the learner, having thus introduced him into 


460. As in all thefe cafes we have occafion to fubftitutc quantities one 
for another, our author recommends another way of doing this, different 
from that already explained, and in fome meafure preferable to it, as be- 
ing a readier way : 1 fhall explain it by an example or two thus : let it 
be required to fubftitutc 24-/> for y in the equation y s — ?.y — 5=0 : for 
our better direction in making this fubftitution, we mu ft fir ft enquire in- 
to the gemfis or compofition of the quantity^’ — 2 y — 5 thus : firft, to the 
root y fhould be added the coefficient of tne fecond term, and then that 
ium fhould be multiplyed by y j but as there is no fecond term, multiply 
y itfelf by y, and the product will be y 1 ; add — 2 the coefficient of the third 
term, and you will haveyy — 2 ; multiply this by y, and you will have 
y^ — 2 y ; to this product add — 5 the numeral part, and you will have 
the quantity propofed, to wit, y' — 2 y — 5. 1’his being obferved, we 
mult now begin again, and treat the quantity 2 -\-p juft after the lame 
manner as before wc did it’s equal y thus : y= z-\-p •, now as the fecond 
term of the equation, and confequently its coefficient, is wanting, multiply 
the firft fide of this equation into y, and the latter fide into its equal 2 4-/>,. 
and you will luve yy~^~\-j\p-\ p l j add — 2, the coefficient of the third 
term, to both fides, and you will have ry — 2—2-+-.\p-\-p : ; multiply the 
firit fide by y, and the latter by 2-4 -p> and you will havey" — 2y= .\~i~\op 
■+-6p 1 -\-p * ; add laftly — 5, the numeral part, to both fides, and you will 
have the quantity propofed, y 1 — 2y — 5— — 1 4- 1 as in art. 

438. Again, let it be required to fubftitutc o . t 4-y inftead of p in the 
equation p 1 -\-6p t -{~ 1 op — 1=0 : here />=o.i4-y.; add (■, the coefficient 
of the fecond term, to both fides, and you will have 4-6=6 .14-7 ; 
multiply the former fide by p, and the latter bv 0.14-7, and you will 
have p z -\~tp—o .6 14-6 .274-7*; add 1 o, the coefficient of the third term, 
to both fides, and you will have p x -\r6p-\~ 1 0= 1 0.6 1 4-6.274 -y’; multiply 
the former fide by p, and the latter by o . 1 4-7, and you will have p'-f- 6 p ! 4 - 
10^=1,0614-1 1.2374-6. 37*4-7’; laftlyadd — i,the numeral purr, toboth 
fides, and you will have p'-\~bp x -\- 10/ — 1 =0.06 1 -1- 1 j .2374-6 .37*4-7', 
I chofe to multiply the latter fides of the equations tin’s way, that 
is, to begin with the numeral parts, not out of any neccffity, but for 
convenience} becaufe wherever I have a mind to flop, 1 can by this 
means more conveniently coine at the fimple powers of the root, without 
carrying on the multiplication to the production of ufcleis terms : as for 
inftance, fuopofe I bad a mind that the foregoing operation fhould be the 
iaft, I fhould then have carried it on thus: p=o.i-h f ; therefore ^4-6 
=6.14-7 > therefore ^H-6/>=o . 6 1 4-6 .27 ; therefore />* 4 - 6 / 4 - 10= 
10 .61-4-6 .27 3, therefore / 1 4-6 ^M-io/> = 1 .061 4- 1 1 ,237 y therefore 
p J 4~6^*-+- 1 0/-— 1 ssso .06 1 -4- r 1 .2 3 7. 
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This method of approximation is as applicable to all other equations as 
to cubics, provided a number can be found that approaches near enough 
to the true root ; and this cannot be difficult to any one who knows how 
to make proper conjectures for that purpofe ; I mean, by fubftituting o, 1, 
to, ioo, tooo, &c for the unknown quantity, and fo finding out between 
what limits it confifts ; for when thefe limits arc once known, it will be 
ealy by a grofler fort of approximation to find out narrower limits, till 
vve approach fo near the root as to be able to form a regular procefs ac- 
cording to the directions given in art. 458. 

This invention, (if it deferves the name of an invention,) I mean, of 
fubilituting o, 1, 10, 100, 1000, &c for the unknown quantity in an 
equation in order to difcover its limits, is commonly afcribed to one Simon 
Strom, and is accordingly known by Simon Strain's rule for refblving all 
forts of equations whatever ; and whoever would know more of it, may 
fee it further explained and exemplified in Kerfey’s Algebra, book the fe- 
cond, chapter the tenth. 

Of the refolution of biquadratic equations . 

46 1 * A biquadratic equation has been defined already to he an equa- 
tion that riles to the fourth power of the unknown quantity ; as if 
a* 4 -}- px ’ -f- y.vx-4- .r=o : where I mud again advertife my reader, as I 
have oftencr than t nncc done before, that, the figns -4- do not fo much fig- 
nify that the terms of the equation are all affirmative, as that they are to 
be added all together, whether they be affirmative or negative. 

Of this fort c f equations the mod: fimple form has been confidered al- 
ready, I mean, when the.fecond and fourth terms are wanting j in which 
cafe, the refolution differs but little from tliat of a common quadratic : 

I (hall therefore take notice of only one particular form more, whereof I 
fhall give a particular fo)ution, and then proceed to the refolution of all 
biquadratic equations whatever. 

A Lemma. 

462. Let there be two quadratic equations formed out of the powers of a 
and x (whereof a is Juppofed to be known and x to be unknown ) in the man- 
ner foiling; xx-f-eax 4 -aar=o, and X'x-f-fax-f-aa=o, the extreme terms 
beitigW: and aa in both cafes : J Jay then that if thefe two quadratic equa- 
tions be multiplied together, they will produce a biquadratic equation of the 
following farm, x 4 -f^ax ! 4-qaaxxHhp*i 5 x4-a < =:o, where the coefficients of 
all the terms equidijiant from the middle term on each fide are the fame. 
Thus the coefficients of the firft and laft terms x* and a* are both equal to 
die, and thofc of the fecond and fourth terms pox' and pa'x are both 

equ$ • 
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equal to p : for if the equation *rx4-ftjy-Hw===o be multiplied into the 
equation xx-bfax-t~aa=o, the equation thence arifmg will be x'-hefif 

y.ax'-\-z-\-efxaaxx-+~e-±fi'X.a % x-\~a'~o : make e-\-f—p y and i-bf — q, 
and the equation will then be x*‘ 4 -pax t -{-qaaxx-i-pa'x-+-a t ~ o. 

463. Hence e converfo, whenever we have a biquadratic equation of this 
form , xM-pax'4-qaaxx-4-pa ! x-+-a 4 ==o, where the coefficients of all the terms 
equidiftantfrom the middle term on each fide are the fame , fuch an equation 
I fay, with the limitation hereafter to be specified, may be refoked into t r ioo 
quadratics , xx-+-eaX4-aa=o, and xx-f-fex-f-aa==o, the four roots where- 
of will be the fame with the four roots of the equation fir ft propofed: for 
we fha.ll always have thefe two equations for determining the values of 
the two unknown coefficients e and f to wit <H-y==/>, and 24 -tf—q ; 

q — 2 

the former equation gives f±s $ — and the latter gives there* 
q~~—2 

fore p — , and pc — ee~q — 2, and ee — pt—i — q, and cc — pe 

-4-i/)*=s=i/>*-4-2 — q : make i/>*-f-2 — q=ss, and you will liavc ee — pe- {- 
iff=zss, and e — ^=rt=j, and e~[p=±=s, which is as much as to fay, 
that if e be taken equal to \p-\-s, /’will be equal to \p — s, becaufe e+f=?p. 
The mle then is this: Let the equation propofed be x 4 Hhpax’4-qaaxx-+-p>t x 
4-a*=o: make lpp-1-2 — q=ss, ip-f-s=e, and -p — s=^f; and the equa- 
tion propofed will refolve itfelf into theft two quadratics , /o wit , xx+eax 
H-aa=o, and xx4-fax4-aa=o. * 

Note fir ft. If the coefficients of all the terms equidiilant from the mid- 
dle be not the lame, the equation mull not be looked upon as felling un- 
der the form above deferibed : thus the equation x A -+pax i -\-qaaxx-\~pa % x 
— a*-. =0 is not of the form above deferibed, becaufe the coefficients of 
the firft and lad terms are different, being -f-i and — 1 ; and the fame 
may be obferved of the coefficients of the fecond and fourth terms when 
they are either different, or have different figns before them. 

idly. If a~\, the equation will be changed into this, .v*-f -px'-t-qxx 
4-/>jf-4-i=o; and therefore in every equation of this form, a iru) be 
fuppofed equal to 1. 

3 dly. If q be greater than the rcfalution will be impofliblp 

thus way, 

- 4 tbfy. If the quantities e and /be-found to have furds involved in them, 
they may however* be taken as exadtly as occafion requires. 

A numeral example of the foregoing rejoi n ion. 

Let the equation to be relblvedfecxA — 8xHh9#* — 8x-f- 1 =°* avsl » 

pps. — 8, y=ss4-9,*i^M~2 — q or ssxzg, sz= 3, {p-f-s or x, \P~-s or 

Z 2 z z /= 7 ; 
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ykr— 7 } therefore the two quadratic equations into which the equation 
propofcd refolves itfelf, are xx — x4-i=o>,and xx — 7x4-12=0 : the two 

, , i ■ 7 

roots of the former equation are importable, being — - and 


V- 


and 


• 7 -4- 1/4. £ 

— j the roots of the latter equation are poflible, being - -• 

V45 

a 


Sometimes it is not eafy to dilcern at firft fight, whether a biquadratic 
equation be of the foregoing form or not : as for in fiance, let the equa- 
tion be x*4- i8x 5 H- 9 8 a x 4- 162x4- 81 =0 : now if this equation 
be of the foregoing form, a* will be equal to 81, and a to 3 : let us 
then fuppofe <7=3, and we (hull have firil 1 8 x 1 z=z 6 ax , r fecondly 98XX 

= — aaxx, thirdly i62x~6tf'x, and the whole equation will now be 

98 

xM- - 6 t 7 x 5 4 -~ aaxx-\-ba 'x+a*, which happens to be of the foregoing form; 

, , <)•> i 1 p 

therefore ^—3,/= 6, ; , ^4-2— 9 or ss—~ , r=~, ™4 -s or e 

9 9 3 2 

10 p £ O IO 

= — } s or f—~ } and the quadratic equations are xx-J ax--\-a l 

3 2 ~ 3 ’8 ^ 

=0, and xx-h~~ax-i-aa—o : but — ax is tox, and - ax is 8x, and aa 

3 3 . . 3 

is 9 ; therefore the two quadratic equations into which the biquadratic 

equation propofed refolves itfelf are xx-f~ 10x4-9=0, and xx4-8x4-9=oj 
therefore the four roots of the foregoing biquadratic equation are all pof- 

fible, being — 1, — 9, 44-^7 and — 4— V7. 

A further illujlration of the foregoing refolution by a geome- 
trical problem out of Pappus, book the feventh , propoftiom 
the jifl and 72 d. (Fig. 69.) 


464, Let ABCD be a given fquare whefe oppojite Jides are AD and BC : 
It is required from the angle A to draw a line as AE to cut the fde DC 
produced beyond C m E, and the fde BC in F, fo that the intercepted pari 
EF may be equal to a line given. 

Solution. 

Call AB the fide of the fquare a, EF the given intercepted part 'b- t 

call alfo the unknown diftance DE x, and eonfequendy AE y/xx+lw; 

and 
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and CE x — a, and the fimilar triangles EDA and ECF will give the fol- 
lowing proportion, to wit, ED to EA as EC to EF, and confequently 
ED' to EA' as EC 1 to EF', that is, according to our notation, ** to 
xx-baa as xx — 2 ax-baa is to bb : multiply extremes and means, and you 
will have bbxx=ix* — zax'-bzaaxx — za'x-ba* , and by tranfpofition 

— 2ax l -b2aa-—bb%xx — za'x-ba*~o : now to reduce this equation to 

the form of the laft article, inllead of making the middle term zaa—bb 


xxx t let us make it 2 — — xaaxx, and then the equation will (land in 


bb 

form thus; x 4 — 2ax'~b2 — — xaaxx- — 2a 1 x-ba*=. O; where p — 


- % 


bb 


q~-b2 — — , ip'-bz—q or «=!-+ 


b b aa-bbb 


: make aa-bbb— a 


aa aa 

c c c * J c 

and you will have ss = — , and s——, and —p-bs or e— — 1 -f- 
J aa * a ’ 2 r a 

— a-bc 1 . — a 

and — p — s or /= 

a * 2 4 J < 


— tt-"6 

— - — ; therefore the two quadratic equations 
into which the firft refolves itfelf will be thefe, xx xax-baa—o, 

* /f T 


and xx xax-baa—O. or rather thefe. xx — a-bi^x-baa—o. and 

a ’ 

xx — a — exx-baa—o. Now as c is greater than a, (for it is equal to 

s/ aa-bbb,) it is manifeft that all the three terms of the former quadra- 
tic equation will be affirmative, that is, they will all have the lame isgn 
before them, and confequently in paffing from the firft term to the lad 
there will be no change of figns ; therefore both the roots of that equa- 
tion will be negative ; and for a contrary reafon the two roots of the- In- 
ter equation will be both affirmative j therefore we will confide sh in- 
equation in the firft place, to wit xx — a — exx-baa—o. Make , 

and the* equation will be xx — zrx-baa—o : now whoever rounders thi-* 
equation, will eafily foe, that without any further refblution it in it man- 
ner conftru&s itfolt; for if xx — 2rx~baa= o, that is, if rrx — 
it is plain that a the fide of the Iquare mult l>e a mean proportional be- 
tween x and zr — -x ; therefore if the diftance DE can l>e fa taken in the 
line DC produced beyond C, that the fide of the fquarc ffiall be a mean 
proportional between DE and zr — DE, the point E will be rightly al- 
igned, that is, JDE will be one root of the equation, and the line AE 
Will fo cut the fide BC in F, that the part EF lhall be equal to b : but 

Z z z z 2 this 
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this may be eafily effe&ed in the following manner : produce AB beyond 

B to G, fo that BG may be equal to c or ^/aa-h-bb, and confequently 
AG to a+c or to 2 r } then if upon the diameter AG a femicircle as AEG 
be deferibed, cutting the fide DC produced beyond C in E, that interlec- 
tion E will be the point required : for joining EG, and drawing EH per- 
pendicular to AG, the triangle AEG will be right-angled at J 5 , as being 
in a femicircle j therefore EH, which is equal to the fide of the fquare, 
will be a mean proportional between AH and HG, that is, between DE 
and 27' — DE as was required. But the femicircle AEG will alfo cut 
the line DE in forae other point as L, and the line DL will be under 
the fame circum dances as the line DE, that is, the fide of the fquare will 
be a mean proportional between DL and 2 r — DL, as may eafily be feen 
by a like way of reafoning as before ; therefore DL will be the other root 
of the equation, and a line as ALK drawn through L and cutting the 
fide BC produced beyond C in K will have it’s part LK-=.b. But for 
all this, as the problem was propoted, the point L will not folve it ; for 
the point that folves the problem mult lie in the. line DC produced be- 
yond C, whereas the point L lies between D and C, as I ihali thus de- 
monltrate. 

In art. 108 it was demonfirated, that in a quadratic equation of this 
form and dilpofitiot*, Axx—Bx-i-C, tire product of the two roots mul- 
tiplied together would always be equal to — :• now if this theorem 

he applied to our equation, to wit, xx — irx-\-aaz=.o or x.Y=:2r.v — aa, 
it will eafily appear, that the rc&angle of the two roots DE and DL will 
Ire equal to aa, that is, to DC 1 j therefore of the two lines DE and DL, 
one muft be greater, and the other lefs than DC ; but DE is greater than 
DC ex hypothefi j therefore DL muft be lefs, that is, the point L muft 
lie between D and C, and confequently cannot folve the problem. 

We come now to examine the other quadratic equation whereof the 

original biquadratic was compofed, to wit, xx — a-{-cxx-+-aaz=.Q, Make 
c — rf=2r, and then the equation will be xx-\~zrx-\~aaz=zo, whofe roots 
will both be negative as was before obferved : but thefe negative roots 
may be eafily clanged into equal affirmative ones by changing the fign of 
x in the equation} and this may fafely be done, provided tnefc new roots 
be taken on a contrary fide of D to the former ones : change then the 
fign of x in the equation xx-+-2rx-haa=o, and you will Have xx — 2 rx 
-+-aa-=.o, an equation of the lame form and conftruftion with the former, 
snaking 2r=r — a inftead of e^~a as before : produce then the line BA 
beyond A to g, and take Bg equal to c, and confequently Ag~s.c — a of 
ar i and if a femicircle upon the diameter Ag cuts uie line CD produced. 

beyond 
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beyond Z> in two points e and /, the two lines De and Dl will be the 
other two roots of the original biquadratic equation j infomuch that if 
through the point Abe drawn the lines eAf and lAk , cutting the fide CB 
produced beyond B in/and k refpe&ively, the intercepted lines ef and Ik 
will each be equal to b : but if the point L would not folvc the problem, 
much lefs will the points e and l do it. 

That all thefe folutions might have been applicable to the foregoing pro- 
blem, it ought to have been comprehended in more general terms thus : 
Let ABCD be a given fquare wheje oppofite fidcs arc AD and BC : Jt is re- 
quired from the angle A to draw an indefinite line as AK cutting the /hiss 
CD and CB or thofe fides any way produced in E and F re/pedhdy , fo that 
the intercepted part EF may be equal to b. Had this problem, I fay, been 
thus propofed, it would have admitted of four folutions indead of one : 
fo much lefs confined is the nature of truth than that of human under- 
standing j which by the narrownefs of it’s views often cramps even truth 
kfelf, as 1 have frequently obferved in the courfe of this work. 

N. B. In bo.th thefe conftrudions both the femicircles AEG and Aeg 
are fuppofed to be fituate on the fame fide of the line Gg with the fquare. 

In this problem, that the two roots latt found, to wit De and Dl, may 
be poflible, the fquare of the given line EF or b mull dot be Id's than 
eight times the Iquare BD } which I thus demonltrate : The equation 

xx — 2rx-baa=0 gives x—r^^/rr — aa ; therefore r mull not be Ids 
than a, new confequently mull 2r lie lefs than 2 a ; but 2 r—c — a ex by - 
pothefi j therefore c — a mult not be lefs than 2 a, c lefs than 3*7, nor 

cc Ids than 9 aa ; but cc—aa-\- kb cx hypotbefi ; therefore aa-k-bb mult not 
be lefs than 9 aa, nor bb lei's than H aa, that is, the fquare of the line £F 
or of ef mull not be lefs than eight times the fquare BD. This is evi- 
dent alia from the foregoing conflrudtion: for if the diameter Ag be greater 
than 2 AD, the radius will be greater than AD, and fo the femidrcle 
reaching beyond the line De, will cut it in two points e and / j but the 
nearer the radius approaches in length to the line AD, the nearer will the 
two points of interfe&ion c and / approach towards one another > il the 
radius be equal to the fide AD, the line De will then become a tangent 
to the circle, and the two points of interfedtion e and / rnuil now be 
looked upon as coalelciiig into one, and the roots De and Dl as equal : 
let now the radius be lefs than AD, and the femidrcle will not reach the 
line CD produced, fo that the points c and /, as well as the roots De 
and Dl will now become impolftble therefore that the roots De and 
Dl may be poflible, the radius mull not be lefs than AD, nor tire dia- 
meter Ag lefe than 2 AD, that is 2 r mull not be lefs than 2 a ; but it has 
been {hewn before, that if zr mull not be lefs than 2 a, neither mull the 
{quart of 2£Fbe ieJfe than eight times the fquare BDi therefore, that the 

roots 
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roots De and Dl may be poffible, the fquare of JSF muft be greater 
than eight times the iquare BD. This then is another inftance of the 
nccellky of two roots becoming impofliblc together from a ftate of equa- 
lity. See art. 107, and art. in oblervation the third. 

We may alfo further obierve, that though there may be fome particu- 
lar cafes of a problem wherein fome of the roots of the equation produ- 
ced by it are impoilible, yet there will always be other cates df the lame 
problem wherein they are all pofliblc ; ana therefore the form of the 
equation ought Hill to be retained, even when fome of the roots are be- 
come of no ufe. 

465. It very often happens that after we have any way arrived at a 
truth, we can then difeover other avenues to the fame truth more limple 
than thofe we took, though perliaps not always more natural : this hap- 
pens to be our cafe in the folution of the foregoing problem, where we 
reprefented the unknown diftance DE by x, and 10 found that x had 
four lignifications, to wit DE, DL, De, Dl ; but in this folution it can- 
not but be obferved, that the quantity BG has but two lignifications, to 

wit -+• or — s ' aa+bb: had we therefore made BG the unknown quan- 
tity in the folution of this problem, that is, had we made BG=z, and £ o 
formed a folution upon that pofition, we mull neceflarily at laft have 
come to this very fin^ple equation, zz~aa-t-bb, as will appear from the 
following folution.^ 

Suppofe the pokit E as determined, and let EG be perpendicular to 
AE, tnc reft of th'& conftrudtion continuing as before ; make BG=«, 
and confequentl. / AG=za-\-z-, make alfo AF—y, and confequcntly 
AE=y-\~b, and the fimilar triangles ABF and AEG will give AB to AF 
as AE to AG, that is, a toy as y-\-b to a-h-z ; whence by multiplying 
extremes and means we have aa-\-az—yy-\-by : further, as the triangle 
EHG is fimilar to the triangle AEG, and that again fimilar to the trian- 
gle ABF, it follows that the triangles EHG and ABF are fimilar j and I 
lay, equal too, becaufe their homologous fides EH and AB are equal } 
therefore their other homologous fides EG and AF are equal, that is, 
EG==y : fince then the right-angled triangle AEG gives AG'zzzAE'+EG 1 , 
we ftiall have aa~h2az -\-zz=zyy+2by-\~bb-\-yys=.2yy^\-2by- J £-bb : thus 
then we have two equations for determining the two unknown quanti- 
ties z and y, to wit aa-Eaz—yy-irby, and aa-+-zaz-\~zz=i2yy-t-2by-+-bb * 
fubtra<ft twice the former equation from the latter, and you will have 

zz — aa—lb, and zz=.aa-\-bb, and zzszdtzy/ aa-k-bb ; which is as much 
as to lay, that if the point E be fo taken in the line DCE, that the line 
EF lhall have fuch a length as the problem requires, and if moreover EG 
be perpendicular to AB t cutting AB produced in G t the part BG will 

be 
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be equal to faa-folb j therefore e converfo , if the point G be taken in 

the line ABG, fo that BG fliall be equal to ^/aa-y-U, and if moreover 
the point £ be fo taken in the line DCE, that the angle AEG be a right 
angle, the line EF will have fuch a length as the problem requires j but 
the point £ cannot cxift in the line DCE and at the fame time the angle 
AEG be right, , unlefs £ be one of the points where a circle upon the 
diameter AG cuts the line DCE •, therefore if a circle upon the diame- 
ter AG cuts the line DCE in two points £ and L, the lines £Fa»d 
LK will have fuch a length as the problem requires. In like manner 

it may be demonftrated, that if the line Bg be taken equal to — y'aafobb, 
tliat is, if Bg be taken equal and contrary to BG, and if a circle upon 
the diameter Ag cuts the line CD produced in e and l, the lines ef -and 
Ik will alfo have fuch a length as the problem requires j fo that the lines 
EF, LK, ef and Ik will each be equal to b. 

Of the refolution of all forts of biquadratic equatio?is by 
the mediation of cubics. 

A Lemma. 

466. Let there be two quadratic equations of the following form , to wit, 
xx-4~cx-f-f=o, and xx — ex4-g=o, whofe middle terms -4-ex and — ex 
are equal and contrary one to the other : 1 fay then , tbftt if the/e two equa- 
tions oe multiplied together , they will produce a In quadbit -'C equation whofe , 
fecond term is wanting : for they will produce the equation 

■+/ -W<r 

x* * -4 -g xx o. 

—C€ ** 

467. Hence e converfo, whenever we have a biquadratic equation whrfe 
fecond term is wanting , (and how to take away the lccond term of all fort? 
of equations I have mewn in art. 437,) fuch an equation may by the help of 
the laft article be refohed into two quadratic equations wloje middle term 
are equal and contrary one to the other. Let the equation propofed be 
x*-\-qxx-^rx~b’S=o j I lay that this equation may be reiolved into theie 
two quadratics, xx-hex+fo=.o, and xx — ex+g—o : for from the fore- 
going lemma we may draw three equations for determining the three un- 
known quantities e,fmd g thus : 

Fqu. I ft, f+g—ee=q t 
Equ, Rd, eg — f—ty 
Equ. 3d, Jg~s. 

'From the firft equation may be deduced 
ju. 4th, g+f~q+ee. 


From 
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From the fecond, Equ. 5th, £--/===—» 

Subtract the fifth equation from the fourth, and take half the remainder, 
and you will have 

q+ee — l 

Equ. 6th, 

Add the fourth and fifth equations together, and take half the the fum, 
and you will have 

q- 4 -<y 4-- 

Equ. 7th, £= 

Multiply the fixth and feventh equations together, and you will have 
q'+iqee+e * — IT 

fg= — 1 : but fg=zs by the third equation ; therefore wo 

$ x 4- 2qee~{-e* — T ~ rr 

have — ~z=zs > and q 1 -\-2qec+e * — —=45 : multiply both 

tides by ee y and then put the equation into due form, and it will (land 
thus, e^-^-zqt'-rqqec — rr=o : put y for ee to reduce the bicubic to a cu- 

bic equation, and you will have y'+iqyy-^-qqy — rr—o. The rule therc- 
t * , “ T ~4 i 

fore is as follows : Let the equation propofed he xM-qxx-f-rxq-s— o, and 
Jind y the root of Yds cubic equation y ! 4--2qyy-4-qqy — rr=o ; then mu- 

—4s 

f-cc— — ~ q~t~cc-4~~ 

king v /y=e, — L — f, and — -- -=g, the two quadratic equa - 

turn into which the original one may be refohed will be xx4-ex4-f=0, and 
xx — ex-f-g=o. 

Of this method take the following example : let it be required to 
refolvc the biquadratic equation tf—^xx — 4 a: — 3=0 into two qua- 
dratics in order to find it’s roots j where y=s=— 3, r ~ — 4 and r— — 3 : 
firft then we muft refolve tins cubic equation y* — byy-\-z\y — 16=0 j 
and to do this, we mult take away the fecond term by fubftituting 
z-i -2 for y, and then the equation will be transformed into this, 
* , -f' 9 *' 4 “i 03 sso, whofe root being extracted according to rules formerly 
given, we have aas&— 1, the other two roots being impoflible : but if 

jzs= — 1, then aHKa orvsss-f- 1, and y/y or esssi j whence — • - ■ * or / 

— 3-f- 1+4 it rHH-r —34-1—4 . „ 1 

s=s . — sas4-i, and * or g zx, ap— 3 j therefore 
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the two quadratics fought are tf*4*4i=o, and xx— a— - 3=0 ; the 

two roots of the former equation are impoffible, being ~- lafcv ln3 

and the roots of the latter are pofiible, being J -~ . 

2 » 

468. For the better comprehending of what has been delivered in the 
laft article, it may not be amife to look a little into the compofition of a 

biquadratic equation whole fecond term is wanting, as thus : let x+ zyxx 

—-14x4-120=0 be a biquadratic equation whofc four roots are all pof- 
fible, to wit -4-2, — 3, — 4 and -4-5, (for the fum of the affirmative 
roots mult always be equal to the fum of the negative ones, to take away 
the focond term, which in all thefe cafes is fuppofed to be wanting :) now 
from what has heretofore been demonftrated concerning the nature of 
equations in general it is evident, that this of ours mull be formed from 
a continual multiplication of thefe four Ample equations, to wit x — 2=0* 
x- -4-3=0, #4-4=0 and #—-5=0 : it is plain alfo, that out of thefe Am- 
ple equations may be formed feveral combinations of quadratics two and 
two together, and that the two quadratics in everv combination being 
multiplied together will produce the original equation : as firfi , if the 
roots 4-2 and — 3, and the roots — 4 and 4-5 be joined together, they 

will form thefe two quadratics, x — 2 xx 4-3=0, an^ x-’-q.xx — 5=0, 
that is, xx4~x — 6=0, and xx — x — 20=0, where e the coefficient of 
the fecond term is =ti : fecondly , if the roots 4-2 and — *4, and the root*: 
— 3 and 4-5 be joined together, there will be formed Another combina- 
tion of quadratics, as x — 2xx4-4=o, and *4-3 xx — 3^=0, that is., 
xx-f-2x — 8=0, and xx — zx — 13=0, where e==±=2 : thirdly if the 
roots 2 and 5 and the roots — 3 and — 4 be joined together, you will have 

x — 2 xx — 5=0, and X4-3XX 4-4=0, that is, xx — 7x4-1 0=0, and 
xx4~7x4~i2=o, where f==±=7, 

Belides thefe three combinations of quadratics, there cm be formed no 
other i and therefore if every one of thefe combinations be reprelented in- 
differently by this general one, xx4-t’x4y=o and xx — ex 4^=0, the 
coefficient e can have no fewer than Ax different Agnificutions, to wit. -*±=r, 
and =±=7 j but it’s fquare ce will have but three Agn ideations, to wir 
i> 4 and 49 } whence it follows, that whenever the equation x l -~zjxx 
— - 1 4 # 4 ~ 1 20=0 comes to be refolved into two quadratics by this me- 
thod, the cubic equation by means whereof the quantity sc »s determined,, 
muft have all it’s roots poffible, to wit j, 4 and 49 > and hence arifes the 
neceffity of the intervention of a cubic equation in the resolution of a bi- 
quadratic into two quadratics. 

* jA » 
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If all the poffible roots of the cubic equation, by means whereof any 
biquadratic is to be fplit, be negative, that is, if ee be negative, the quan- 
r 

tities e and - will be impoffible, and fo will all the quantities e,f and g ; 
in which cafe all the four roots of the biquadratic propofcd will alfo be 

impoffible : for the roots of the equation x*+cx~\-f—o are—— — — ", 


and the roots of the equation xx — ex+g—o are 


*+■ -eds=^/ et> — 4iT 


i there- 


fore when the quantities e,f and g are impoffible, thefe roots will be lb 
too ; therefore it can never be impoffible to refolve a biquadratic equa- 
tion into two quadratics, whenever fuch a refolution can be of any uie. 

469. But there is one form of biquadratic equations which falls under 
the general one here refolved, and which mull by no means be over- 
looked in this place, becaufe it may perhaps puzzle an unexperienced Ana- 
lyft if ever he Ihould have the curiolity to attempt it this way ; I mean a 
a biquadratic equation whole fecond and fourth terms are both wanting : 
it may probably be objected, that the roots of fuch an equation are bell 
obtained by treating it as a quadratic, which is true; but I am not here 
fo follicitous about, finding the roots of inch an equation, as I am about 
gratifying the cqpdlity of iny young Analyll, by finding them according 
to the method lafi explained ; for certainly if a rule be calculated for any 
general form of equations, it ought to be applicable to all particular forms 
that fall under that general one. Let then x* — 5 aw - 1-4—0 be an equa- 
tion propofed fo be refolved by this lall method ; where y= — 5, r=o, 
and J—-4-4 : here the cubic equation which mull firll be refolved, is 
y' — ioyy-Hxv — ;r— p, or becaufc rr—o, the equation will be y ' — \oyy 
-t-qyssso : now as in this equation y is found in every fignincant term, it 
it is plain from the latter end of art. 429, that one of the values of y muft 
be nothing: divide now the whole equation by y, in order to difeover the 
other two roots, and you will have the equation vy — joy-hy— 0 , whofc 
roots are 9 and 1 ; therefore the three values of y, or ee in the above 
mentioned cubic equation were 9, 1 and o ; therefore the values of 4-* 


Q — k-n fi f* - * 

in the refolution will be 3, 1 and o : if *=3, we ffiall have : £ 

2 

of 2, and or £=-4-2, becaufc r and confcquently — =oj 

and fo the equations derived from this fuppofition will be**-f-3*-f-2==o 
and 3 ^c- 4 - 2 = 3 =o : if ear=j, we lhall have y==< — 2, and gzz =. — 2, and 
the equations will be xx-f-x — 2=0, and xx — x — 2=^=0 : if c=o, and 

confc- 
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confequently <?e=o, the quantities f and g will then be - and < — - : 

but the chief difficulty in this cafe is to determine the value of the fradiod 


V 

- , whofe terms are both equal to nothing ; for though the quantities r 

and e, may be juftly efteemed equally nothing in any cafe where they arc 
conlidcred in coirjundtion with finite quantities, yet when compared one 
with another, they may be in any ratio one to another, and the value of 
r 

the fradlion ~ may be any thing, unlefs we can meet with fome circum- 

ftance or other more than what we have hitherto taken notice of, to fix 
it. Now to forward our enquiry in this difficulty, let us firft of all fup- 
pole the quantities r and e to be finite, but to pal's in a finite time from 
lomething through all degrees of magnitude, into nothing, fo as to vaniih 
both together : if then uppd this fuppofition we can difeover the ultimate 
ratio of r to e, we Hull then at the lame time l'ce the ultimate magni- 

* r 

tude of the fraction — , and lo lhall have all we want. And certainly there 

can be no abfurdity or inconfiftency in this fuppofition ; for what abfur- 
dity can there be in fuppofing two quantities r gml e to nafs by degrees 
from fomething to nothing in a finite limited time? and if they do, there 
mull be lome fuch thing as a Lift inftant of their existence, which will 
be the inftant that terminates this limited time, though they cannot be 
fuppofed to have any laft magnitude, becaufe no limit is prescribed to their 
diminution: now if upon enquiry it lhall be found, that in the very laft 
inftant of their exiftence, the quantity r lhall be to the quantity e in a 
certain finite ratio, this is all we would be underftood to mean by the ulti- 
mate ratio of r to e. To proceed then the equation that exprefied the re- 
lation of r to e or rather of r toy in general, whether finite or infinitely 
finall, was this, y ' — 1 oyyH-qy — rrse=o ; whereby y in the prelent cate 
mull be underftood the lead root of that equation : now by this equa- 
tion 
r 

gethe 

laft inftant of* the exiftence of y, tKe firft term of the equation which is 
y 1 will be infinitely lefs than the fecond which is 1 oyy t becaufe j which 
is nothing is infinitely left than 10 which is fomething : for the lame rea- 
lon the fecond term which is xoyy will be infinitely lels than the third 
qv j therefore in our prelent calc, the two laft terms of the equation will 
give the laft relation of r to y as effectually as the whole : let us then re- 
ject the two firft terms of the equation as having no influence upon the 

^ A 2 conclufion, 
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rr 

conclufion, and we lhall then have 97 — /v= 0, and 7=—, and <fy or e 
r 

=~: thus then at laft we have found the ultimate ratio of r to e. which 
3 

is. that of r to - , that is, of 3 to 1, and the ultimate magnitude of the 
3 

fra&ion — is ~ or 3 : this being known, vve fhall have ~ or f=zz—j^ 

^ I 2 


and 


q+~ 


» org — » i, and the equations derived from this fuppofition. 
of esszo will be xx — 4=0, and arx—- 1=0.. 


How others may relifh thefe mathematical myfteries I know not ; but 
for my own part l mult own, it is not without the utmoft pleafure and 
fur prize that I obferve, what admirable ihifts nature hath to bring her- 
felt oft upon all occahons when die iccms to be furrounded with infupe- 
rable difficulties; lhitts fq far beyond all human contrivance, that it is. 
not always in the power of human underhanding to trace out her Heps 
and follow her, much Id's to preferibe to her : but the fublimer parts 
of Mathematic, and more particularly the dodrine of Fluxions, furnifh 
us with hill morg frequent and pregnant iijflances of this kind, infomuch 
that the ancien^age (whether he knew it or not) had a great deal of 
reafon on his fide\vhen he cried out as he did, 

• Magna ejl veritas , et pracvalebit . 

The Metaphysicians tell us, that the material world is nothing elfe hut 
ap emanation from the ideal : and it may be fo, for ought I know ; but in 
the mean time I cannot but be fiirprized .to hear Gentlemen talk at this 
high-flown rate, who know fo little either of one world or the other. It . 
is in Mathematics-only that truth, that is, rational truth, appears moftcon- 
ipicuous, and fhines in her ftrongeft luftre: in all other feiences flie is either 
felf-evident, or lies fo near the day as to afford but little* pleafure in. the 
difeovery j or if lhe lies deeper and mpft be dug for, ffie is feen for the 
moft part through fo much drofs, obfeurity and confufion, that falffiood 
herfelf under a plaufible difguife often paffes for truth. Whofoever then 
would be thoroughly acquainted with, the nature, beauty and harmony 
of truth; whofoever to the utmoft of his finite capacity would fed truth 
as it has a&ually exifted in the mind of God from all* eternity, )it muft 
ftudy Mathematics more than Metaphyfics : in Mathematics there ap- 

E n uninterrupted vein of truth, which the fearcher is at liberty $ 

, or anyparticuhr branch of it, as far as he pleafes, making, every 
truth fubferyient ,io. thp.difcovery of feme otIWr; but in mofif 
1 other 
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other fciences, all that beautiful analogy, all that harmonious connexion* 
and confiftency is quite loft; and thofe truths that are difeovered, appear 
lb fcattered, and fo very independent one of another, that they feem to 
have no manner of relation one to another, though it is certain that all 
truths have t upon all thefc accounts it is no wonder that much greater 
advances have been made in and by the Mathematical fciences, than in all' 
the reft put together without them. 

As to die material world, if nature be not governed by conftant and* 
fteady laws, all Pbilofophy is vain and fruidefs : but if on the contrary 
£he be always confident with herfelf, if lhe will fooner produce a monftcr 
than deviate in the leaft from any of her own laws, lhe will then fubmit 
in all cafes to be examined and tried by thofe laws : whether they be fuch 
as fall immediately under common obfervation and experience, or others 
lefs obvious that are only by reafon deducible from thefc, we {lull always * 
find nature as much obliged by her own laws, as truth by the neceflity and 
reafon of things; fo that we never need to doubt of our following nature, 
if we reafon juftly From things known to things unknown, whether it be 
from effects to their caufes, or from caufes to their effects. But then we 
ought to be cautious in the feveral fteps we take, and enquire firft, whe- 
ther the caufes fuch and fuch Phanomena are to be aferibed fo, have them- 
felves a real exiftence in nature or not ; and if' they Juve , fecondty, whe- 
ther they are or can be naturally productive of thofe qfi&ts ; and if they 
are, laftly, whether they be efficacious enough to pnxMce them in fuerr 
quantities and degrees as we find them in nature; bytnis means we {ball 
find many effe&s that were vulgarly aferibed' to different caufes, actually 
proceeding from one and the fame caufe; and as our natural knowledge 
improves, the number of natural caufes will be reduced, and nature, every 
ftep we take', will appear more fimple and uniform. But then thefc de- 
ductions, thefe enquiries cannot poffibly be made to any degree of cer- 
tainty without a thorough 'knowledge of quantity and proportion : and 
hence arifes the very great ufe and even ncceffity of the Mathematical 
fciences in. natural Philofophy ; and I doubt not but this was one main 
end of the ailWife Author of ‘nature in beftowing fo ineftimable a gift up- 
on rational creatures j for this method* of rcafoning, if duelj ? cultivated ' 
and purfued, would bring us nearer to a true, knowledge of God in lus 
creation than all the metaphyfical jargon of the fchools. This was (he me- - 
thod the great Newton took; and how he fuccecded in it is fuflicieatly 
known to. all the fober and thinking part of the learned world.- 

It is npt to be denied indeed but that Mathematicians may, and very 
. oheti do fail lri their refearches after nature, fometimes from a too ra{h and 
inconfiderate application of their principles, but oftencr from the difficulty 
of their fubjeds; bat what then? becaufe thefc Gentlemen fometimes fail 

in. 
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in their attempts, mull other minute Philofophers, that arc wholly defti- 
tutc of thefie main qualifications, think they have nature more in their 
power ? Sure I am that thefe, as they have no foundation, fo neither can 
they have the lealt colour of pretence to any iuch enquiries: all that tbefc 
can do to keep their ignorance in countenance, mult be feemingly to de- 
fpife and heartily to rail at what they do not underhand ; as i£ they vo- 
luntarily declined a part of learning, which their want of application and 
genius have rendered them altogether unfit for. 

But the undoubted experience of this and the laft age have fufficiently 
eftablifhed the uie of Mathematical Learning in Mechanical and Natural 
Philofophy beyond all that has been or perhaps can be laid againft it. Nor 
have the Moderns, efpecially thole of our own Nation, hopped here j 
for they have endeavoured to the utmoh of their power to purge it from 
all thof'c metaphyfical difputes and fubtiltics wherewith it hath fo long 
been overrun, poifbned and hilled in it’s growth ; fubtiltics which at beft 
amount to little more than a fort of legerdemain hicks, contrived by Phi- 
lofophcrs purely to cover their own ignorance by bewildering the minds 
of others, depraving their tafles, and often giving them fuch an unhappy 
turn of though/ as utterly to disqualify them for all fober and rational en- 
quiries : but as \;he evil we arc here complaining of, and the malign in- 
fluence it has upon the minds of thole who are in any meafure tainted with 
it, begins now r (Liod be thanked) to be pretty well known, it is to be 
hoped that all wildpien will guard againft a diftemper fo eafily catchcd, 
and £b very difficultly cured. I do not know whether my zeal for truth 
may not have carried me too far in this digreffion : but I thought too much 
caution could not be given to all fober and ingenuous Youths, efpecially 
at their firft fetting out in their fludics, againft a falfe tafte, which has 
done fo much mifehief in the world by cxtinguifhing that exquifite and 
refined pleafure which inankind naturally feel in the contemplation of 
truth, where it is genuine and uncorrupted by a falfe alloy ; a pleafure 
not founded in our appetites, paliipns or humours, but belonging to us 
purely as dunking, realoning creatures; and if ftridly enquired into, and 
it’s abftra&ed nature thoroughly weighed, will perhaps be found the only 
one the prefect date of Man is capable of in common with fuperior Beings, 
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M R. Abraham de Mohre having with great (agacity not only difco- 
vered a method for extradting the cube root of an impoffible bi- 
nomial, fuch as <z- 4 -v/ — but alfo rendered that method univerfal, by 
fhewing how to extraft any other root of the laid binomial, and likewise 
how to extract any root out of any given power thereof, hath been pleafed 
to communicate it, in order to it’s being publUhed by way of Appendix 
to thefc Elements. This important difeovery is a Jrefh in dance of Jbe pe- 
netration and dull of the ingen bus Author, and cannot but be very ac- 
ceptable to thofe who defire to improve themfelves in Algebra. Dr. Saun- 
derjbn had formerly confulted Mr. de Mohre upon the fubjedt of extra&ing 
the cube root of an itripoffible binomial in the following Letter, which 
Letter was principally defigned to return him thanks for the folution of 
the latter or his two curious problems about proportionals and for con- 
fenting to have them both inlerted bto his book ; whereby alfo it appears, 
how highly our late Profefiof efteemed the great abilities of his learned 
Friend. 

To Mr. Abraham de Mohre. 

Dear Sir, Cambridge Sept eftb. 26. t 73 S. 

’ i 

This is the firft opportunity I could get to acknowledge the favour of 
your’s, and to thank you for your folution of your fccond problem, and 
few your having lb frankly and without the lead referve, confentcd to 
have them inferted into my book, which will certainly be the greated 
ornament it can receive, and the greated recommendation of it to the 
world. In this lad folution you have fhewn (if poflible) more art and 
penetration than in the former 5 but they are both mailer- pieces in their 
kind, and do a great deal of honour not only to yourfelf, but alfo to the 
art in general, by whofe irrdiltible (and I had almod laid, unlimited} 
power, fuch great things can be efFe&ed, beyond the compart of all other 
iciences, efpecialiy when applied by one of your extraordinary fugadty and 

S enius. I find yon arid ! have both hit upon the fame thought in divi- 
ing one equation by another in order to obtain a more fimplc one* 
though you nave made a much better ufe of it than I have done, or in r 
'dceddiad occafion to do. Pray, wlien yon write next, be lo gbod as to 
, letme know, whether you have any thing by you relating to trie extras* 
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tion of the cube root of an tmpofllble binomial, fuch as -~* 5 “F\/~"’ 2 > or 
— y^-p.2, or whether in your reading you have met with any way 
of doing this with the lame certainty as in the cafe of a poffible binomial : 
for my own part, I have met with nothing to the purpofe about it, not 
.even in Wallis himfelf, who attempts it. I am 

Dear Sir, 

moll affectionately your's, 
N. Saunderfon. 

P. S. t would not for all the world have been without this kft fblu- 
tion, becauic they both together more compleatly illuftrate your method, 
than would either of them alone j a method wherein you have lb well 
iucceeded, and which I am lure every one mull make ufe of, that intends 
to penetrate any further into thele difficulties. 

To the Editor of Dr. Saunderfon' % Algebra. 


Sir, \ 

Among fevc-al letters which T have received from my late worthy 
Friend Dr. Saunderfon , there is one wherein he was pleafed to put a que- 
llion to me, Wi,<cn Vas, whether I had any method of extradlingpffte 
cube root of an ir^oiTiblc binomial, fuch as d-b^/ — b > adding, that what 
Dr. Wallis had wrujipon that fubje<£t, did not latisfy him. I do not ex- 
actly remember |he terms of my anfwer j but it was to this purpofe, viz. 
that I had long 4 go demonftrated, that the rule given by Dr. Wallis was 
no more than a petitio prinetpii, or at bell, a trial which could not fuc- 
ceed in many cafes j yet, that as my demonllration lay in a heap of many 
ether papers, I could not readily come at it : but now that I have reco- 
vered it, I hereby lend it you. 

But it is neceffary to premife one thing ; which is, that the Doctor’s 
delign was to Ihew, that in cubic equations there is no cafe inexplicable, 
n^withilanding the common received opinion of the contrary. One of 
thefe cafes appears in the equation by him mentioned, r *-— 6 xrsss 162 j 
wherein if we take the valuejpf r according to the rule commonly aferibed 

*■■■■ 3 . , $ I 

to Cardan , we Ihall have r=^ v ^^ I ^\/ ,p *~ 2 ! 7 00 “^v ^ #i — s/ — 2700 ; 
which value oonfifes of two parts, each of which includes the imaginary 
quantity V A— ^bo. Now Dr. Wallis in order to prove the ralbneis of 
thofe who hadfeiffrt^ij.thatin cubic equations there are femie caifa irrc- 
ducible, or (as lie cg£* impra^icable, lays, that the : pMc xctik-p£* 
g l -#- v /-^2700 tiny jhl ea&ra&ed by another hnpo^lde # j[Mqpmk4. 
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by *-Hv/ — 3 } and in the lame manner, that the cubic root of 81 — 
Y — 2 7°o may be extracted, and (hews it to be * — ?y — 3 * from whence 
he infers, that H~iv/ — 3» •+•*— W— 3, or barely 9, is one of the roots 
of the equation propofed, viz. r* — 63^162 : he alfo finds the other 
two roots, —6, -—3. 

It muft be owned, tliat ’-H«/ — 3 is the cubic root of 8i-4-y' — 2700, 
and that his inference is true : but thofe who will confult his Algebra-, 
page 190 and 191, will plainly fee, that the rule he gives is nothing but 
a trial, both in determining that part of the root which is out of the ra- 
dical fign, and that part which is within ; and that if the original equa- 
tion had been fuch, as to have it’s roots irrational, his trial would never 
have fuccceded. But farther I (hall prove, that the extracting the cube 
root of 8i-t~v/ — 2700 is of the (ante degree of difficulty as that of ex- 
t rafting the root of the original equation r> — 63n=i 62, and that both re- 
quire the trileftion of an angle for a perfeftrfolution : in order to which 
let the following general problem be propofed. 

To extraSl the cubic root of the binomial v — -b. 


Solution. 


Let the cube root of tf-f-y/ — b be x-t-y / — v : $ere£pre the cube of 
— y is equal to a-k-s/ — b ; but the cube of it i um'-h^xx^/ — v — 
3x7 — Wv/ — y : make the rational parts equal to a, Andmc irrational equal 
to b: hence we have theie two equations, ^ 

x'—2*y ~a> \ 

and by lquanng both equations, we (lull have 
x 6 — 6xy~i~ gxxyy=aa t 
and 6xxyy — y i zss:——b ; 

then taking the difference of theie two equations, we lliall hate 
x*-f- 3 x^-f-3 xxyy+y' z=aa-i~b ; 

j - rrr .. 

and extrafting the cube root on both fides, we (hall have xx~hy=^y aa-^~b •. 


i 

let (for (hortnefs’s feke) i/aa+-b be (uppofecl —m $ we have therefore 
ysssm* ■ x x : but from the firflt equation, viz. x l — 3^=^, we have 


y*** m *j£ m t wnocefore »»— and 3 mx — 3x»a*^W, or 4*- 

— 3«Mfssae : but it is known, that if r be the radius, l the cofine of an 
*T<v and x the cofine of the third part of that arc, then the equation ex- 
/ jprefihig the relation between land x, will be 4*' — 3 rr* 
equation is of the feme nature with the preceding, as app 

5 B m% 
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ling rr=jn t or rxsy/m, and rrl—a, or ml— a, or /«-: and therefore 

we may now draw this conclufion, that if with a radius = s /m % we de* 

a 

fcribe a circle, and take an arc, of which the cofine {hall be — , then {hall 

the cofine of the third part of that arc be the value of x j which value 
being known, the value of y will alfo be known, it being always equal to 
m — xx, as we have ihewn before. 

Still we cannot be fore that the equation 4*’ — %mx=za depends upon 
the trife&ion of an arc, unlefs we know previ’oufiy that the cube of m is 
greater than the fquare o fa: but we may foon be iatisfied of it, if we 


confider that m has been fuppofed =z^/aa-\-b j therefore m'^zaa •+•£, 
which by infpedtion appears bigger than aa. 

But before we proceed any farther, it will be proper to obferve that 
there are three different values of x, and as many of v : for let C repre- 
fent the whc'Se circumference of the circle, of which the radius is =y'w, 

and A the arc* of which the cofine is then the cofines of- ^ 

C-hA 


vi 


■} 


will be |j^nany different values of x ; and therefore there wilt 

be fo many difffcfet values of y, it having been proved before that y is 
always —m — -xx. 

But to apply fhis to the cafe propofed by Dr. Wallis, which was to ex- 
tract the cube root of 81-4-^/ — 2700 j make a-xszSi, and ^=2700; 

therefore aa+b-=. 926 1 , and confequently m=zy 926 1 =2 1 , and therefore 

a 3 x 2.7 

our radius ky 21. Again, the cofine ~ = — = y *. now it will be found by 

an ealy trigonometrical calculation, that if yz 1 be the radius of a circle, and 
27 

the cofine of an arc, then this arc will be 3 2®. 42' nearly, reprefenting the 

7 



muff be looked upon as pofitive, and the other two being grtafer then* 
quadrant?, their cofines, that is, the fines of ro°, 06' and 40°. <4', muff: 
« j /yhWbeing laid down, it Will he J&ihdhy 

i^iajf the fines of 79®, b6', 19*. o6V4& 4 i ; 54'* to 


be looked u 
the rules b: 

v/2*, 

~3i 






Sf ** a -4 

***** the three values bfy, tfhtai (as ^lave' 

(hewn 
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(hewn before) are univedally exprefled by m—xx, will refpe&ivelv be 
81 o 3 75 

21 21— — , 21— *9, or 12} of which the fquare roots are 

is/ 3 * \s/l> z Vl i an< * therefore the three values of f—y will be 
W~~ 3. 2y<— 3 j from all which we may conclude, th*t the three roots 

3 

of v/ 8 i- 4 V— * 7 °° *** 3 » ~~3+2\/ — 3 : 

and by the fame way of arguing we may prove that the three roots of 
3 

v^8i— v/— 2700 are *— U/~ £» — Mv''— 3» —3— 2^—3. 

But to illuftrate what I have uid, let it be, propofol to find ^.equa- 
tion which would refult from the addition of the two binomials Ya$-i/~b 

-4-v/rf — */ — b in order to free them from their radically : which to 
find, let us fuppofe 

. 1’, s/r-by 

2 0 , r j y =a — — b ; 


3 °, z-trvxsix. 

By the two firft equations it appears that sM-tt’— 20 ; by the third, that 

5 c*- 4 — 2 a 

z+vxsx J therefore -™- sss -- } but and 

Z-f-V X Z-jrV * ' J‘; 9 

2 & w 

therefore we may conclude that zz — z v-bw=s~ $ Jpt fquaring 

the third equation, we have a»+22rv4-vy=.-xjf } th^n fubtracUng the 

firft of thefe two laft equations from the fecond, we fhall have 3 zv=xx — >~j 

but if z J be multiplied by v* t and 4-4-3/ — ^by<z — f — b t we fhall have v’z’ 

s^aa-hb i therefore , vz= s /aa-+-b t and 3^2=3 y/aa+b ; or fuppofing 
3 

aa~\rb=zm > then 3V2=3i» j but we had found before, tliat yozsssxx 
za 2a 

— ■" > therefore xx— — =3x1, or x ! — -2a=\mx, or x — ynx^zzia ; 

which to refolvc, the trife&ion of an angle is required, it being of the lame 
nature as the former was, viz. 4*’ — 3<wx=at j for if in the equation 
x*— • 3«tx=2tf, inrtead of x we write ax, we Hull have 8x ? — btnxz=: 2 a t 

“ $r 4x*— 

farther, let it be propofed to extra# fuch root of the hi- 

n . . , 

, nomial 04~y/— i as may be denominated by n] viz, %/ — b. Let 

iA ** c '* m 

/^JNrV-ry he that root! then fuppofing let a circle be de- 

foribed 
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. any gfom power of the binomial a-fty^-'—b. 

^bribed of which the radius (hall be equal to /m : moreover fuppofiqg 

- j *at A (no matter whether a be an odd or an even number, provided 

-it be an integer;) take, in that .circle, an arc, of which the cofine (hall be 

0 

j;, and let that arc be fuppoled -=A let C reprefent the whole dreum- 

- , , , - , A C—A C+-A 2C — A zC-^rA 

ference ; then the cofines of the arcs — , , , . — ; — 

tiff to the fame radius s/m, will be fo many different values of x. But 
it is to be obfer ved, that fo many of thofc cofines are to be taken as there 
are units in «, and no more. 

J have but one word to add, which is, that if it be required to extrad; 
.any root out of any given power of the binomial a+s/ — b t for inftance, 
the cube root of the fquare, the fame may aifo be done thus ; let a-h/ — b 
be railed to it's fquare, and it will be aa — b+za/ — b j then fuppofing 
aa—bzstd) ind za / — b or •/ — 4^^ = nothing remains now to 

♦be done, but fo extrad the cube root of die binomial <Hs / — which 
may be done efore, 

■I think -it wo'Hd be needlcfs to fey any thing more upon this fubjed : 
wherefore I notfe#4bfcribe rnyfelf 

\ Sir; OSc. 


z$. 1740. 


A. De Moivre, 
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proportion y whofe fum is a, and the fum of their fquares 
ab. 251 

164. Prob. 30. It is required to fnd four numbers in continual pro- 

portion, and fuck, that the fum of the extreme* may be a,,. 
and that of the middle terms b. 252. 

165. Prob; 31. What two numbers are thofe, whofe fum added to the 

fum of their fquares is a, and whofe difference a dik’d to the 
difference of tbeir fquares is b ? fj - 2 tg 

ic6. Prob. 32. What two numbers are thofe , Me fum of whofe 

fquares is a, and the produll of their smut iplic alien b ? 237 

167. Prob. 33. Let a flone be dr opt into an empty pit or well : It 
is required , having given the time from tbejfrf dropping of 
the f lone to the bearing of the found from t hi bottom, to allien 
the: depth of the well ‘25S 

The Solution of - two Problems by Mr. A. de Moivrc . 

Prob, u e J the fum of four continual proportionals being given, as 
alfo the fum of their fquares , to fnd the proportionals. 263 

Ptob. 2. The fun of five proportionals , and the fum theis fquares 
being given, to find the proportionals. 


BOOK V. 


168. In what cafes a problem may admit of many anfvers. 
l 6g. Definitions of a multiple , and of a common multiple, with a 


268T 


corollary. 

170. Lom. i. Let a ani£b- be any two quantities whatever whefe 
leaf common multiple is c : I fay then that this leaf common 


270 
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multiple c fall nmfure any other common multiple A of the 
fame quantities. < 271 

.171. Lem. 2. It is required having given any two unequal num- 
bers a and b, to find their leaf common multiple. 272 

172. Lem. 3. It is required, having given three or more numbers , 

to find their leaf common multiple. 273 

1 73. Lem. 4. Let a and b be any two unequal quantities , whereof 

c and d are multiples rejpcftively : It is required to find as 
many more multiples as we pleafe of the fame quantities with 
the fame difference , that is, that a ’s multiple may always ex- 
ceed that of b by c — d if c be greater than d } or elfe that 
that b’j multiple may always exceed that of a by d— -c if d 
be greater than c. 274 

1 74. Lem. 5. Let a and b be any two quantities whofe great eft com- 

mon meajure is c : I Jay then that if any two unequal multi- 
ples of a and b be taken and compared, their difference can 
rtpver be lefs than the great eft common meajure c. 175 

175. Lem. 6. It is required, having given two numbers a and b, 

•whereof a is J'uppofed to be the greater, to find two unequal 
multiples of the/e numbers whoje difference fall be the leafi 
pojjib’’, that is by the lafi article, whoje difference fall be the 
greafijf common meajure oj'z and b. ibid. 

1 76. Lem. 7 %JJ in any of the equations exhibited in the lafi article , 

the coefficients o/'a and b be multiplied crofswife into the coef- 
ficierts &/"a and b in the equation next it, whether above or 
belovb, b’j coefficient being conjidered as affirmative j 1 J' a y 
then that the difference off the two products thence artjing 
will always be equal to unity. 278 

177. Lem. 8 . SuppcJing all things as in the two lafi articles, if the 

coefficients of -a and b in the fever al equations exhibited m the 
Jc helium to the 1 7 $tb article be turned into fractions , by 
making the coefficients of b the numerators, and thofe of a the 

the denominators } I fay then that the fractions y, 


P QR ST. 

7*1 r will all be in their leafi terms. 

Jt tj r o v 


JT T 

jyP. Lem. 9. Buppojmg all things as in the laji artiqky I fay that 
the frames ® ''■* , ~ are off fab a nature 

~ ■ at 
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at to be alternately left tend greater than the fraction % 

b * 

bat yet fo as confiantly to converge towards it. 28s 

179. Lem. 10. Suppofing all things as in the foregoing articles. 1 fay 

P OR ST 

that the fractions - , ~ , ~ , — exhibit the fraction 

a 

^ more accurately than any other fractions whatever of kj\ 

denominations can do ; and particularly J fay, that the f-a~ 

T * a 

cl ion — approaches nearer to the fraction ^ than any fra- 
ction can do ivhojc denominator is lefs than t. 281 

fo exprefs a given ratio to a given degree of exaclnefs, exemplified in 

the proportion of t foe circumference of a circle to it's diameter. 284 
Of primary ami fecondary converging fractions. 285 

a c 

j 8t>. Lem. 1 1 . Let there be two fractions ^ and ^ fucl\ that if 

a continual divifion be made from a end b, according to the 
method for finding the great efi common meafurc, the .Quotients 
■thence arifing (hall be found to be the fame , both inf uc/itity, 
order and number , with the quotients arifing fh&jtfi continual 
divifion made from c and d : I fay then that *jjfie fraction t 
AC 

j~ and ^ | 'will be equal one to the other . 288 

f deuce, a general definition of proportionality . 289 


O * 1 INCOMMENSURABLES. 

181. An apology for introducing the doClrine of Incommcnfurabks 

into this place. , " 9 ° 

182. Definitions with corollaries : ami Axioms. 291 

183. Prop. 1. All commenfurable quantities are to one another as 

number to number j and vice veria, all quantities that are 
to one another as number to number are commenfurable. 292 

184. Prop, 2, IncommetfuraUe quantities are not to each other as 

number to number ; and vice verfo, quantities that are not 
to each other as number to number are inconvne fur able. 293 

18 if. 'Prop. 3. 'fiffour quantities a, b, c and d be proportionable, fo 
as that a ts to b as C to d *, d fin then tkit if the two Jiff a 
amt b be commenfitrable, the two lafi c and d will aljo be 

tmmertfurable j but if the two firfi a and b be mommenjura- 

» «* ‘ bu% 
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ble, the two laf c and d will aljo be incommenfurable. ibid;_ 
3 86. Prop. 4. If two quantities be commenfurable to a thirds they 

will be commenfurable to one anothtr. 294. 

187. Prop. 5. As incommenfurable quantities cannot be equal to one 
another y fa neither can any multiple y . part or parts of one be 
equal to any multiple , part or parts of the other. *95 

388. Lemma. If of two homogeneous finite quantities a and q, from 
the greater a be taken more than it's half \ and from the re- 
mainder more than it’s half &c ; I fay then that this fub- 
traSlion may be continued to a remainder lej's than q. ibid.„ 

189. Prop. 6. bet a and b be any two loomogeneous quantities ; and 

/. u P A * f a h f rom the J' e tw0 quantities let 

' ’ ’ ’ ’ ‘ a continual divifion be formed 

41. 24. 17. 7. 2., i . o. o. • r J . J ... . 

■ -r / / j in manner following : divide 

a by b, and let the remainder be c ; then divide b by c, and 
let the remainder be A; then divide c by d,. and let the re- 
mainder be e, &cc : I Jay then that the. f cries a, b, c, d, e &c 
may be continued to terms lefs than any afjignablc quantity t as q. 29$ 

190. Prop. 7. Suppofng all things as in the laji proportion ; I fay 

then that whatever quantity will meafure any two terms of 
tkf foregoing /cries that lie next to one another , the fame will 
mkrtiipmall the ref both before and after them. ibid. 

19 1. Prop®*'. Suppofing all things as in the two foregoing propofi- 

tionrLJ fay that if the original terms a and b be commen- 
f'urabte, \ the fries a, b, c, d, e &c will hot run on ad iniini - 
tu^i, but will break of fo that the laji term of the fries will 
be i\be great ejl common meafure of a and b j and vice verfa, 
if the terms a, b, c, d, c &c do ' not run on ad infinitum, 

I fay then that the original terms a and b will be commen- 
furable. . 297 

J 92. Prop. 9. It is required \ having given three commenfurable 

quantities a, b and c, to find their greatef common meafure. 298 

193. Prop. ip. All equal frafftons, when reduced, to their leaf 

terms y become one and the J'amej'rafiion-. 209, 

194. Prop. 11. If there be three numbers a, b and c, whereof is. 

prime to b, and b is a multiple of c j I fay then that a will 
be prime. to c* * 

195. Prop. 12. If two numbers & and fr be both prime to a thkf * 

number. c j I fay then that their produfl ab willjiljb be prime 
to ihifqme third number c* or (which ameuntsto. the fame, 
thing) that the produtizb. and tbe , number c will have no 

30* 

1 aA 
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197. 


196. Prop. 13. If there he three homogeneous quantities a, b and c 
in continual proportion , and if the middle term be commenfura- 
ble to the extremes ; I fay then that the leaf numbers in the 
proportion of the extremes will be both /fares. 303 

Prop. 14. If' there be three homogeneous quantities of any kind 
a, b and c in continual proportion , whoje extremes a and c 
are commenfurable to each other , and if the leaf numbers in 
the proportion of thefe extremes be not both f fares ; I fay 
then that the middle quantity b will be incommenfurable to 
both the extremes, 30^. 

Prop. 1 5. If there be any whole number as n, whofe fquare 
root cannot be exprejjid by any other whole number ; I fay 
then that neither can it be exprejfed by any fraSUon what- 
ever. ibia. 


198. 


199. Prop. 16. If there be two numbers a and b the leaf in their 

proportion, and fuch whofe fquare roots are commenfurable one 
to the other j I Jay that the numbers a and b muji be both 
fquares. ^ '305 

200. Prop: 17. If two incommenfurable quantities as 2 and 3/3 be 

put together , fo as to conjlitute a third quantity 2 -h v/ 3 4 
I fay then that the quantity Jb confituted Jhalb hg i iommenfu- 
rable to both the confituent parts. 306 

4ioi. Prop. 18. The fide and diameter of a fquare a£e incommen- 
furable. ibid. 

Lemma. If a fquare number be even , not only it’s rift, but it’s 

half will be Jo too. | ibid. 

202. Schol. 1, 2, 3. Obfervations upon the whole. 307 


Problems admitting many anfwers. 

203. Prob. 1. Let a and b be two incommenfurable quantities , a a 

greater and b a lefs ; and JuppoJing a continual divtjion to be 
made from a and b, according to the method for fading the 
great ejl common meafure , let the quantities thence ari/ing be 
certain numbers always returning in the fame order ad infini- 
tum : It is required to determine the value rf the frail ion 
a 

£*; or (which is the fame thing) to determine the proportion 

of os to b without any approximation, admitting jurd numbers 
into the expreffon . 308 

Examples. 311 

204. Prob. 2* I owe a friend a filling, or fome number of fillings, 

and we have nothing but guineas and louifd' or s about us ; the 

** 2 guineas 
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guineas Being valued at 21 fallings apiece , and the louif- 
dors at ly : Ibe quefiion is, How tnujl I acquit, my Jelf 
of this debt ? 2 1 3 

A definition. 3 ^ S 

Z.06. Prob. 3. It is required to find as many numbers as we pleajk 
of this character , to wit , that if any one of them be divided 
by two given divifors , a a greater and t) a lej's, they jhall 
have two given remainders d and e reJ'peClively. 3 1 6 

Examples. 2 20 

Examp. 6. Suppqfe the prefent year of Chrijl to be ij 39, and 
that there was a year not above 200 years ago wherein the. 
cycle of the Sun was 8, and the cycle of the Moon 10 : What 


£©7 


the number of the year 1 


322 


Prob. 4. To jW as many numbers as we pleafe with this 
property , to. wit, that if any one oj them be fever ally divided 
by three given- divifors a, b and c, whereof a ij fuppofed tht 
great eft and c the leaf , the remainders Jhall be three given 
numbers d, e and f refpeCitvely . 

Examples. ‘ J 

Examp. 4. Let it be required to ajjign in what year of Chri ft 
the^cycle of theSunwas 8, the. cycle oj the Moon 10, and the 

Indiflion 10. ,27 

Tojjn/mJh what place op the Julian Period any year is, for 
w jic j Ifotbrce cycles oj the hun,Moon andlndiidion are given . 32 8 

20*. rrob. two given numbers a and b', whereof a h the 

greater, to find two multiples who/c difference Jhall be aw 
givdj number whatever that is 'divifible bv the greatest 
common meaj'ure of sl audb* " ' , zq 

209. Prob. 6. Having given two numbers a and b whole lead 
common multiple is c, and alfo a third number as d that' is 
divifible by the great ejl commonmeajiir-e of 3. and. b j It is re~ 
^ tr n{ t0 '! i, ^ > *f poJ)ible,two multiples of 3. and b whoje fum 
Jhall be that given number d, or ( which is the Jd me thing) it 
ts required to divide the given number d into two Juch palts 
that one part Jhall be a multiple oj a, and the other a mul- 
Ctple of. b. 331 

21©. Lera. 12. Let g exprefs any ft a& ion in it's leaf terms, and 

let tbisfraSlion be multiplied by J'ome whole number d, Co 
ad 9 ** 

that the product g- may be alfo a whole number : I fay then 

that 
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that the multiplicator d muft be either equal * to, or feme 
multi fie of the denominator b. 2 35 

Ail. Prob. 7. Let a, b, c, d, c, tec be a number of hands like 5 
tbofe of a clack, all turning uniformly upon the fame center, 
and all moving the fame way j and let the fame letters 
a, b» c, d, e, &c reprefent aljb their refpe&ive periodical 
times , or numbers proportionable to them : What will be the 
f nodical period of the whole fyftem , that is, Juppofng tbefe 
hands to Jlart all together from the fame point as s, bow 
long will it be before they all come together again for the 
firjt time , whether this conjunction happens in the point %, 
or in any other part of the circle wherein thefe motions 
are performed ? 334 

in. Prob. 8. Let there be three unknown quantities x, y and 
z, whofe relation to each other is exprejfed by the two fol- 
lowing equations, x-J- 2y-J~3 z= 20 , anaa r x-{-gy-{- 6 z— 47 ; 

It is required to find the values of x, y and z in integral 
and affirmative numbers . 337 

213. Lem. 13. Let a, b and c be three fixed or determinate whole 

numbers , whereof a and b are prime to each other ; find let 
x and y be any two variable or indeterminate whole num- 
bers. whofe relation to each other is cmfihfipM exprejfed by the 
equation ax=t=by=.c : What will be the twet whole number 
values of x and y, whofe relation to ea&B other can be ex - 
prefjed ■ by the Janie equation ? 339 

214. Prob. 9. It is required to divide 100 into three fuch parts 

x, y and Zy.that qx 4-15/4-202 may mak^ig 00. 340 

215. Prob. 10. Let it be required to divide: the number 24 info 

three fuch parts x , y and z, that x-4-8y-f-i2z may 
make 20 r. . 341 

2 1 6. Prob. u. Su/fo/e one would buy 40 birds, conjtjling of par- 

tridges, larks and quails for 98 pence, paying three pence 
apiece for partridges , halfpence apiece for larks , ana four 
pence apiece for quails : she queftion- is. Hew many muft 
he have of each fort* 343 

217. Prob. 12. Suppafe one would buy 20 birds for 20 pence, to 

wit, ducks at, twopence apiece, partridges at halfpence apiece, 
anjfl geeje at . threepence apiece : Hew many mujl he have 
of each fortt, 346 

218. Prob. 13, fwenty perfons confifli ng . of men, women and chil- 

dren at a collation paid, 2.0 fillings, the men paying four 
, fallings 
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fijillingt apiece, the women fixpence apiece, and the children 
threepence apiece : How many were there of each fort ? 347 

Prob. 14. Forty oneperjbns confifiing of men , women and chil- 
dren at a collation paid 40 j hillings, the men paying four 
fillings apiece , the women three JhiUings apiece, and the chil- 
dren jourpence apiece : How many were there of each fort s’ ibid. 

220. .Prob. 15. It is required to divide the number 30 into three 
Jitcb integral parts x, y and z, that zx-\-<yy-\-x $z may 
make 419. 348 

A general problem. 

2*1. Prob. 16. To find , if pojjible, three numbers , all integral and 
affirmative, whoj'e Jitm is not only given, but aljb tlje J'utn of 
their products when multiplied by three given multiplicators. 3 ro 


Examples. 


Of the Magic Square. 


35 2 


222. Prob. 1 7. Let any odd fquare number as 49 be propofed, whoj’e 
Jquare root is 7 j and let any Jquare figure be divided into 49 
lejfer Jquare cells, to wit , into feven ranks of cells , and every 
rank into feven cells : It is required to difiribute among theje 
cells alff he nqfural numbers from one to 49 inclufively, Jo that 
thefum the numbers in every row,whether taken horizon- 
tally, perpendicularly or diagonally , may be the Janie ; which 
figure tous'Ccnfi rudled is commonly called a Magic Square. 3 54 

! BOOK VI. 

Of jfuch problems as ufually pals under the name of Dio- 

phantine problems. 

Of Diophantus and his writings. 363 

Lemma. , If all the three Jides ofi a right-angled triangle be in - 
creafed or diminijhed in the j'ame proportion, there will be 
formed another right-angled triangle Jimilar to the former, 365 
Prob, 1 . It is required to divide a given fquare number into two 
fitch parts, that each part may be a fquare number . 366 

226. Prob. 2. It is required to divide any Jquare number confifiing 

of two fquare numbers into two other fquare numbers. 369 

227. Prob. %. ‘To find jour right-angled triangles exprejfed in whole 

'' . numbers , which bow all the fame hypotenufe . 374 

228. Lemma. In every right-angled triangle, if the double produB 

of the legs be either added to or Jubtradled from the fouare of 
the hypotenufe, both the fum and remainder will be Jquare 
numbers . 377 


223. 

224. 


92J. 
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230. 


23 1 

232 


« 33 - 
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Prob. 4. ¥0 find a number with this property, to wit, that 
•whether it he added its, Or JubtraBed from it's fquare, both 
the fum and the remainder may befquare numbers, ibid. 

Prob. 5, ¥0 find four fitch numbers as being feverally added to 
and fubtraBed from the fquare of their Jam, will make both 
the fum and the remainders all fquare numbers . - 379 

Prob. 6. ¥0 find two numbers whofe difference jhall be any 
number given. "380 

Lemma. If a and b be any two quantities whereof aa is grea- 
ter than b j / fay then, that a muji be greater than -\~yfb 
or lefs than — ^/b. 382 

Prob. 7, ¥0 find a number , which being feverally added to two 
given numbers , will make them both Jquares. ibid. 

Prob. 8. ¥0 find a number, which being divided into any two 
parts whatever, the fquare of either part, together with a- 
hundred times the other part Jhall make a Jquare number. 386 
Prob. 9. ¥o find two numbers fuch, that the fquare of each 
being added to the fum of them Both may make a fquare 
number . 387 

2.36. Prob. 10. ¥0 find two numbers fuch, that if their funs be ei- 
ther added to or JubtraShd from the produBoj fbeir multipli- * 
cation , both the Jum and. the remainder Jha^M fquare num— 

237. Prob. 11. ¥0 find ■ three numbers fuch, tbajfjrmt only the fum' 
of all three, but aljb the Jiims of every two of them be Jquare 
numbers . f 389 

2.38. Prob. 12. ¥0 find three numbers fuch, that if§ to theproduB ; 
of every two of, them a given number be added, the jums may 
be all fquare numbers. 390 

Prob. 13. ¥0 find four numbers fuch, that, if an unit or any 
otler Jquare number be added to the product of every two of 
them, the Jams may be all Jquares. 396 

Pfob. ¥0 find four numbers jitch, that if ' to the produB of 
every two of them any given number as c be added, the Jams 
Jhall be all Jquare numbers » 3 98 

Prob, 14. jtis required to find three numbers fuch, that the 
produB cfieveryHvoof them together with t times their Jum 
tnaymake ajquaremtmher. 39 9 

Prob. 1 tfo^fiftjjhre* fmmbers fieth, that if to the produB 
qf^tryfim, of tUm be added t times the' third, the fums 

4°3 
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*odmd too numbers fuch, that each and their Cum 

tkM™ ral \ t0 the - P roduB °f their multiplication , 
thr e thence artjmgjhall be all fquares. 4 o c 

*°f nd tw ,° numb ers Juch t that if to the fquare of 

‘ m r Ker an / t0 , ^' S f lde ^Jecond be added, there /hail 

an/e the Jquare oj a third number and it's fide , J 4Q ^ 

*u in jft nd {f° numbers J'uch, that if to the Jquare of ' 
the firjl and it s fide, the fecond be federally added, there /hall 

ZwvTfquare^' ' ad *™f tbe M h the fde of the fecond 

p rob. i 9 . To find two numbers Juch, that the fquare of the fi.fi 
being added to the Jecond may be equal to thefquareofthe/e- 
cond when added to the firjl. J1 ' J 

246. Prob. 20. To find two numbers fuch, Hint not only each Ku,.;I '’ 

. ,z£* a J Vt ,r /T and ““ r t; ‘”S Keren:;- J 

by unity, Jhall be all fquares. J 

2 47 . Probsi. To find three numbers fitch, that if to thefiuare of 

Ziffti °J 0je ° lher ‘™. lb, numben thence 

artjmg jkall be all fquares. 

248. 249. Two Lemmas. 411 

,250. Prob. *2. ¥0 find, three numbers fuch, that the excefis of tbf'* 

% r ‘jt%f$<&etbe middle number Jhall be to the excefs 'of the 
middlemniber above the leaf in a given ratio, fippofi as o 

trYj$C™«L l . h,,t ,btfUm *• *** -- 

«5». A Lemriatical problem. To find two fquare numbers nitbfi 5 

P Ari ’“" 4 ” proportion, and *° 

bea fquare * ***** ° Cert * m S * ven numifer added to it Jhall 

(SeePhle i. fig ,.) ^ABC be a plain triang le**' 
wbojetwofides AB and BC comprehend bet Jen them anal- 

if the rfc° ‘ji’jf'h ™ dare S m f n i I fir then that the fquare 

AC "V be bad by adding the retiangle or ' 
tf°dua of the two fibs AB and BC to the Am of their 

Jf/ytr, ffiiCh 00 *1 “(bin triangle whereof the two 


252 
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254. Proh. 24. To find in •whole numbers three files of an obtufang* 

led triangle, whole obtufe angle Jhall be 120 degrees. 424 

255. Prob. 25. To find in m hole numbers three right-angled trian- 

gles havingall the fame area. 426 

256. Prob, 26. To find three numbers fuch, that whether their fum 

be added to or fubtraEted from the fquare of every particular 
number, the numbers thence arijing jhall be all fquares. 427 

257. Prob. 27. To find three fquare numbers ficb , that the fum of 

every two of them JhaU be a fquare. 429 

258. Prob, 28. To find three fquare numbers fuch, that the fum of 

tbeir fquares Jhall be alfo a fquare number. 43 1 

2 59. Prob. 29. One buys in two Jorts-of wines , a better fort at the 

rate of 8 1 . per hogshead , and a worfe at the rate of 5 j the 
price of the whole amounted to a fquare number of pounds , 
which with 60 added made another fquare number , whofe fide 
was the number of hogsheads of both forts put together. I de- 
mand bow many hogsheads he bought in of each fort , and what 
he paid for them. 43 z 

260. Prob. 30. To find a number which being fever ally multiplied 

by 8 and 18, and 9 being added to the firmer produSl and 
fubt railed from the latter , both the Jum and remainder fioall • 
be fquare numbers . * ^ w 436 

BOOK VII. Of PRopoRTjfoN. 

261. Of the necejfity of refuming the doBrine of proportion , and re- 

moving Jbme difficulties which feem to attend /| as delivered 
in the Elements. ’ 437 

26 a. A vindication of the fifth definition of the fifth book of Eu- 
clid’.* Elements. 439 

263. Of the feventb definition of the fifth book Euclid. 

264. A quejtion arijing out of the foregoing article. 

265. &c. The fifth book of Euclid’* Elements . 


446 

ibid. 

448 


Of the Compofition and Refolution of ratios. 


292. Def. 1. In comparing ratios , that ratio is /aid to be greater 

than, equal to, or Tefs than another , whofe antecedent hath a 
greater, or an equal, or a lefs proportion to it's confequent , than 
the other’s antecedent hath to it’s confequent. . 467 

293. Def. 2. In a jeries of quantities of any kind whatever increa- 

fing or decreqfmg from the firft to the loft, the ratio of the ex- 
tremes is fold tone compounded of all the intermediate ratios » 469 
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294. Def. 3. As •when a line is divided into any number of equal 
farts , the whole line is /aid to be fucb a multiple of any one 
of theft farts as is exfreff’ed by the number of parts into which 
the whole is fuppofed to be divided ; Jo in a feries of continual 
proportionals , where the intermediate ratios are all equal to 
‘ one another , and consequently to feme common ratio that in - 

differently reprefents them all, the ratio oj' the extremes is J'aid 
to be fucb a multiple oj' this common ratio , as is expreffed by 
the number oj' ratios from one extreme to the other, 470 

*95* Of tb* addition of ratios, 47 V 

296. Of the Jubtradlion of ratios. 474 

297. Of the multiplication and divijion of ratios. 475 

*98. Another way of multiplying and dividing Jmall ratios , that is, 

whqfe terms are large in comparifon oj' their difference. 476 
299. Def. 4. If two variable quantities Q and R be of Jitch a na- 
ture, that R cannot be increajed or aiminijhed in any torpor - 
, tion, but Q jmujl neceffarily be increajed or diminijljed in the 

J'ame proportion ; as if R cannot be changed into any other 
value r, but Q jnuft alfo be changed into feme other value q x 
and Jo changed, that Off hall always be to q in the fame pro- 
that R is to r > then is Q /aid to be as R di redly, 

*¥ R* 479 

ics. . t ibid. 

two variable quantities Qjwd R be of fucb a na- 
ture, theft R cannot be increajed in any proportion whatever, 
but Qjnujl neceffarily be dimini jhed in a contrary proportion-, 
or tkfr R cannot be diminijhed in any proportion whatever, 
but Qjnufl neceffarily be increajed in a contrary proportion j 
in a word, if R cannot be changed in the proportion of D to 
E, but QjpuJl neceffarily be changed in the proportion oj’ E 
to D > then is Qjaid to be as R inverjely or reciprocally. 48 1 
Corollaries. ' 

Def. 6. If any quantity as Q depends upon jeveral others as 
R, S, T, V, X y all independent of one another, fo that any 
one of them may be changed jingly without affeSling the rejl -, 
and if none of the quantities R, S, T can he changed jingly r 
but Qjnujl be changed in the J'ame proportion+nor any of the 
quantities V,. X, but Qjnujl be changed in a contrary pro- 
portion j them is Qjuidto be as R and. & arul T direSllyy 
and as Y apd X. reciprocally or inverjeh. 48$ 

N- B. If Q^ be as R and S and T direSlry, without any red- \ <■ 
protafiy then -it iijdid to be as R and & and T conjun^ ’ 

ftinjoyntly*: “ 4$>4 
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302. A Theorem. If Q.fe &r R. S and T i dtreSlly, and as V 

and X reciprocally } and if the quant i ties R, S, T, V, X 
be changed into r, s, t, v, x, and Jo QJnto q } / yL 

/At rtfrtd ^ Qj^t? q w/ 7 / At equal to 'the excefs ojall the 
direH ratios taken together above all the reciprocal ones taken 
together : as if the ratios of R to r, of S to s, and of T to t 
(which I call diredf ratios ) when added together make the 
ratio of A to ft , and if the ratios of V to v, and of X to v 
(which I call reciprocal ratios) when added together make 
the ratio of C to D ; I fay then that the ratio ofQjo q will 
be equal to the excefs of the ratio of A to B above the ratio 
ofCto D. ibid. 

Corollaries. 43 ^ 

303. Examples to illujlrate the foregoing theorem , where direfi ra- 

tios are only concerned. 435 

304. Other examples , wherein direhl and reciprocal ratios are mixt 

together. ■ 490 

3 °5- Another way of treating the examples in the two lajl articles. 494 

BOOK VIII. PARTI. 

The application of Algebra to plaii> Geometry. ' ^ 

306. Requifites for applying Algebra to Geometry 1 f mud how nume- 

ral exprej/ions of geometrical magnitudes arejh be underfood. 496 

307. Prob. j. It is required having given a anfh.the two legs of 

a right-angled triangle , whereof a is the greater, to find it’s 
bypot enufe, without the \~jth of the frf Element. 497 

308. Prob. 2. To find the area of a triangle whofe three fides are' 

given in numbers. 498 

Examples. • joo 

A Lemmatical problem. To find in rational numbers two 
right-angled triangles , having one leg the fame in both. 50 r 

Prob. 3. To find as marry oblique-angled triangles as we plea fe 
whofe fides and areas are alt exprejHble by rational numbers. 502 
i . Prob. 4. Having given the three fides of any triangle in num- 
bers, to find the femidiameter of an inferibed circle. ibid. 

Corollaries. 503 

312. Prob. 5. Having given the three Jides qf any triangle in num- 
bers', tofind the diameter of a circumfcribing circle. 504 

A Lemma. Ifin a triangle a line be drawn from any angle 
to the oppmte baft, it mU divide all lines parallel to the baje 
in the fame proportion as it divides the baje itjelf. co e 

*** * 3 * 4 . 
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514. Prob. 6. To find the center of gravity of any given triangle^ 
that is, to find fucb a point in the plane of a given triangle as 
being fujiainea upon the point of a pin or otherwije, the whole 
figure /hall be in aequilibrio. ibid. 

315. Prob, 7. It is required, having given the baft BC of any tri- 

angle, together with the adjacent angles Hand C, to find it’s 
perpendicular altitude ^ ro6 

316. Prob. 8. (Fig. 10.). Let ACDB, AEFB and AGHB be 

three given right-angled parallelograms, all Jituate upon the 
fame bafe AB, and all the fame way, J'uppofing the reStangle 
AGHB to be the greatejl, and the reElangle ACDB to be 
the leaf : It is required to draw the line KLMN parallel to 
AG or BH, and cutting the lines GH in K, EF in L, 

CD in M , and AB tn N ; Jo. that the fum oj the reSlangles 
AK and BM may be equal to the middle reStangle AF. 507 

£17. Prob. 9. In a triangle whoje baje and perpendicular are given, 
to infcribe a right-angled parallelogram whoje baje jhall be 
part of, or coincident with the baje oj the triangle , and whoje 
two contiguous fide s jhall be to each other in a given ratio, cog 

318. Prob. 10. (Fig. 13.) Let AB- and CD be two turrets , and 
BD ur horizontal line pajjing from the foot of one to the foot of 
the omeni* It is required, having given in numbers the 
height* and horizontal di fiance . of the/e two turrets , to find a 
place ah$£, in the line BD, upon which the foot oj' a. ladder 
being fixed, the ladder may equally Jerve to reach the top of 
each turret ; or ( which amounts to the Jame thing) let it be 
requited to find a point as E in the line BD, j ’rom whence 
the lints EA and EC being drawn, jhall be equal one to 
the other . 

.3 19. Prob. 11. It is required, havinggivpi in numbers the radius of 
any circle, together with the tangent of any arc thereof that is 
lejs than half a quadrant, to find the tangent of twice that arc.. 516 
'There are two pajjdges J'rom affirmation to negation, to wit, 
through nothing, and through infinity. j n 

32 q. Prob. 12. To divide a given line into two Juch parts, that the 

reSiangle thereof may be equal, ifpoffible , to a given Jqpare. 52 5 

£21., Prob. 13. Ta divide a given line into two Juch parts, that the 

fum of their fquares may be equal to a given fqupre, 526 

322* Prob* j '4.5ft divide a given line in extreme and mean proportion. 528 

323. Prob*. jr. To find three lines in continual proportion , having 

given - both their fiim, and- the fum of their fquares *. 

324. Prob. 16, To find four lints in continual proportion, wbera 
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ore given* 

3 * 5 - A Lemma. In every reMinear figure, all the angles taken to- 
gether are equal to twice as many right ones, except four 
as the figure basfides. 

326. Prob. 17. J» a given Jquare to infcribc a Ufer fquare of a * 

given area. ... ibid*. 

' 3 1 * 7 * P r °b. 1 S. It is require^ having given the difference between 
the hypotenufe of a right-angled triangle and each lev fepa- 
ratefy, to find the triangle. * 

328. A Lemma. If four lines A v B, C, D- be proportionable, and 

four others E* F, G, H be alfo proportionable , Jo that A is 
to B as C is to D, and aljb E is to F as G is to H ; I fay 
then that the reftangte AE will be to the rettangle BF as 
the reSiangle CG is to the rc6l angle DH. 

329. Prob. 19. It is required, having given the hypotenufe of a * 

right-angled triangle , and it's area, to find the triangle. 536* 

330.. A Lemma. If four quantities A, B, C and Dare proportionable, 

A that A is to B as C is toD-, I Jay then that as A-+-B. 
is to A, Jo is C-t-D to C. 

33 i- A Lemma, (tig. 26, 2j.) If ABC be a tn angle. ivboj'e bajc is,^.. r 
AB, and who/e vertical angle C is equal toanf given acute '* 
angle DEF, or to ids complement to two ri^ht ones ; and if 
from any point <n D in the line ED be dr avA DF perpendi- 
cular to EF ; / Jay then, that as DE is to 'EFfo wittzACB, 
the double rebiangle under the legs of the projxt^d triangle be 
to AC-4-BC 1 — AR% or to AB‘ — AC 1 — the diffe- 
rence between the Jquare of the bafe and the fum of the fquaret 
of the kgs': the f ormer cafe happens when the vertical angle 
ACB is equal to the acute angle DEF, and the latter happens 
when the vertical angle ACB is equal to the complement of 
the angle DEF to two right ones. ib*<L 

I fay Ukewife e converio, that if DEF be. assy acute 
angle whatever, where DF is perpendicular to EF, and if 
DE be to EE as 2 ACB is to AO-f-BC‘ — -AB*, or to AB* 

— AC 1 — BC* ; them the Vertical angle ACB will be equal 
to tk angle DEF i»thefarmsr mje„or tolls complement to 
two* right metdn the latter , ... . 

$3«. . F&b. ao. If is require^ Ah/% given the lafe, the fm of the 
fm, ttodtfe angle inanyfrhngkfta find 

m* 
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333- Prdb.fci. Jt is required, having given two fides ofany triangle, 

together with it's area, to find the third fide. 544 

334. A Lemma. If from two given points A and B he drawn two 
lines AC and BD, and if thefe lines , ‘being infinitely conti- 
nued beyond the points C and D, be juffofed not to concur 
but at an infinite difiance j I fay then , that any finite parts 
as AC and BD of thefe infinite lines , ought to be taken for 
parallels , that is, they will have all the properties of parallel 
lines, fo jar as thofe properties canbe expreficd infinite terms. 545 
■335. Prob. 22. fo divide a given triangle in any proportion by a 

line paffing through a given point. 546 

336. A difcourje concerning infinites of both kinds, (that is, quanti- 
ties infinitely great and infinitely fmall ) on cccajion of the 
foregoing problem. 554 


Of Geometrical Places. *" 

337. Definitions. (Fig. 39, 40.) Let APB be -a line given in po- 
fition, and let PM be an indeterminate line making any given 
angle APM with the line AP : let this indetermitiate line 
PM be fuppofed to move along the line AB in a portion always 
parallel to itfelf fo that all the PMj may be parallel to one 
another : Sid at the fame time that the line PM is carried 
along tlx line AB, let the point M be aljo fuppofed to move 
along ttfbfine PM,yo as by this compound motion to deferibe 
fome freight or curve line : lafily , let there be a confiant re- 
latiori 'between the lines AP and PM, and let this relation 
.be exprejfed by an equation involving thofe tines, or any po- 
wers of them multiplied or divided by known quantities : then 
Js the freight or curve line deferibed by the point lAfaid to 
be the locus of that equation j the indeterminate tine PM is 
called the ordinate, and the indeterminate tine AP, compre- 
hended between P, the foot of the ordinate, and the point A, 
Which is fuppofed to be a fixed point, is called the abfeiffe of the 
ordinate PM. 361 

338. A Lemma, {pjg.4 1 . ) Suppojmg all things as in the lafi article, let 
theang&APM be always a right one , let p, q and r be given 
‘tints, pend lit the relation between sc and y be exprejjed by this 
equation, «-^px+j^H-yv-~2qy+qqsriTr Ujtx w the 

'• tine AP {fitwbtcea if need he /.and frvm A towards P, tH off 
■ draw BC emu to <0, 

«t the jam fide of AB with the tine PM t I jay then that ' 
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-4*qcjss2ir mil be: the circumference of a circle whofe cen- 
ter is C andwbqfe radius is r. 

Prob. 27 . (Fig. 44.) If is required, bovine given two points 
A andB, to find a third , as M, to which the lines AM and 
BM being drawn /ball be in a given ratio . ^63 

BOOK vm. PART II. 

Of Prifms, Cylinders, Pyramids, Cones and Spheres. 

the acute' an- 
the oppojite 

. 569 

w angled tri- 
angle, right-angled at B ; and ffpofing two Jimilar and 
equilateral polygons , one to be circumfcribed about a circle , 
and tlx other to be injiribed in it, let the angle BAO& 
equal to half the angle at the center fubt ended by a fide of ei- 
ther polygon : I fay then that AB will be to BC as the diame- 
ter of the circle is to the fide of the circumfcribed polygon ; and 
that AO will be to BC as the diameter of the circle is to the 
fide of the infer ibed polygon. 4 

A Theorem. The circumference of every Single' is fomewhat 
more them three diameters. 9 
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344 * 

345 - 


. 57 ° 


A Theorem. If the diameter of a circle be qflled i, the cir- 
cumference will be fomewhat lefs than 3 ^ . and fomewhat grea- 
ter than 3’?. ' * 571 

The mojl compendious way of obtaining the numlhrs in the lafl 


article. 


573 


Van Gculen'j numbers exprejing the circumference of a circle 
wbofe diameter is 1. , 574 

346. Why the circle cannot befquared geometrically 1 575 

347. Corollaries drawn from art. 343. ’ 576 

348. Prob. r. To find the proportion between the diameter of any 

circle and the fide of an equal fqtiare. 377 

349. Prob; 2. To fnd the fcmidiamcter of a circle that will compre- 

hend wit htn its circumference the quantity of an acre of 
land. 

350. Prob. 3. Jprf or firing of a given.' length be Sffofed into the 

form' $£* dhwf M is re0hd. to fod the art# of this 
■ circle. ; ibid. 

Prob. 4 . Itrhfopdirtd'% divided feiven circle into any mm- 
her df eqmlparis by means if cmcmtric cirtlcsdcawn with- 

' 579 
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Prob. 5. Whoever makes a tour round the earthy muff neeejfa - 
rily take a larger compafs with his head than ninth his feet: 

The queffion if, how much larger ? ibid. 

Prob. 6 . It is required , having given the depth and diameter 
of the bafe of any cylindrical veffel, to find it's content in ale 
gallons. 580 

Prob. 7. To meafure a frufium of a cone , whofe perpendicular 
altitude and the diameters of the two bafes are given . ibid. 

A Lemma. 582 

356. A Lemma, 584. 

3 57. A Theorem. AH ifofceles cones of equal heights are as their 
bafes •, that if, the folid content of any one ifofceles cone is to 
the folid content of any other of an equal height , as the baft of 
the former cone is to the bafe of the latter. ibid. 

358. A Theorem. Every ifofceles pyramid is equal to an ifofceles 

cone of an equal bafe and height. 585 

A Lemma. If from the center of any cube freight lines be 
imagined to be drawn to all it's angles , the cube will by this 
means be diftinguijhed into as many equal ifofceles pyramids ^ 
as it has fides , to wit fix , whofe bafes will be in the fides of 
the cubegymd whofe common vertex will be in the center . 586 

360. A Theorem. Every ifofceles pyramid or cOne is a third part of 

an ijbfieles prifm or cylinder having an equal bafe t and an e- 
qual perpendicular height . 587 

361. A LeSnma. If a pyramid of any kind be cut by a plane pa- 

r allilf 0 its bafe,. the quantity of the fe&ion^ or (which is all 
one) the quantity of the bafe of the pyramid cut off t will al- 
ways be the fame , let the figure of the pyramid be what it 
willy Jb long as the bafe and perpendicular altitude of the 
whole pyramid , and the perpendicular altitude of the pyra- 
mid cut off continue the fame : in which cafe > the perpendi- 
cular difiance of the plane of the feSHon from the plane of the 
baft will alfo be the fame. rgg 

362. A Theorem. If a prifm or cylinder of any kind be deferibea 

by the motion of a plain figure t offending uniformly in a hori- 
zontal f^Uion to any given height , the quantity of the folid 
***** ‘ iterated will be the fame* whether the deffrtbing plain * 
orobtiqueh to the fame heighty and confe- 
r cylinders of what kmd jbever, that 
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Wiftn tbofe bafes ere&'m rec&mim. ' *JrJo 
'pyramids mJ cones of what klndffever tbat/^*^ 
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bma equal hafts andequal perpendicular heights ate equal, ibi’d. 
364* A Lemma, (rig. do.) Let /jJBCD be a /quart •whole bafe is 
AD and wbofe diagonal is AC j and upon the center A, and 
with the radius AB deferibe the quadrant or quarter of a 
circle BAD; dttm mjb the line EFG H or EGFH**y 
inhere ydtbin the /Quart t parallel to the bafe AD, cutting 
-* tbefide' AB in E, toe quadrant BD in F, the diagonal AC in 
*G, and the Oppofite foe CD in H, and join AF : If ay then 
that the /quart .of EF and the fquare of EG put together 
•will always be equal to the fquare gf EH. 500 

365# A Theorem, Every /here is two thirds of a circumfcribing 

cylinder, that is, a cylinder that will jujl contain it. ibid. 

366. A Theorem. Every /here is equal to a cone or pyramid \ wbofe 

bafe is thejurface of the /here, and wbofe perpendicular alti- 
tude is its femidiameter. . ’ 59 r 

367. A Theorem. The funface of every /here h equal to four great 

circles of the fame /here. e no 

368. Corollaries. 

369. Prob. 1. To find how many acres the furface of the whole 

earth contains . ^^2 

370. Prob. 2. What muft be the diameter of a concave /here thiM$m*'' 

•** will jtft hold an Englijh gallon? & $ 595 

371. Prob. 3. To find the weight of a globe of water of an inch dia- 

meter when weighed in air ; upon a fuppoffton that a cubic 
foot of common rain-water when weighed tn air at a middle 
height of the barometer, weighs juft 76 pounds^Troy. ibid, 

372. Prob. 4. To find the diameter of a globe by weighing it firfl in 

air, and wen in water, without ary regard to Its weight 
in vacuo. 596 

Of the Spheroid. 

373* Etef*. J f a /here be refohed into an infinite number o f infinitely 
thin cylsndric laminae, and then thefe laminar, retaining thetr 
circujarfigure, be all increaftd or all dimimfhed in the fame 
freporffa y jbey will confitute a figure called a Spheroid and 
it ts fiud to'ire prolate or oblong , according as thefe confiituent 
laminae are increafed or dimimfhed \ 598 

Cbrol.^i. Every /heroid ts to a /here upon the fame axis, as 
ratty one lamina/v the former is to a like lamina in the latter 
fim it deputed', or as ary number c/' laminae in 

the firmer is to the/me number of the like laminae in the lat- 
?er 4 that is, as any portion of the former comprehended between 
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two parallel places perpendicular to it's axis, is to. a Hke por- 
tion of the latter. _ ibid. 

Corol. z. E'Very jpheroid as well as every Jphere> « two thirds ^ 
of a circtmfiribing cylinder . ibid. 

374. A Lemma. The chord of any circular arc is a mean propor- 
tional between the verted fine of that arc and the diameter, ibid. 
3 75. Prob. 5. To find the folid content oj a frufium of a hemijfhere 
or bemijpheroid comprehended between a great circle perpen- 
dicular to it's axis and any other lejjer circle parallel to it , ha- 
ving thefe two oppofite bafes and the height of ’ the frufium given. 599, 
376. Prob. 6. To find the convex furface of any figment of a fphere 

wbofi bafi and height are given . 600 

3 77, Prob. 7. To find the folid content of a cajk, when it is a portion , 
of a fphere or Jpheroid, terminated at each end by two equal 
and parallel circles at right angles with it's axis, having gi- 
ven the diameter at the head, the diameter at the bung, 
and the length of the vejjel. . 6c 2 


BOOK IX. PART I. 

37 Of powers and their indexes. ' 

•’Tp. Obiervations. *^04 

300^ 381. Q/ r l%wton’j theorem for the evolution of a binomial, cc- 
rather Ibe powers of a binomial, into firiefis finite or infinite, 
as the nature of fucb power will admit. 606 

382. Rxamples*to the foregoing theorem . ,608 

383. If anfibower of a binomial be to be., multiplied by any given 

number as n, this may be ejfeStedfiwo ways •, to wit, either 
by multiplying every term whereof .that power confifis by n, 
or elfi by multiplying only the firfi term , which will always 
be known, by n, and then (calling that produft A) deriving 
all the other terms from it as before.' 609 

384. By the help of this tafi article we may exprefs by a fries ary 

. j '■ - _m 

I • gfy*? pbwer of any binomial whatever, asyfn%,by confi- 
< firing tbp binomial p-f-q as the produ B ef tofiofaBors, to 

i ' wit, i-f* ~ and p. ' |bid. 
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386, 387. As -H is the index of the fimple power of 14 -x,Jo « 

will be the index, of ( iJi 

A**T"'X • 

388, 389. As all powers of a binomial whofe exponents are integral 
and affirmative may be obtained by continual multiplication , 
fo all t tbefe whofe exponents are integral and negative may be 
bad by continual dmfion , $ 1 , 

BOOK IX. PART II. 

Of Logarithms, their ufe, and the beft methods of compu- 
r ting them- 616 

390. The definition of logarithms, and confe&aries drawn from it. ibid. 

391. Logarithms the meafures of ratios . 6 1 9 

392. Of Briggs'; Logarithms r. 620 

- 393. Some advantages of tbisjyjlem.- 621 

% 394. To find the cbara&erijlic <f Briggs’* logarithm of any number. 622 

395. Another idea of logarithms. ibid. 

k Precautions to be ufed in working by Briggs ’ j logarithms. 623 
fallow to ufe Shcrwin’r Tables. 624 

s> Of Logarithmotechny, or the conftrudtion of Logarithm s;^ 

, And how to make the bell ufe of Vlacq's Ganon 

Prop. 1 . In the fame Jyflem, the evanefcent logarithms of ail 
numbers gradually approaching towards unity age as the dif- 
ferences of thofe numbers from unity. m * 627 

3 99. Prop. 2. To find Napeir’; logarithm of any whol^, number or 

fraSlion whatever.-^ 629 

400. Prop. 3- To compute t^apeirV logarithm of to by the help of 

the foregoing prcpofttfotfc' ’ 632 

40 1 . Prop. 4. To find Briggs’; logarithm of any whole number or 

\ f rabliou whatever . 635 

402. Prop. 5. To conjlruhi a table of Briggs’; logarithms of all the 

natural numbers from 1 to 100000. __ , 636 

403. Prop. 6. To Lid the natural number to any ofNaprirs hgdri- 

tbmsgivenfr; / 640 

404. 4Q£. Prop fad the logarithm of any number not excejd- 

** • tug ten places by Vlacq’x Canon maenus. \64 i , 

„ 406. Prop. '8. To find \ to ten pis^s the abfolute number bdotiging to) 

ary logarithm in Vlacq’a/anon magnus. 64 5 

BOOK IX. PART III. 

Of thc invention of divifors. 647 

* 407, To find ibedivifbrsof a fimple quantity. 648. 

* To findf^fimple divifirs of a compound quantity. 
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4.0 B. The quantities propofed in the lajt article will nqt admit of any 
other divijbrs than Juch as are obtained by the foregoing 
method. v 649 

409. An enquiry , whether a compound quantity \ after having beep . 
dhridedjy all it's fithple aivijers, will admit of fame compound 
divifor ofone dimenfion. v ibid- 

41a An explication of the method already deferibedi 652 

411. If the quantity propofed ri/es not to above three dimenfom, and 

admits of a compound, divifor of. two, it mufi neceffarily have 
another divifor of one diwenfkn, to be found by the forego- 
ing rule. : 654' 

Art enquiry , whether a compound quantity , which rifef to above 
three dimenfions, and hath no divifor of lefs than two, will 
admit of any compound divifor of two dimerfions. ibid. 

412. An explication of what has been delivered in tfj£ lajt' article. 656 

4 1 3. How to find the compound divifor of a quantity made out of the 

powers of two different letter s, when all if s terms are of the ; 
fame numper ofaimenjjons . lokl. 

414. The reajbn of the foregoing rule . will appear upon tryal. ; 6 g? 

BOOK IX, FA R T' IW 
» wfef the Arithmetic of 1W& quantities. 

415. Definitidis. 

416. ' To reduce Jurds of different roots to others of the fame root, 

417. Of the addition and J'ubtraBion of Jurd. quantities. 

418. Of fbCmultiplicationand divtfion of fur d quantities. 


„ find. 
*^58 
ibid. 

!& 

660 

661 


V J *✓ *SU U. 

419. To reduce roots from higher to lowed denominations. 

420. To reduce futd$± when pofffble-, fgm higher to. lower terms. . 

421. To free the- denominator of a fraction from all radical! ty t where 

the Jquare or biquadrate root , or both are concerned. ibid, 

422. To.extraB, the Jquare root of. any binomial , whofe two.parts 

when fquarea are commensurable to each other * 662 

Examples. , 663 

How to proceed^ when more radical quai&dlis than one are * 
concerned in a given trinomial or .quadrMMiial Jqpare. 663 

'hemmn. If *, and b be two, incomjnenfm^t quantftieg^fiut* ^ 
jiich whofe Squares aa andVfi are both rational ydjfiy^ then . * 
that ab theprbduSi of their multiplication will bejrrational. 666 
A demonfir at ion of the rukgiven at the latter end of art. 422. ‘ibid, 
424# The analyfig in art. 422 applied to the reflation of fitch bi- 
quadratic equations asfml under, the .name (fad firm of qua 

dratics. * ' 



It- 
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•bid. 


' Tift i'Ctm t e n"t «■ 1 ' 

w- a $ a Ummtl xohofr parti w/xn toured ttrthti 

"“JK* *** c.hTrd&d to 

Tiv b v% 

tbefame furds as the two. correfonding parts of the root, and, 

i hes jTfi rt ° fthe cube *** 

greaterpart of the root, and the lejjer part of the cube with 
the lejfer part of tberoot. And vice veria. aaq 

4^6. To extra# the third, fftbor Jeventh. root tec of a binomial, 

when feared are both rational. ibid- 

X8IPP BOOK x; PARTI. 6n 

C€ lV!j§* ons * a general, and then* roots r* 

437. Definitions. 

428. Every equation bath as many roots, pojfble and impo/Bble, as 
there are dimenfons in the higbejl power of the unknown* 
quantity. • 6 

Of the generation of equations ~ 
p*. firman a$ numM SjFf^ 

Whenever an equation may be wholly divided fa the fimple power, * * 
or by the f quart ? or the cube of the unknown quantity with- 
out a remainder, it is an infallible argument ghat one or two 
or three of tbyr^ots ofjucb an equation are equal to nothing. 678 
430. am number of motions vdof parts m one tide are equal to 
nothing on the oduMf moflftpUed together f they wf$ produce- 
an equation of a jupetiorform, wboje roots wtllbethe fame 
with their' s. *, v 67Qk 

Hence it is that impoflihU roots creep into .equations of dll orders 
dm. degrees whatever. ' ibid; 

*&££& .' °f a farr*° r fern he propofol, whofoparts on . 
one foe aKfipfreoi/dl to nothing On the other, and if thehuan- 
tify onhaebui toe equation iijitppofed equal to nothing, cart 
he refobedinto more Ample foAots, in -alt which &e un- 
quantity is" make or left concerned, and lofty, if thefe 
he made eachiyual to nothing, you will then h^se a Jet 
'uaftonsof an inferior rank, which all together will have)]* 


f3* 



roQts vtith tbofe \oftkc equation Oropojed : but thejel^ 

root#' 



rm ■- 

roots nrnfi now k mrt eafily obtained, as being iobe ext ra- 
ja jmpler kind* ibid. 

43a. Heine* it isthaitbe invention ofdtvijbrs comes to k of any 

ufein tbe rejblution of equations. 63 b’ 

433 i Of the coefficients of the t&ms of equations . 168 1 

434* Of the number of affirmative and negative roots in an equations 

w&r* ali the roots are poffible. 683 

43 5* Jt often happens i efpecialty in geometrical problems, that the roots 
of equations are poffible, and yet the fchemes to Which they re- 
late may exhibit them impoffihk, On account of tope limitation 
or other in the problem wbicbUoes not enter the' equation. 685 

436. Of the transformation of equations in five particulars, 687 

437. Another transformation of equations , whereby th e/econd term of 

any equation may be taken away. ■ \ 689 

A general theorem for taking away the third term of an 
equation, 69;' 

BOOK X. PART II. / 

Of Cubic and Biquadratic equations : and firft of ju* 


them imptffiMe, and if all the farts of fitch adequation 
placed on VHe fide according to toe dimenfions of the unknown 
quantity, mid Jo be fuppofea equal to nothing on the other fide ; 

I Jay imn, that as men as unlike Jigns follow one another in 
puffing from the firfi term to the Mfjfo mpm ryots of this 
equation will be affirmative, and mrbft en dshke figtts follow 
one another , Jo many rwdpwil^wgd^oe^ ibid. 

If the fecond term of a cubic equation k takenaway, and fo the 
emotion be reduced to this form, x*=tapxss?sfcq j 1 fay then, 
that whatever quantities be the roots, qfthe oqupkm x*as 
jBC=:~Hq > the fame with their figns changjdwill he ifa roots 
fjfthe equation x J =i=px=--q ; and vi<^ 4 »g(a. , 693 

. equation may be. reduced tb - t h is f orm, to wit, 
llfefcj^^sstsaaab.. ^ 'p ~ ' 

Prmraiifu for, enquiring into the roots of a cubic eqxatfoh of 


a cubic equation &e rem > loai 




442- 


a oru 
Setting' 


yk tiebietweeh ihbje two wm*,*- ; • 695 

article , I fay that jn all other 

cafes. 










$ ’fi; 

4 $ A FroWetti.’ Suppofing all things as in the ^ 

now be required to refake the foregoing eqda&wt bp tb* 
help of a carton of fines, * ' pis 

45$. A Problem. To find two man proportionals between any ty®[ 

pven numbers. » 717 

456 . iWr Cotes’j method of rtfohing cubic equations confidered 0* 

Jemonjiratcd. 7$ 

457. Another methodpf rifahing-fubic equations,, which finds all 

the three roof at once ; by' Mr Colfon : with examples . 720 
-458, 459, 460. Ndwfon'r metbodtdf approximation applied to the 

reflation of cubic equations. " ^ „ 722 




Of the refolution of biquadratic equations : and firft 



geometrical problem out o/’ Pappus. 

4 ' 56 , 467. Of the refolution of all forts of biquadratic equation ’ 

by the mediation of cubits . ^3 C 


467. fherejoluuon of a biquadratic equation {according to \d 
foregoing method) whofe JHond and fourth terms are both 
wanting .* ' 7 ^8 


wanting. ® 

This tfrfiWe concludes the book , w/Y& /ft 



m the ex- 
cellency of the Mathematical faiences afivueaU others for the 
difmery of truth j their ufeQntf neciffaty in mechanical 
and natural Philofaphy 1 ^ ^ ftudy of them is re- 
commended preferably to Mtapbyfical SJputes and fut- 


ilities 
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/#! Utter from Profejfor Saunderfon it Mr Abraham de 
\ Afaifre. f . 744 

| Mrdte MolVre'j method gf cxtraSlingdMcidde at my other 
f 'rort ef an imooJfibU b'm^ljiteh ddot-^/^bi *. 

fyp&emm of that method \ the, exirtiSlim qfimfi W m 
of any ghen power of theja^binomial, [ 
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